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Introduction

This document contains notes taken as personal self-study in Summer 2024 of the book
Calculus on Manifolds, by Michael Spivak. The notes closely follow the structure of Spivak’s
text. The appendix contains solutions for selected exercises out of the book.



Chapter 1

Euclidean Space

1.1 Vector Properties of Euclidean Space

In this course, we study functions over Euclidean space. We will assume knowledge of
most of the basic properties of the real numbers, and will only briefly introduce the basic
properties of Euclidean space.

Definition 1.1

Euclidean n-space, denoted R"”, is the set of n-tuples
(xl,x27 000 ,xn)

such that z; € R for each i.

Euclidean space is intended to align with the “standard” notions of space. That is, R!
is often referred to as the line, R? as the plane, and R? as space. Moreover, from linear
algebra we can see that R™ can be considered as an n-dimensional vector space over R, with
addition and scalar multiplication defined coordinate-wise, so elements of R™ will alternately
be called points or vectors. In fact, it is the canonical representative of n dimensional vector
spaces over R, further justifying its study. We denote by 0 or 0 the vector (0,0, ...,0).

Moreover, R™ is an example of a normed vector space. Specifically, we have

Definition 1.2

Given a vector x = (z1,...,2,) € R", define the norm of x, denoted |z|, by

|z| = /22 + ...+ 22

Note that for n = 1, the norm aligns with the standard absolute value of real numbers.
Briefly, we can verify that the norm as defined here indeed satisfies the definition of a norm
on a vector space:



Proposition 1.1

Let z,y € R”, and a € R be arbitrary. Then we have:
e |z| >0, with |z| = 0 if and only if 2 = 0.
o | >0 wiyi| < |xlly|, with equality if and only if z, y are linearly dependent.
o |z +y| <z + [yl

o |az| = |alz]

\. J

Beyond being a normed vector space, Euclidean space is also an inner product space.
We can define the inner product as follows:

Definition 1.3

Given two vectors z,y € R™, define the inner product of z and y, denoted (z,y),

as "
<]J, y> = Z TiYi
=1

Similarly, we can verify that this inner product satisfies the definitions of an inner prod-

uct:
Proposition 1.2

Let z,x1,29,y,y1,y2 € R" and a € R be arbitrary. Then we have:
* (z,y) = (y,z) (Symmetric)

° a(z,y) = (az,y) = (z,ay) (Bilinear)
<JI1 + x27y> = <.’I;1,y> + <$2,y>

(T, +y2) = (z,91) + (z,92)

(

o (z,x) >0, with (z,2) =0 if and only if = 0. (Positive definite)

Moreover, given our definitions of the norm and inner product, we can also identify
further properties:

Proposition 1.3

Let =,y € R™ be arbitrary. Then we have:

o (z,y) <|z[ly] (Cauchy-Schwarz Inequality)
° |z| = /(z,z)
o (z,y) = M (Polarization Identity)




Definition 1.4

The standard basis of R” is given by {e1,...,e,}, where (e;); = d;;, so that e; has
a 1 in the ith coordinate and 0 everywhere else.

Definition 1.5

Let T : R™ — R™ be a linear transformation. Then denote by [T] the n X m matrix
such that T'(x) = [T]x for each z € R™. In particular, the ith column of [T] is given
by T(ei).

Ife=(z1,...,2,)R™ and y = (y1,...,yn) € R™, then let us adopt the convention that
(z,y) is the concatenation (x1,...,Tm,y1,--.,yn) € RTT™
1.2 Topology of Euclidean Space

In many results in single variable analysis, we make use of open and closed intervals, denoted
[a,b] and (a,b). The analog of these intervals in R™ is the notion of a rectangle or k-cell.

Definition 1.6

Let A C R™, B C R". Then define the Cartesian product of A and B as A X
B = {(a,b) € R™*"|a € A,b € B}. Since this operation is associative, denote by
Ay X Ay X ... x A; the product of any number of sets.

Definition 1.7

A closed rectangle, closed box, or closed k-cell is a set of the form [a1,b1] X ... X
[an,bn] € RF. An open rectangle, open box, or open k-cell is a set of the form
(al,bl) X ... X (an,bn) - Rk

Then similarly to how we use open intervals to define a topology on R, we can use open
boxes to define a topology on R"™:

Definition 1.8

A set U C R™ is open if, for every point x € U, there is some open box B(z) C U
such that x € B(x). A set C' C R™ is closed if R \ C is open.




Remark

Note that because every open box has an open ball inside, and because every open
ball has an open box inside, the topology defined by open boxes on R" is the same
topology defined by open balls on R™. Thus, for z € R™ and r € R, denote by B,.(z)
the open n-ball with center x and radius r. That is, B,.(z) :={y e R" : |[z—y| < r}.
When the dimension is ambiguous, denote this , B,-(z). Then we can alternately use
open balls and open boxes as the definition of an open set, depending on which is
more convenient.

Definition 1.9

If A C R"™, then the interior of A is the set of points contained in an open rectangle
entirely in A.

int A := {x € R" : there exists an open rectangle B s.t. x € B C A}

Define the exterior of A to be the set of points contained in an open rectangle
entirely in R™ \ A.

ext A := {& € R" : there exists an open rectangle B s.t. z € BCR"\ A

Define the boundary of A to be the set of points where all open rectangles contain
points of both A and R™ \ A.

0A = {x € R" : V open rectangles B,x € B = BNA#@,BNR"\ A +# o}

Proposition 1.4

Every set of finitely many points in R" is closed.

Proof. Let C C R™ be a finite set. Let x € R™\ C be arbitrary. Then for each point y € C,
x # vy, so d(x,y) > 0. Then since there are only finitely many points in C, the quantity
d' = min{d(z,y)|y € C} is defined and greater than 0. So we can define an open ball with
radius d’'/2, which does not contain any points in C. Thus we have an open ball containing
x that is a subset of R™ \ C'. So R™\ C'is open and thus C is closed. O

Definition 1.10

An open cover of a set A is a collection O of open sets such that for any = € A,
x € U for some U € O. A subcover of O is a subcollection of O which is also a
cover for A.

Definition 1.11

A set K is compact if for any open cover O of K, there exists a finite subcover U

of O.




In particular, we can derive certain theorems to identify compact sets.

Theorem 1.5: Heine-Borel Theorem

The closed interval [a, b] is compact.

Proof. Let U be some open cover of [a,b]. Then consider the set
A ={z €a,b] : [a,z] is covered by a finite number of sets in U}

The goal is to prove that b € A. First, consider o« = sup A (since this set is bounded above
and nonempty). We have oo < b, so « € [a,b] and thus a € Uy for some U; € U. Since Uy
is open and « is the supremum of A, there is some a < x < « with x € U;. Then we have
x € A, so some finite number of open sets in U cover [a, z], and U; covers [z, ], so a finite
number of sets cover [a, @] and thus « € A.

Now suppose « < b. Then there is some y € Uy such that o < y < b. But if [a, o] is covered
by a finite number of open sets, then so is [a,y], so y € A, contradicting o = sup A. So we
must have a = b, completing the proof. O

Note that if B € R™ is compact and « € R™, then the set {x} x B is clearly compact.
gMoreover, given any cover of {z} x B, the finite subcovers have a “minimum width”:

Theorem 1.6

If B C R™ is compact and = € R™, then given any open cover U of {x} x B, there
is some open set U € R™ such that U x B is covered by a finite number of sets in U.

Proof. Take some finite subcover U’ of Y. Then we just need to find a set U such that U x B
is covered by U’.

For each y € B, (z,y) is in some open set O € U’, so there is an open box U, x V, such
that (z,y) € U, x V; € O. Then consider the collection (V,)ycp. This set covers B,
which is compact, so we can pick a finite number Vy,...,V,. Let U = (\U;. Then for any
(z1,y1) € U x B, we have y; € V; for some 1 <i <mn, and x1 € U;, so x1 € U; x V; C O for
some O’ € Y’. Thus U’ covers U x B. O

If ACR" and B C R™ are compact, then A x B C R™" is compact.

Proof. Let O be some open cover of A x B. Then for each x € A, O covers {x} x B, so there
is some U, such that a finite subcover O1,..., Ok, covers U, x B and = € U,. Then the
collection (U;)zea covers A, so there is a finite subcover Uy, ,...,U,, that covers A. Then
the sets O14,, ..., Ogays- -+ O1ay5 - -+, Opr; form a finite subcover of O that covers A x B.
So A x B is compact. O



A product A; x ... x Ay is compact if each A; is. A closed rectangle is compact.

Proof. Induct on k using the previous corollary. O

This gives an important result which allows us to work with compactness much more
easily in R™ (though it is not necessarily true for other topological vector spaces).

Theorem 1.7

A set K C R"™ is compact if and only if it is closed and bounded.

Proof. ( =) Suppose K C R™ is compact. The collection of open rectangles (i — 1,4 +
Dx(G—-1,741)...x(k—=1,k+1) for i,j,...,k € Z covers R, so it covers K. Then a finite
number of these boxes covers K, so it is bounded.

( <) Suppose K C R" is closed and bounded. Then there exists a closed rectangle B
with K C B. From the previous corollary, we know that B is compact. Then take some
cover of K, O = {O0x,...}. Now let U consist of all the sets in O, as well as the set R" \ K
(which is open since K is closed). U covers R™, so it covers B. Then we can take a finite
subcollection U’ of U. Then U’ covers B as well as K, and in order to create a subcollection
of O, we simply remove R"™ \ K if it is in U’ to get O’. So K is compact. O

1.3 Functions and Continuity

In this section, we study vector valued functions, which are functions f : R™ — R™, or
more generally, f: A — B for some A C R"™ and B C R™. We briefly list a few definitions
related to these functions that should be familiar to the reader.

Definition 1.12

If f: A— B, then the image of C C A is f(C) = {f(x) : z € C}. The preimage
of DCBis f/1(D)={ye A: f(y) € D}.

Definition 1.13

If f:A— R™and g: B— R" with B C R™, then the composition is defined as
(g0 £)(@) = g(f(x)), with domain AN f~(B).

Definition 1.14

If f : R™ — R™ is one-to-one, then the inverse of f is the function f~1 : f(R") — R"®
which takes z € f(R™) to the unique y € R™ such that f(y) = z.

In addition to studying a vector valued function f, we can also study the component
functions which encode its behavior on each axis individually.



Definition 1.15

If f: A — R™, then f defines m component functions f',f2,...,f™ such
that f(z) = (fY(x),...,f™(x)). Similarly, for any functions gi,...,gm : A — R,
we denote by (g1,-..,9m) the function f : A — R™ which satisfies f(z) =

(gl(x)v ce 7gm(x))'

Note that the above definition implies that we can write f = (f1,..., f™).

Definition 1.16

Let m: R" — R" be the identity function. Then m = (mt,..., 7). Then 7 is called
the i-th projection function, such that 7*(x) gives the ith coordinate of x.

With the above out of the way, we now turn our attention to limits of functions, which
will prove important as we continue our study of multivariate calculus.

Definition 1.17

We write lim,_,, f(z) = b (the functional limit) if, for any ¢ > 0 there exists
d = d(e) > 0 such that whenever 0 < |z — a| < d, we have |f(z) —b| < e.

Just as the above definition is reproduced from single-variable analysis (with the ex-
ception of generalizing the notion of distance in R™), we have an analogous definition of
continuity:

Definition 1.18

A function f: A — R™ is continuous at a point a € A if lim,_,, f(z) = f(a). If f
is continuous at each a € A, we simply say that f is continuous.

Alternatively, we can utilize the topological nature of R™, which we discussed in the last
section, to characterize continuity using the topological definition instead.

Proposition 1.8

A function f: A — R™ for A C R" is continuous if and only if for every open set
U C R™, there is an open set V C R” such that f~1(U) = V N A.

Proof. ( = ) Suppose f is continuous. Then let U C R™. For each point x € f~1(U),
f(z) € U which is open. Thus, there is an open ball B, (f(z)) C U, there is an open ball
Be,(f(x)) € U, and a corresponding open ball Bs, (z) C f~1(B.,(f(z))). Then the set
V' =U,es-1(v) Bs.(x) is an open set.

Moreover, by construction, for any point y € VN A, y € By, (x) for some z, implying that
f(y) € B, (f(x)) C U (which is defined since y € A). So VN A C f~1(U). For any point
z € f~Y(U), z € Bs,(z), so x € V. Moreover, any point in f~1(U) is in the domain of f,



sox € VN A, and thus f~1(U) =V N A.

( <= ) Suppose every open set U C R™ has an associated open set V' C R™ such that
f~YU) =V N A. Then pick a point a € A, and let € > 0 be arbitrary. Then the open ball
B.(f(a)) has an associated open set V. Moreover, a € B.(f(a)) = a € VNA = a €V,
so there exists an open ball Bs(a) C V. Then for any z € A with |[z—a| < J, x € Bs(a) CV,
s02 € f~1(B.(f(a)), and thus f(z) € B.(f(a). So lim, s f(z) = f(a). 0

When A = R", this condition can be phrased as saying “the preimage of every open set
is open.” Analogously, a function f : R™ — R™ is continuous if and only if the preimage of
every closed set is closed. Note that it is not necessarily true that the image of every open
set is open. For instance, the function f(x) = x? maps the open set R to the set [0, 00),
which is not open. However, this condition does imply that for any open set which is not
also closed (the only examples are @ and R™), the image is not closed. Thus, continuity
allows us to infer openness backward through the function.

In contrast, compactness is passed forward through continuous functions, which is another
reason that it is useful for our study.

Theorem 1.9

If f: A— R™ is continuous and A C R"™ is compact, then f(A) is compact.

Proof. Pick an open cover O of f(A). Then by the proposition, for each open set O € O
there exists an open set U € R™ such that U N A = f~1(O). Then the collection U of all
such U covers A, so we pick a finite number Uy, ...,U,. Then the finite cover Oq,...,0,
cover f(A). So f(A) is compact. O

One disadvantage of these definitions of continuity is that they are binary in nature: a
function is either continuous or discontinuous at a certain point. The following definition
allows us to measure how discontinuous a function is at a certain point.

Definition 1.19

Let f: A — R™ with A C R™ bounded, and let a € A. Define
M(f,a,0) =sup{f(z):x € A,|z—a| <0}, m(f,a,6) =inf{f(y) :y € A,|y—al| <4}
Then the oscillation of f at a, denoted o(f,a), is defined as

O(fa CL) = }%[M(f7 a, 5) - m(fa a, 5)]

which always converges since it decreases as § — 0 and is bounded below by 0.

In agreement with the intuition for o(f, a) as measuring the discontinuity of f at a, we
have the following theorem:

10



Theorem 1.10

A function f: A — R™ with A C R™ bounded is continuous at a € A if and only if

o(f,a) =0.

Proof. (=) Suppose f is continuous at a. Let ¢ > 0 be arbitrary. Then there exists § > 0
such that for any x € A with | — a| < §, we have

£@) ~ F@)] <e/2 = fla) ~ & < fa) < f(a) +
Then M(f,a,6)—m(f,a,d) < e. Soo(f,a) < e for every positive e, and of course o( f,a) > 0,

so o(f,a) = 0.

( <= ) Suppose o(f,a) = 0. Then let ¢ > 0 be arbitrary. Since lims_,o[M(f,a,d) —
m(f,a,d)] = 0, we can pick ¢ such that M(f,a,d) — m(f,a,6) < e. Then for any z € A
with |z —a| <4,

flx) < M(f,a,0) <e+m(f,a,d) <e+ f(a)

Similarly, f(x) > f(a) —e. So |f(x) — f(a)| < e. Thus f is continuous at a. O

Proposition 1.11

Let A C R™ be closed, and let f : A — R™ be bounded. For ¢ > 0, the set
O, ={x € A:o(f,x) > e} is closed.

Proof. We wish to show that R™ \ O, is open. Pick a point y € R"\ O.. If y ¢ A, then
y € R™\ A open so there exists an open rectangle B C R™ \ A C R™\ O, such that y € B.

If y € A, then o(f,y) < e. Then there exists Bs(y) with M(f,y,0) — m(f,y,0) < e. 1
claim that any point z € Bs(y) has o(f,2) < e. Pick ¢’ small enough that By (z) C Bs(y).
Then M(faza(sl) < M(f,y,é) and m(f,z,é') > m(f7275)7 S0 M(fwza(;/) - m(f,z,é)' <
M(f,y,0) —m(f,y,0) <e. So o(f,z) < ¢, and thus Bs(y) C R™\ O, so R™\ O; is closed
and O is open. O

11



Chapter 2

Differentiation

2.1 Basic Definitions

We now turn our attention to the first major topic of this book; namely, the generalization
of differentiation to functions of the form f : R™ — R™. To do so, first recall that f : R — R
is differentiable at a € R if there exists a number f’(a) such that

_ flat+h)—fla)
1 =
R F
We cannot directly use this formula to define vector valued differentiation. First, the quo-
tient would not even make sense when dividing vectors, and even if absolute value bars are

taken, it would often be the case that this limit does not exist. However, we can rearrange

this equation as
o S h) = f(@) = f/(@)h

=0
h—0 h

In other words, our new condition is that there is a linear transformation A(h) = f'(a)(h)

such that
L flath) — fla) = A(h)

=0
h—0 h

Conceptually, this is the statement that f is approximated well near a by f(a)+ A. This
interpretation extends nicely to higher dimensions:

Definition 2.1

A function f : R™ — R™ is differentiable at a € R if there exists a linear trans-
formation A : R® — R™ such that

o @t h) = fla) = A(b)

h—0 |h] =0

In this case, A is denoted D f(a) and is called the derivative of f at a.

To justify uniqueness, we prove the following.

12



Proposition 2.1

If f: R™ — R™ is differentiable at a € R™ then there exists a unique linear transfor-
mation A : R™ — R™ such that

1o @t h) = f(a) = A(w)

=0
h—0 |h|

Proof. Existence follows from the definition of differentiability. Suppose that A, i are two
linear transformations which satisfy the above. Then we have

A = p)] A + f(@) = fa+B) = plh) = [(a) + fla+ D)

h—0 |h h—0 |h)
<t L@ ) = F@ = MR I f @t B) — (o) — p(h)]
h—0 |h h—0 |h|
=0

Picking any = # 0 € R", and any ¢ # 0,

Ax) = ()]t [A@) — ()] _ |\(t) — (i)
E il tal

But we just showed that
(A(tz) — p(ta)|

lim =0
t—0 |tx|
and W is constant so it must be 0. Thus
Az) —
RPN .
T

We also are often interested in the matrix form of D f(a), so we give it a special notation.

Definition 2.2

If f: R™ — R™ is differentiable, then the Jacobian matrix of f is the m x n matrix

f'(a) = [Df(a)]

Lastly, we note that although many of the theorems presented in this chapter will assume
that f is defined on all of R™, it is often only necessary that f is defined on an open set
containing a, so we lose little generality.

2.2 Basic Theorems
As in single variable analysis, the ¢ — § definition of continuity is often quite cumbersome

to work with in practice. Thus, we present a number of theorems in this section which will
allow us to easily prove differentiability and calculate derivatives.

13



Theorem 2.2: Chain Rule

Suppose f : R®™ — R™ is differentfiable at a, and suppose g : R™ — RP is differ-
entiable at f(a). Then go f : R™ — RP? is differentiable at a with derivative given
by

D(go f)(a) = Dg(f(a)) o Df(a)

which can also be written

(go f)(a) =¢'(f(a))- f'(a)

When n = m = p = 1, this reduces to the single variable form of the chain rule.

Proof. Here, it will be more convenient to work with the errors of these functions relative
to their derivatives:

p(x) = f(x) = fla) - Df( )(z —a)

U(z) = g(z) —g(f(a)) — ( (a))(z —a)
p(x) = g(f(x)) — g(f(a)) = Dg(f(a))(Df(a)(z — a))
By the definition of the derivatives, we know that
L@l

T—ra ‘x — a|

L )
z— f(a) ‘fE - f(a)\

We want to show that

iy 2
Expanding and using linearity, we have
p(z) = g(f(x)) —g(f(a)) — Dg(f(a))(Df(a)(z — a))
= 9(f(x)) = 9(f(a)) — Dg(f(a))(f(x) — f(a) — ¢(x))
=9(f(x)) —g(f(a)) = Dg(f(a))(f(x) = f(a)) + Dg(f(a))(¢(x))
= ¢(f(x)) + Dy(f(a))(o(z))
Let € > 0 be arbitrary. Then there exists § > 0 such that whenever |f(x) — f(a)| <&,

[(f ()] <elf(z) = f(a)l

Since f is continuous, there exists ¢’ > 0 such that whenever |z —a| < &', |f(z) — f(a)] < 4.
Then whenever |z — a| < ¢,

[W(f(@)| <elf(z) = f(a)l
= elp(x) + Df(a)(z — a)
<elp(@)| +e[Df(a)(z - a)]

14



By there exists M7 such that
[Df(a)(z —a)| < M|z —a

so we have
[W(f(2)] < e(le(z)] + Milz — al)
Thus
o< U@ __le@l ,
|z — al |z — al
SO
0< limM SslimM—i—eMl:aMl
z—a |x — a,| r—a |x — a|

for all € > 0, and thus we have

z—a |x — al

)

For the second term,

i IDIF@) @) Dl @) ()] o)

z=a Jz—al z—a o ()] |z —al
Since Dg(f(a)) is linear, |[Exercise 1-10| tells us that there exists M > 0 such that for any h
D h
Do _

so the first factor is bounded, and the second goes to zero, so we have

o P9 @) (e(@))

=0
z—a |z — al
and thus
@)l
T—a |a; — a|
which implies that
D(go f)(a) = Dg(f(a)) o Df(a) O

15



Theorem 2.3

1. If f:R™ — R™ is a constant function, then
Df(a) =0

2. If f:R™ — R™ is a linear transformation, then
Df(a) = f

3. If f : R™ — R™, then f is differentiable at a € R™ if and only if each component
function f* is, and in this case

Df(a) = (Df'(a),...,Df™(a))
In matrix form, f/(a) is an m x n matrix with (f%)'(a) as its ith row.

4. Let s : R? — R be the sum function, defined by s(z,y) = x +y. Then

Ds(a,b) =s

5. Let p: R? — R be the product function, defined by p(x,y) = xy. Then

Dp(a,b)(z,y) = bx + ay

1. Proof. Suppose f is constant. Let a € R™ be arbitrary. Then

i @) = fl@) =0 _ o

r—a |:L‘ — a| r—a

so Df(a) = 0. O
2. Proof. Suppose f is linear. Let a € R™ be arbitrary. Then
@) = f@) -~ fe—a) S —a) -~ fz - a)]

T—a |{L‘ — CL| T—a |.’L' - a‘|

so Df(a) = f. O

=0

3. Proof. (=) Suppose [ : R® — R™ is differentiable at a € R™. Then any component
function f*:R"™ — R is simply the composition 7 o f, where 7% is the ith projection
function. 7 is linear, so by part 2 of this theorem it is also differentiable, and the
chain rule tells us that f* = 7o f is also differentiable.

( <) Now suppose each component function is differentiable at a € R™, and define

A= (Df'(a),...,Df"(a))
Then the function f(a + h) — f(a) — A(h) has components

(f'(a+h) = fi(a) = Df'(a)(h),.... f™(a+h) = f"(a) = Df™(a)(h))
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so that

|[fla+h) = f(a) = AR)| < Y |f (a+h) = fi(a) = Df'(a)(h)]

i=1

and thus
g @0 = 5@ =MD (PGt k) = £ = DE@0]
h—0 |h| | h—0 |h‘
so that
Df(a) = (Df'(a),...,Df™(a)) O
4. Proof. s is linear, so this follows from part 2. O
5. Proof. Let A(z,y) = bx + ay. Then
(h,k)—0 |(h, k)| (hk)—0 |(h, k)|
) h? + k?
< lim —
(h,k)—0 \/h2 + k2
= lim VhZ+Ek?
(h,k)—0
=0 L]

Using the sum and product functions, we can now prove the multivariate equivalent of the
sum and product rules from single variable analysis.

Theorem 2.4

If f,g: R™ — R are differentiable at a € R™, then

D(f +g)(a) = Df(a) + Dg(a)

and

D(fg)(a) = g(a)Df(a) + f(a)Dg(a)
If g(a) # 0, then
9(a)Df(a) — f(a)Dg(a)

Proof. Note that we can express sums and products of (R-valued functions) as compositions
of the functions with the functions s, p : R — R from the previous theorem.

Specifically, f + g = so (f,g). Then

D(f +g)(a) = D(s 0 (f,9))(a)
= Ds(f(a),g(a)) o D(f,g)(a)
= so(Df(a),Dg(a))
= Df(a) + Dg(a)

17



Similarly, fg = po (f,g), Then

Finally, let A : R\ {0} — R be defined by = — 1/x. Since we know g(a) # 0, then we have
f/g = f*(hog). We also know from single variable calculus that Dh(x) = —x—12. Using the
product rule we just derived, we have

D(#/g)(a) = D(f * (o g))(0)
= (o g)(@ D (@) + f(@D(h o g)(a)
= PH + @Dh(s(@)Data)
_g@Df(@) _ f@Dy(o)

WP P
_ g@)Di(@) ~ f(@)Dgla)
(e

O

The above theorems allow us, at least in theory, to differentiate vector-valued functions
which have components given by sums, products, and quotients of the input components, as
well as of single-variable differentiable functions and compositions thereof. However, using
the rules above is not always the most convenient in practice.

Example 2.1

Let f: R?2 — R be defined by
f(a,y) = sin(zy?) = sino(x - [7%]?)

Then we have

I
Q
(@]
2]

—
IS
IS

)
—
S
N
[\
Q
=
S~—

= (b cos(ab?), 2ab cos(ab?))
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2.3 Partial Derivatives

Although the results of the previous section are helpful in assuring us of differentiability of
functions, the application of those theorems is often not very efficient, as can be seen in the
example at the end of the previous section. Thus, we instead develop the theory of partial
derivatives, which will allows us to differentiate these functions much more quickly.

Definition 2.3

If f:R* - R and d € R™, then the i-th partial derivative of f at @, if it exists,
is the limit
— —
he;) —
h—0 h

In other words, the ith partial derivative is the single variable derivative of the function
gi(x) = f(a1,...,x,...,a,) which is produced by treating all the variables except the ith
as constant.

Let f(z,y) = sin(zy?). Then by treating y as constant,
D1 f(z,y) = y* sin(zy?)
and treating x as constant,

D f(z,y) = 2zysin(zy?)

Let f(z,y) = z¥. Then treating y as constant,
Dy f(z,y) = ya¥ ™!

Treating x as constant,
Dsf(x,y) =2YInx

Assuming that D; f exists at all points in R™, we obtain another function R” — R, and
thus we can attempt to take another partial derivative of this function. The notation for
repeated partial differentiation is ”inside out,” that is,

Di(Dif)(x) = Di; f(x)

However, the order of mixed partial derivatives is irrelevant for many common functions:
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Theorem 2.5

If D; ;f and D;;f are continuous in an open set containing @, then

D;;f(d)=D;if(Q)

Proof. This proof is O

By repeatedly taking mixed partial derivatives of higher orders, we can continue to apply
this theorem. In particular, if each partial derivative of f of each order is continuous, then
f is said to be C'*°. In this case, the order of partial differentiation is always irrelevant.

Theorem 2.6

Let A CR"™ If f: A — R attains a maximum (or minimum) at a point @ € int A
and D, f(d) exists, then D; f(d) = 0.

Proof. Let g; : R — R be defined by
gi(z) = (a1,...,2,...,an)

Then g; is defined in an open interval around «a;, and attains a maximum there, so g}(a;) = 0,
and thus D; f(@) = g}(a;) = 0. O

As in single variable calculus, the above theorem only gives candidate extremal points.
Moreover, we still have to check boundary points separately. However, when in single
variable calculus this was only a problem of evaluating a function at 2 points, in multivariable
calculus, the boundary may not be discrete at all.

2.4 Derivatives

By computing some partial derivatives of functions and comparing them to their derivatives,
the reader may observe a correspondence between the two. Of course, this correspondence,
which allows for the easy computation of derivatives, was our original motivation for studying
partial derivatives. Thus we are retroactively justified in this study, and this correspondence
can be summarized in the following theorem:

If f:R™ — R™ is differentiable at e R™, then Djfi(ﬁ) exists for 1 <i<m,1<
j <mn,and f/() is the m x n matrix where [f'(@)];; = D, f(a).

Proof. We only need to prove this for the case m = 1, since we already know that the ith
row of f/(d) is given by (f%)(a;).
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Fix j, and let i : R — R” be defined by h(t) = @ + te;. Then D;f(d) = D(f o h)(0). By
the chain rule,
o h)'(0)
(h(0))h'(0)
0

D;f(a@)=(f
=f

- @)
1

The right side of this equation is the jth entry of ]"(7)7 showing that D; f(a) exists. This
extends easily for all m. O

While the converse of this theorem is false, we can add another condition to make it
true.

Definition 2.4

If f:R™ — R™, then f is called continuously differentiable at a if all D;f%(z)
exist in an open set containing a and if each function D; f* is continuous at a.

Theorem 2.8

If f:R™ — R™ is continuously differentiable at a, then D f(a) exists.

Proof. Suppose f is continuously differentiable at d. Then each D; fz(ﬁ) exists. Define
A R™ — R™ by

Mz, .. my) = ZDJf (d)xj, ..,ZDjfm(ﬁ)x]
j=1 j=1
Then we have
— — , — n i
@ @ x| & |F@ R - F@) - S D@ )y

Lim = < Z—1>1m -

h —0 ‘h’ i=1 h —0 ‘h‘
Thus it is sufficient to consider the case m = 1. When h = (hy,...,h,), define [h]F =

(h1,...,hg,0,...,0) € R™. Then we can telescope:

F@+ T~ £@) =3 £ (7 + BF) - £ (@ + (B

k=1



for all j. Fix some j. Then define g; : R — R™ by
9i(x) = flar +his o1+ hjor, a5 + 2,041, an)

_>
Since f is continuously differentiable, we can pick h small enough that D;f exists at

@+ [ﬁ]j_l. Then D, f(d + [ﬁ]j_l) = ¢(0), so we have
|A@ +TRY) 5@+ (R - Dy @y 195(5) — ;(0) — D (@)
lim — = lim m—
h—0 ‘ h ‘

h;—0 |1y
%
< i 19500 = 5O =GO 100y~ Df (@)
= lim [¢}(0) — D ()
J

=0

where the fourth line follows since g; is differentiable at 0, and the last equality because
D;f is continuous at a;. Thus Df(a) = X exists. O

The above theorem, in combination with the Chain Rule, allows us to derive a specific
version of the Chain Rule that allows us to bypass checking for differentiability when the
partial derivatives are known.

Corollary 2.9

Let g1,...,9m : R™ — R be continuously differentiable at a, and let f : R™ — R be
differentiable at (gi(a),...,gm(a)). Let F : R™ — R be defined by

F(a) = f(gl(a)a oo 7gm(a))
Then .
DzF(a) = ZDjf(gl(a)v cee ,gm(a)) . Digj(a)
j=1
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Proof. Define g : R — R™ by g = (¢1,...,9m). Then F = fog. Since g1,...,gm are
continuously differentiable, g is continuously differentiable, so it is differentiable. Thus the
Chain Rule tells us that

F'(a) = (fog)'(a) = ['(9(a))g'(a)
Matrix multiplication tells us that
[F' (@i = Y[ (9(a)hly' (@)
j=1
Moreover, Theorem [2.7] tells us that
[F'(a)l1i = DiF (a)
['(9(a))l1; = D; f(g(a))
l9'(a))ji = Dig’ (a) = Dig;(a)

Thus we conclude that

O

DiF(a) =Y D;f(g1(a),...,gm(a)) - Dig;(a)
j=1

Example 2.4

Let f(x,y,2) = zyz, and let g1(a,b) = asinb, g2(a,b) = bcosa, gz(a,b) = a®h. Then

0

%(f 0g) » = D1(f o g)(a,b)

= le(g(a'7 b))Dlgl (a? b) + DQf(g(a7 b))DIQQ(a’ b) + D3f(g(a7 b))Dlg3(a? b)
4b2 2b2

= a®b? cosasinb — a*b? sinbsina + 3a?b? sinbcosa

\ J

In cases where one or more of the g; do not explicitly depend on all of the variables, the
derivatives with respect to those variables is zero.

Example 2.5

Let f(z,y,2) = xyz, and let g1(a,b) = ab, g2(a) = a, g3(b) = b. Replacing D; with
D, for clarity, we consider

Dag3(b) = 07 DbQQ(a) =0
Thus
Da(f o g)(a,b) = D1f(g(a,b))Dagi(a,b) + D2 f(g(a,b))Dagz(a)
= ab® + ab®
= 2ab?




(This can be formally established by writing g»(a,b) = a, g3(a,b) = b, but this is
generally unnecessary.)

2.5 Inverse Functions

In [Exercise 2-16] we began our study of inverse functions, showing that in the case that
f:R™ = R" is differentiable with a differentiable inverse f=!:R" — R",

(f )@ = [f'(f @)™

However, the requirement that f has an inverse, and that both are differentiable is a rela-
tively stringent condition. Thus, it is of interest to us to identify when the above equality
may be obtained under weaker conditions. In particular, the requirement that f is invertible
is a strong global condition. However, it can be weakened by instead requiring that f is
invertible locally; that is, the restriction of f to a sufficiently small open set is invertible.
Thus, it falls to us to determine the conditions where this occurs.

Consider the case of f : R — R. We would like our conditions to be in terms of the differen-
tiability of f, since that is what we have studied so far. One observation that we can make
is that if f is strictly increasing or decreasing on a small interval, it is 1-1 on that interval.
In other words, if f/(x) > 0 in an interval around a, then f is invertible in that interval,
and similarly if f/(z) < 0. Moreover, if f is continuously differentiable, then f’(a) > 0 is
sufficient to conclude that f(z) > 0 in an interval around a. This leads to our multivariate
generaliziation, but it will take some work to arrive there.

Lemma 2.10

Let A C R" be a rectangle and let f : A — R"™ be continuously differentiable. If
there is a number M > 0 such that |D; fi(x)| < M for all z € int A4, then

f(x) — f(y)] < n*M]z —y|

for all z,y € A.

Proof. First, we have

|f(z) = f(y)| < Z (@) = [ ()

Now, let z = y —  and define hiz(t) = fi(x +tz), so that h2(0) = fi(x) and hi(1) = fi(y).
Since f? is differentiable (this follows from Theorem , we know that the directional

derivative D, fi(z) exists, and moreover that k' (t) = D.fi(z + tz) (see [Exercise 2-35)).

Thus
1 1
|fi(y) = fi(@)] = |h*(0) = h'(1)| = /O hi/(t)dt‘Z /0 szi(m+tZ)dt’
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We also showed in that D, is linear with respect to direction, so we can expand
this:

‘/01 szi(x—l—tz)dt‘ = /01 iszjfi(x—th)dt

sz iz +tz)dt ‘

§Z|zj| / Djfi(m—ktz)dt‘
j=1 0

< lylM
j=1

<>l
j=1

=nMly — x|
Thus we have A ‘
If'(y) — f'(z)] < nMly — z|

Combining this with our first inequality, we have

[f(z) = f(y)| < Zlfi(m) — ') <Y nMly —z| =n*Mly — | H

i=1

Lemma [2.10] provides the necessary machinery to extend our result about locally invert-
ible functions to the multivariate case:

Theorem 2.11: Inverse Function Theorem

Suppose that f : R™ — R" is continuously differentiable in an open set containing
a, and det f'(a) # 0. Then there is an open set V containing a and an open set W
containing f(a) such that f : V — W has a continuous inverse f~!: W — V which
is differentiable and for all y € W satisfies

'@ =™

Briefly speaking, this theorem says that so long as f’(a) is nonsingular, then we can find
a restriction to a small open set where f is invertible and the derivative condition is met.

Proof. Let A = Df(a). Since det f'(a) # 0, A is invertible. Now suppose that the theorem
is true for A\=! o f. Then letting ¢ = (A" o f)~1, I claim that ¢ o A™! = f~1. To see this,
we check that ¢ o A=! is both a left and right identity:

(poA™of=("of) oA o f)=id
fo(porx™)=fofloror=id
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Moreover, this composition is continuous and differentiable, so if the theorem holds for
A~ 1o f, it holds for f. Thus it suffices to prove the case where X is the identity.

Now we know that
o (@ th) = f(a) = A(0)

h—0 || =0

so we can choose a small closed rectangle U containing a such that

[f(a+h) = fla) = Mh)|

<1
|h

Now suppose for contradiction that there exists € U with f(z) = f(a). Then we would
have

[f(z) = fl@) =Mz —a)| _ Jx—a| _

|z — a |z —a|

which contradicts the inequality we just established for U. So f(x) # f(a) forallx # a € U.

1

Now note that = +— det f/(x) consists of sums and products of continuous functions (each
D;f* exists and is continuous since f is continuously differentiable), so it is continuous.
Thus we can also choose U small enough such that det f'(z) # 0 for x € U.

Lastly, since f is continuously differentiable, we can pick U small enough such that for any
1,7 and x € U we have

i i 1
1D f*(x) = Djf*(a)] < m2
Next, let g(z) = f(x) — 2. Then since D f(a) = id, for any = € int A we have

, , s , , 1

|1Dj9"(2)| = |D; f'(z) — Djid*(z)| = |D; f*(z) = Dif'(a)| < 5
so |Djg'(x)] < M = 1/2n? for all 4,5 and z € U. Thus we may apply Lemma to
conclude that for any =,y € U,

|z — y|

[f(z) =2 = (f(y) —y)| = lg9(z) — g(y)| < n* Mz —y| = 5

Moreover, by the reverse triangle inequality,

lz —yl—[f(z) = fy)| < |f(x) =2 — (f(y) —v)l

so we know that for any x,y € U,

|z =yl <2[f(z) - f(y)l

Since U is a closed rectangle, OU C U, so for any x € U we know f(z) # f(a). Thus
f(a) ¢ f(OU). Moreover, U is compact, so f(9U) is compact and there exists d > 0 such
that |f(a) — f(z)| > d for any x € OU. Then define

W={yr|y—f(a)<;l}
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If y € W and « € OU, then

ly = fla)l <y — f(z)]
Then we show that for any y € W, there exists a unique preimage x € int U with f(z) = y.
To prove this, note that defining g : U — R by

n

g(z) =y — f@)* = (v — fi(2))?

i=1

This function is continuous, so it achieves a minimum on U. But since |y — f(a)| < |y — f(z)|
for x € U, we know that g(a) < g(z). So the minimum cannot be in OU. Thus there exists
x € int U such that g is minimized, which allows us to conclude that D;g(z) = 0 for all j.
Thus

S 2y — Fi(@)D; fi(a) = 0

i=1
Since this holds for every j, we can rewrite this system of equations as
y1 — (@)
f'(@) : =0
Yn — fn(x)
But det f/(z) # 0 so we conclude that y; — fi(x) = 0 for all i. Thus y = f(z). So we know
that a preimage x exists. If another preimage x5 exists, then we have

|z — o] <2[f(x) = fa2)| = 2]y —y| =0

so © = x3. Thus z is unique as well. Thus, we have shown that f is locally invertible.
Letting V = int U N f~1(W), we may write that f : V — W has an inverse f~': W — V.
Moreover, for any y;,y2 € W with o1 = f~!(y1) and 2o = f~*(y2), we have

17 ) = f )| = o1 — 2] < 2| f(21) — fla2)| = 2|y — v2
So f~! is Lipschitz and is thus continuous.

Now we must show that f~! is differentiable. Let z € V, and write u = Df(z). Let
y = f(x) € W. Then we show that f~! is differentiable at y with Df~1(y) = p=!. Let

o(z1) = f(z1) — f(x) — p(z1 — z), such that
flz1) = f(@) + pley — ) + p(z —x)
Moreover, since f is differentiable at = we have

el —a)
z1 |x1—x|

=0

So
p (f(x) = f(@) =21 — x4+ pH(plz — )

w1 =" (f(21) = f(@) + 2 — p7Hp(ar — 2))
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But any y; € W is of the form f(x1) for 21 € V, so without loss of generality we may wriet

SNy =) + e —y) — e o) — fH (W)

and we only need to show that

S T 2 e OV e e (1))

vy ly1 —
By [Exercise 1-10| the linear transformation p~! is irrelevant here and we only need to show
that . .
fim [PV ) = 17N ()))

Yy1—y |y1 — y|

We can apply a trick here, splitting the fraction:
lo(f M y) =T @D e ) = F DL ) = F ()

ly1 — v If=1 () — f~(y)| ly1 — |

Since f~! is continuous, f~(y1) — f~1(y) as y1 — vy, so

o U ) = @ Jeles = o)
W 1) — W e o]

=0

=0

=0

and the second factor is bounded by 2, completing the proof. O

2.6 Implicit Functions

Having now proved our major result concerning local invertibility of functions, we will apply
it to the study of converting implicit function relations into explicit functions.

Let f : R? — R be defined by f(x,y) = 22 +y* — 1. Let C be the set of points (z,y)
with f(z,y) = 0 (this defines a level curve of f). Then this curve is simply a circle
of radius 1 centered at the origin.

To convert this curve into an explicit function, we attempt to answer the following
question: given a point (a,b) € C, do there exist intervals A around a and B around
b such that for any = € A there exists exactly one y € B with (x,y) € C. In the case
that there is, we can then define a function g : A — B which maps each x to that
unique y.

If we choose (z,y) such that x # +1, then we can indeed do so. When y > 0, the
graph of the function g(x) = v/1 — 22 traces out the upper semicircle. When y < 0,
we instead pick h(z) = —+/1 — 22, tracing out the lower circle. In both cases, our
choice of g or h is forced. However, when x = 41, we cannot pick an interval around
x where such a function can be defined.

It is also worth remarking that both g and h are differentiable.

28



To generalize the above discussion to multiple variables, we consider functions of the
form f:R®" x R™ — R. If z € R™ and y € R™, then we would like to find neighborhoods
V around x and W around y such that any T € V corresponds to exactly one 5 € W with
f(@,7) =0, which allows us to implicitly define a function g : V' — W, which maps T to 7.

Theorem 2.12: Implicit Function Theorem

Let f: R™” xR™ — R™ be continuously differentiable in an open set aroud (a, b), and
suppose f(a,b) = 0. Let M be an m x m matrix defined by M;; = D, f*(a,b). If
det M # 0, then there is an open set A C R™ containing a and an open set B C R™
containing b, such that for any x € A there is a unique y € B such that f(z,y) = 0.
Moreover, the function g defined by = > y is differentiable.

\. .

Proof. Define F : R™ x R + summ — R™ x R™ by F(x,y) = (z, f(z,y)). Then F'(a,b) is
given by a block matrix

, I O
F'(a,b) = {O M}
so det F'(a,b) = det M # 0. Apply the Inverse Function Theorem to produce open sets
V C R™ x R™ containing (a,b) and W C R™ x R™ containing F(a,b) = (a,0). We can
write V' = A x B (Spivak asserts this but I'm not sure how), and thus the restriction
F : Ax B — W has a differentiable inverse h : W — A x B. Moreover, since F' preserves
the first n coordinates, h must also, so that h(z,y) = (x,k(x,y)) for some differentiable
function k. Then define the projection = : R™ x R™ — R™ by 7(z,y) = y, such that
mo F = f. Thus

f(@ k(z,y)) = foh(z,y) = (moF)oh(x,y) =mo (Foh)(z,y) =7(z,y) =y

Then f(x,k(x,0)) = 0. So for any = € A, we can pick y = k(z,0) € B, and we will have
f(z,y) = 0. Moreover, if there exists another 3’ € B with f(z,y’) = 0, then we would have

F(l‘,y/) = (x,f(x,y')) = (LE,O) = (x,f(:c,y)) = F(:E,y)

But F is invertible so we cannot have y # g’. Thus our choice of y is unique, and the
implicitly defined function k is differentiable. O

Since we know that the implicitly defined g is differentiable, we can calculate its deriva-
tive. For any coordinate i, we have f*(x,g(z)) =0, so

D;f'(x,9(x)) + Y Dntaf'(@,9(x))D;g*(x) =0

which we can then solve for the various D;g*(x) by inverting M (which can be done since
det M # 0).

We can generalize the Implicit Function Theorem as follows:
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Theorem 2.13

Let f : R™ — RP be continuously differentiable in an open set containing a, where
p <n. If f(a) = 0 and the p x n matrix P with P;; = D; f*(a) has rank p, then there
is an open set A C R™ and a differentiable function h : A — R™ with differentiable
inverse such that h(A) contains a and

foh(z1,...,2n) = (Tn—pt1s---,Tn)

Note: Spivak states that A contains a. This is incorrect.

We can interpret the above theorem by saying that whenever the derivative of f has
rank p, then we can find h such that f o h acts to embed the last p coordinates of 7 into
RP.

Proof. Consider f as a function R"™P x RP — RP. Then if P has rank p, it has p linearly
independent columns. Let g : R® — R™ permute the coordinates such that those linearly
independent columns are the last p columns. Taking f o g, the matrix M as defined in the
Implicit Function Theorem, which is a p X p matrix with M;; = D,,1;(f o g)*(a), has rank
p, and thus has nonzero determinant.

Now, as in the proof of the Implicit Function Theorem, define F' : R*™P x RP — R"P x RP
by F(z,y) = (z,f o g(z,y)). Again, det F'(a,b) = det M # 0, so we apply the Inverse
Function Theorem to produce h which is locally an inverse of F'. As in the previous proof,
we have

(fog)oh(z,y) =y

so taking g o h produces the requested function. O
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Chapter 3

Integration

3.1 Basic Definitions

The following treatment of the basic definitions of integrals over a closed rectangle A C R"
is rapid, as this case is similar to the single variable case of integration over an interval.

Definition 3.1

A partition of a closed interval [a,b] is a finite sequence {to,...,tx}, such that
a=ty<...<t, =0, such that [a,d] is divided into k subintervals.

Definition 3.2

Let A = [a1,b1] X ... X [apn,b,] € R™ be a closed rectangle. A partition of A is a
collection of partitions P = (Py,...,P,), such that P; is a partition of [a;, b;]. If P;
divides [a;, b;] into N; subintervals, then P divides A into Ny X ... x N,, subrect-
angles of P. Using a slight abuse of notation, we will write S € P to denote that S
is a subrectangle of P.

If A C R" is a rectangle, f : A — R is bounded, and P is a partition, then we can define
the maximum and minimum values for each subrectangle S € P:

mg(f) = inf{f(z) : x € S}
Ms(f) = sup{f(x) : © € S}

Let v(S) denote the volume of S, defined as the product of the side lengths (regardless of
whether S is open or closed). Then the lower and upper sums of f with respect to P are

L(f,P) =Y _ ms(f)v(S)

SeP

U(f,P)=>_ Ms(f)v(S)

SeP



Since mg(f) < Mg(f) for any s, we then have L(f, P) < U(f,P).

Definition 3.3

A partition P’ is called a refinement of a partition P if each subrectangle of P’ is
contained in a subrectangle of P.

Lemma 3.1

Let P’ be a refinement of P. Then
L(f,P) < L(f,P")

and

U(f,P) 2 U(f,P)

Proof. Let S be a subrectangle of P. Then it contains subrectangles Si,...,S; € P’ which
are disjoint and cover S, so that » 0, ., v(S;) = v(S). For each S;, mg,(f) > Ms(f). Thus

Z ms, (f)v(Si) > ms(f)v(S)

1<i<k

Since P’ refines P, each subrectangle of P’ is contained in a subrectangle of P. Thus we
have

L(f£,PY =) me(HuS) =D Y ms(H(S) =Y ms(f)v(S) = L(f,P)

S’ eP’ SeP 1<i<k SeP

The proof for the other case is similar. O

In essence, as we refine a given partition, the upper and lower sums will grow closer to
one another, and under the appropriate conditions, they will also converge to one another.
This provides a candidate value for the integral of f over A; however, it is dependent on our
starting partition. Ideally, our integral may be defined independent of a particular choice of
partition; to do so we must prove the following:

If P and P’ are partitions, then L(f,P’) < U(f,P).

To prove this, we first introduce an auxiliary construction:

Definition 3.4

Let P and P’ be partitions of an interval [a,b]. Then their common refinement Q
is the partition PUP’. If P = (Py,...,Pn) and P’ = (P1,...,P,,) be partitions of a
rectangle A C R™. Then the common refinement Q is given by (P1UP;, ..., P,UPL).
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Proof. Let Q be the common refinement of P and P’. Then by Lemma [3.1]
L(f,P) < L(},Q) < U(},Q) < U(/,P) =

Now let U = inf U(f, P), where the infimum is taken over all partitions P of A, and let
L =supL(f,P). By Corollary both U and L exist, and L < U. As mentioned above, if
our continued refinements converge to a single value, then this provides a plausible definition
of the integral. As Corollary shows, this convergence is only possible if U = L, and it
must converge to that common value. Moreover, the values of U and L are independent of
our choice of partition, which allows us to define the integral:

Definition 3.5

Let f : A — R be bounded, with A C R™ a rectangle. Then f is integrable if
U = L. In this case, we denote the integral of f on A by [, f = U = L, which may
alternatively be notated [, f(z1,...,2n)dzy ... dz,.

The following theorem gives us an equivalent criterion for integrability.

A bounded function f : A — R is integrable if and only if, for every ¢ > 0 there
exists a partition P of A such that

U(f,P)— L(f,P)<e

Proof. (=) If f is integrable then U exists, so there exists a partition Py with U(f, P1) <
U + 5. Similarly there exists Py with L(f,P2) > L — §. Let P be the common refinement
of Py, Py. Then

U(f,P) = LU, P) SUP) = L(fP) SU+ 5 — (L—2) =¢

( <= ) By Corollary both U and L exist. Let € > 0 be arbitrary, and let P be the
partition produced by the condition. Then

U-L<U(f,P)—L(f,P)<e

SoU — L < ¢ for all € > 0 and thus U = L. So f is integrable over A. O

Let f: A — R be constant with f(z) = ¢. Then if P is a partition and S € P,
mg(f) = Ms(f) = ¢, so

U(f,P)=) ms(fHo(S)=c ) v(5) = cv(4)

SeP SeP
L(f,P) = cv(A)
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so U =L = cv(A) and f is integrable with [, f = cv(A).

Let f:[0,1] x [0,1] — R be defined by

0, z€Q

f(z,y) = {1 £ ¢ Q

If P is a partition and S € P, by the density of Q in R we have mg(f) = 0, and by
the density of I € R we have Mg(f) = 1. So

U(f,P)=>_ Ms(fHu(S) =Y v(S)=uv(A)

Sep Sep
L(f,P)=0

So f is not integrable over any rectangle A with v(A) > 0.

3.2 Measure Zero and Content Zero

In this section, we discuss the notions of measure and content zero. These quanity the
concept of a set which is small enough to be insignificant in certain contexts. Moreover, in
particular with the case of measure zero, this is a special case of a more general technique
which serves as the formalization of volume in higher dimensions.

Definition 3.6

A subset A C R™ has measure zero if for any € > 0 there exists a cover O of A by
closed rectangles such that )., v(0) <& > 0.

We may also use open rectangles rather than closed rectangles in the above.

Proposition 3.4

If a set A C R" is countable, then it has measure zero.

Proof. Let € > 0. Enumerate the points in A as ai,as,.... Then for each a;, pick a closed
rectangle O; containing a; such that v(O;) < 5. Then O = {O1, O, ...} covers A, and

ZU(O):ZU(OZ')SZ%:EZ%:{;

0e0 i=1 i=1 i=1

so A has measure zero. O
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Importantly, Q is countable, and thus has measure zero.

Let A= Uil A; be a countable union of measure zero sets 4;. Then A has measure
Z€ro.

Proof. Let € > 0. For each A;, pick an open cover O; such that

0e0;

Now let O = |J;=; O;. Then O covers A, and

D w0)=3 Y w0y =¢

0eco i=1 0€0; i=1
so A has measure zero. O

While sets of measure zero are important (and indeed, this notion hints at more im-
portant themes in measure theory), there are times when we would prefer to work with a
finite cover rather than an open cover. This is analogous to our preference for compact sets.
Thus, we have a corresponding notion of measure zero for finite covers:

Definition 3.7

A subset A C R™ has content zero if for any ¢ > 0 there exists a finite cover O of
A by closed rectangles such that

Z v(0) <e

0Oe0

By definition, a set having content zero is a special case of having measure zero.

Theorem 3.6

A nonsingleton interval [a,b] € R does not have content zero. For any finite cover
{O1,...,0,} of [a,b], where each O; is a closed interval,

v(0;) >b—a
1

n

K2

Proof. Let O be a finite cover. We can pick a cover @' = {O; N [a,b],...,0, N [a,b]},
which will be a cover if and only if O is, and which has smaller total length, so without
loss of generality we may consider O'. Let to,...,t; be the endpoints of the O}, with



a=0p <...< 0O, =0b. Then each O} contains at least one interval [t;_1,¢;], and each
interval is contained in at least one Oj. Then

k
S w(0) =D (tj—tj1)=b-a

O'e0’ j=1
O

The reader should note that the above proof also shows that [a, b] does not have measure
zero (as long as a < b).

Theorem 3.7

If A is compact and has measure zero, then it has content zero.

Proof. Let € > 0. There exists an open cover O of A with

Z v(0) <e

0Oeo

Since A is compact, pick a finite subcover O’. Then

Z v(0') < Z v(0) <e

o’'eo’ 0ec0o

so A has content zero. O

Although we pointed out earlier that Q has measure zero, it does not have content
zero. Let O = {[a;,b;]} be a finite cover of Q N [0, 1] by closed intervals. Then by
the density of Q, O must cover [0,1]. But then Y ;" | b; — a; > 1, so QN [0,1] does
not have content zero. It follows that Q does not either.

3.3 Integrable Functions

In this section, we will expand on the theory of which functions may be (Riemann) inte-
grated.

Recall that o(f, z) denotes the oscillation of f at z, defined as

}I‘I;%M(xafaé)im(zvf’é‘)

where

M(z, f,6) = sup{f(y) : |z — y| < J}
m(z, f,0) = inf{f(y) : [z —y| <}
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Let A be a closed rectangle and let f : A — R be a bounded function such that
o(f,z) < e for all x € A. Then there is a partition P of A with

U(f,P)— L(f,P) <e-v(A)

Proof. For each x, because o( f,z) < € we may pick a closed rectangle U, containing x such
that My, (f) — mu,(f) < e. Then the collection of U, covers A compact, so we can pick
a finite subcover Uy, ...,Ui. Then pick a partition P such that each subrectangle of P is
entirely contained within one of the U,. Then for any subrectangle S € P we have

Ms(f) —ms(f) < My, (f) —mu,(f) <e

Then
U(f,P) = L(f,P) = Y _ o(S)[Ms(f) —ms(f)] <e > _ v(S) =ev(A) O

sepP SeP

Let R be a finite collection of closed rectangles Ry,..., Ry C R™. Let A CR™ be a
closed rectangle. Then there exists a partition P of A such that for each S € P and
each R;, exactly one of the following is true: S C R; or SNint R; = .

Proof. Let a;; be the left endpoint of R; in the jth direction and b; ; the right endpoint,
such that
Ri = [a;1,bi1] X ... X [a;n,bin]

Let P; = {a1,,b1,4,---,0k,,bk;} (not necessarily in order). Suppose that when ordered,
P; = {tj1,...,tj2} (note that the j has switched coordinates). Let P = (P1,...,Pn).
Then for each S € P,

S = [t —1,t1,0,] X oo X [tnin—1,tni,]
for appropriately chosen i1,...,4,. Any R; is of the form

Rj=[ti—1,t10] X oo X [tnr —1,tn |
for some other i, ..., i) . Now consider the first coordinate direction. Suppose tin <tii—1-
Then for any € S and y € int R;, we have

y1 <ty <tii-1 <1
so z # y and thus S Nint R; = @. Similarly, if ¢1 ;, <ty 1, then we have
r1 <t <tig-1<h

so x # y and S Nint R; = @. Thus we either immediately conclude that S Nint R; = &, or
we know that

ti >t -1
lig, >t
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This is equivalent to

t1i 2t

t,i—1 2t -1
so we either have SNint R; = @ or
T —1 <tii—1 <t <ty

We can apply this argument to each coordinate direction 1,...,n, so that it is either the
case that S Nint R; = &, or we have

trif—1 < tii—1 <ty Sty

tnir—1 S tni,—1 < tnji, <tnjir
In this case, we have S C R;. O

In particular, the above statement shows that if O is a finite collection of rectangles such
that their interiors cover some set B C A C R™, with A a closed rectangle, then there exists
a partition of A such that each subrectangle is either contained in some O € O or does not
intersect B. Such a collection may be of interest, for instance, if B has content zero.

Theorem 3.10

Let A be a closed rectangle and let f : A — R be a bounded function. Let B = {z :
f is not continuous at x}. Then f is integrable if and only if B is a set of measure
zero.

Proof. (=) Suppose that f is integrable. Define B. : {z : o(f,z) > €}. I claim that B,
has measure zero for each n.

To see this, let P be a partition of A such that
€

Then let S be the collection of subrectangles S € P such that SN B/, # @. Then S covers
Bi/p. Now, for each S € S we know that o( f,z) > % for some x € S, so Ms(f)—ms(f) > %
So

1 <n(Ms(f) —ms(f))
Thus

D o(8) < Y u(S)n(Ms(f) —ms(f) <n Y o(S)[Ms(f) —ms(f)] <e

ses ses Sep
So B:1 has measure zero. Thus B = U;'Lozl By has measure zero.

( <) Suppose that B has measure zero. Now let € > 0. Suppose that |f(x)| < M for all
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x. Define &/ = ¢/2v(A). Define B, = {z : o(f,z) > &'}. We have previously proved that
a set of this form is compact. Then B, is compact and has measure zero, so it has content
zero. Then there exists a finite cover O of B, by the interior of closed rectangles such that

3

0Oeo

Apply Lemma to produce a partition P’ such that the subrectangles which do not
intersect B. may be enumerated as Ry, ..., Rg, and o(f,z) < &’ = ¢/2v(A) for any z in any
of those closed rectangles. Then apply Lemma to each R; to produce a refinement P’
such that for each R;,

> w(9)Ms(f) —ms(f)] < v(R;) = v(R;)

SeP:SCR;

Now, for each subrectangle S’ € P/, S’ C S for exactly one S € P. We either have S C O
for some O € O, or S = R; for some i. Thus either S C O for some O € O or S’ C R;
for some i. Denote by £ the collection of S’ such that S’ C O for O € O and by R the
collection of S’ such that S’ C R; for some i. Then

U(f,P") = L(f,P) = Y o(S)[Ms(f) —ms(f)]

Sep’
= > o(S)[Ms(f) = ms(H)]+ D v(S)[Ms(f) = ms(f)]
SeL SeR

We also have

> w(9)[Ms(f) —ms(£)] < > v(O)[Mo(f) —mo(f)]

SeL 0eO
and .
oS Ms(f) =ms(HN =D > w(S)Ms(f) —ms(f)]
SER i=1 S’€P":S'CR;
so that

k
U(f.P) = L(f.P) < D> v(O)Mo(f) —mo(H+>. Y. vo(S)Ms(f) —ms(f)]

0c0o i=1S"e€P":S'CR;

Since f is bounded by M, we must have Mo (f) — mo(f) < 2M for any O. Thus

k k
>~ w(O)[Mo(f) —mo(H)]+ D U, P) = Lf,Pi) <2M Y v(0) + 5-—= > v(R,)
0€o i=1 0€o v(4) i=1
B
2 2v(4)
=&
So f is integrable. O
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We have thus presented an extremely useful criterion for determining when a function
may be successfully integrated, without requiring the use of partitions to do so.

We will now progress to expanding our theory of integration from integration on rectangles
to arbitrary bounded sets, which we define in terms of integrals on rectangles.

Definition 3.8

Let C C R™. The characteristic function of C' is

(z) = 1, z€C
A 0, z¢C

Definition 3.9

Suppose that C C R™ is bounded by a closed rectangle A, and f : A — R is bounded.
Then the integral of f on C' is defined as

/Cf:/Ach

provided this quantity is defined.

As we can see from the definition, fc f is defined whenever fxc¢ is integrable on A.
As we prove in the product of integrable functions is integrable, so if x¢
and f are both integrable, then fC f is well defined. Since we are mainly concerned with
integrating functions which integrable to begin with, the main task for us is to determined
when y¢ is integrable.

If C C ACR" where A is a closed rectangle, then x¢ : A — R, is integrable if and
only if OC' has measure zero.

Proof. Note that whenever x € 9C', in any neighborhood of x there exists y € C, such that
xc(y) =1, and z ¢ C, such that xc(z) = 0. Thus x¢ is discontinuous on 9C. On the other
hand, if z ¢ OC, then x € int A or x € ext A. In either case, there exists a neighborhood
around x such that yc is constant, so y¢ is continuous on int A and ext A. Thus x¢ is
discontinuous precisely on 9C.

Since x ¢ is integrable if and only if it is discontinuous on a set of measure zero, it is integrable
if and only if 9C has measure zero. O

We should note that since 9C is closed and bounded, it also has content zero.

Definition 3.10

If C' is bounded and dC' has measure zero, then C' is called Jordan-measurable.
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Thus, for any integrable function f, fc f is defined if C is Jordan-measurable. It is
possible for fc f to be defined in other cases (for instance, if f is identically zero), but
this is of little interest to us. This also allows us to extend our definition of volume to
non-rectangle sets.

Definition 3.11

The volume (or content) of a Jordan-measurable set C' is defined as

v(0)=/01

Note that even if C' is bounded and closed, it may not be Jordan-measurable, as we
showed in [Exercise 3-11f Thus, f o J may not be defined even in the case of C' open and f
continuous.

3.4 Fubini’s Theorem

As with our study of differentiation, we have so far been able to integrate on a case-by-case
basis, and now need to produce a general method that will simplify the computation of
integration in a broad class of cases. This section will develop Fubini’s Theorem, which
allows us to simplify computation of integrals into iterated integrals in single variables.

We will first proceed informally in order to develop intuition for the principle behind this
theorem. Consider the case of a "sufficiently nice” function f : [a,b] X [¢,d] — R. Then we
can partition [a, b] by to, ..., tx. For each t;, the area under the graph of f above {t;} x [c, d]
is

/Cdf(ti,y)dy

If f is nice, then we can approximate the volume under the graph of f above [t;_1,t;] X [c, d]

by
d
/ J (- ti) / F(ny) dy
[ti—1,ti]x[c,d] c

for any x; € [t;—1,t;]. Thus we can approximate the overall integral by

k k d
=3 fr Y= t) [ S dy
/[a,b]x[c,d] 1:21 [ti—1,ti]x[e,d] 1:21 c

But if we consider the single variable integral f;(f(d f(z,y)dy) dz, then this would be ap-
proximated by partitions of [a, b] and sums of the form

k d
St —tin) [ Sl dy
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So it seems that for ”sufficiently nice” functions, we should have

/[a,b]x[c,d] f= /ab (/Cdf(x,y) dy) dzx

As it turns out, this indeed is the case, but the classification of which functions are ”suffi-

ciently nice” becomes a difficult problem. For instance, if fcd f(x;,y) dy is not defined, then
the above equation doesn’t even make sense, although f may still be integrable.

Definition 3.12

Let f : A — R be bounded with A C R™ a closed rectangle. Then the lower integral
of fon Ais

L[ 7=swpU(s.P)
A P
and the upper integral is defined similarly as
U/ f = inf L(f, P)
A P
regardless of whether f is integrable on A.

Theorem 3.12: Fubini’s Theorem

Let A C R™ and B C R™ be closed rectangles, and let f: A x B — R be integrable.
For any = € A define g, : B — R by ¢.(y) = f(z,y). Let

H@ZLL%ZLLﬂ%w@
W@=UL%=ULﬂ%w®

Then £ and U are integrable on A and

/AxBf:/A[’:/A<L/Bf(%y)dy) da
AxBf:AUZA(U/Bf(may)dy> da

We refer to integrals of the form [, (L [ f(z,y)dy)dz or [, (U [, f(z,y)dy) dz as
iterated integrals.

Proof. Pick partitions P4 of A and Pg of B. Then P = (P4, Pp) is a partition of A x B.



Moreover, any subrectangle S € P is of the form S4 x Sg for Sy € Pa, Sp € Pr. So

L(f,P) = ms(f)v(S)

SeP

- Z ms,xsp(f)v(Sa x Sp)

SA€PA,SBEPB
= > v(Sa) ( >, msAxSB(f)U(SB)>
SA€EPa SBEPB
For any « € S4 we have mg, xs5(f) < ms,(g.). So for fixed z € Sy,
S s (N(S5) < S mey(g) <L / g0 = L(z)
SBEPB SBEPB B
and thus
L(f,P)= Y v(Sa) ( > mSAxSB(f)U(SB)> < Y ms (L)v(Sa) = L(L,Pa)
SAEPA SBEPB SAEPA

so that

where the third inequality follows because £ < U and the fourth by a similar argument to
what we just proved. Now, f is integrable, which means that

sup L(f,P) = inf U(f, P) :/A Bf

So that
sup L(L,Pa) =infU(L,Pa) = / I

AxB
fie= L
Jit= ]t :

Thus £ is integrable on A and

and similarly U is integrable iwth

Under the same hypotheses,

AXszé(LAf<x,y>dx) dy:/B(U/Af(x,y)dm) dy

Proof. Analogous. O
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The fact that this proof may be repeated in the other order may seem clear based on
simply reading the proof However, the important implication is that, for these sufficiently
nice functions, not only may our integral be replaced with an iterated integral, but the order
of the iterated integral may be changed.

If each g, is integrable, then we may dispense with the functions £ and I/ and simply

wite /AXBf:/A(/Bf(x,y)dy>da::/B(Af($7y)d$>dy

In particular, this is the case if f is continuous.

Alternatively, if all but a finite number of g, are integrable, then we may still write
the same, and arbitrarily define the quantity |, g [(z,y) dy if g, is not integrable (since
changing the value of £ at a finite number of points will not change its integral).

Define f : [0,1] x [0,1] — R by

1, r¢Q
flr,y) =<1, reQuyé¢Q

where z = p/q is assumed to be in lowest terms. Then f is integrable with
f[O,l]X[O,l} f =1 But fol f(z,y)dy = 1 when z € Q and does not exist other-

wise. So we cannot arbitrarily set the value of fol f(z,y) dy wherever the integral
doesn’t exist. For instance, defining this as zero gives Dirichlet’s function, which is
not integrable.

If A=Ja,b1] X ... X [an,by] and f : A — R is "sufficiently nice,” then repeated
application of Fubini’s theorem gives

/Afz/ai" (( aljlf(acl,...,xn)dm)...) i

An application of Fubini’s theorem is to integrate over subsets C' C A x B by appropri-
ately setting bounds on the iterated integrals.
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Example 3.5

Let
C= (L1 x[-L1)\{(z,y) : |(z,y)| <1}

/ f= / -~
C [—1,1])([—1,1]

Assuming that f is integrable, xy¢o f is integrable since C' is Jordan-measurable. So

we may write
1 1
/ xof =/ (/ f@,y)xc(z,y) dy) dx
[—1,1]x[-1,1] -1 —1

Then

‘We have
13 |y|:> Vl —'$2
xc(@,y) = —s
07 |y|S =
o)

1 1 —f =B
/ f(w,y)Xc(x,y)dy=/ f(x,y)dy+/ f(z,y)dy
=1l

1—x -1

and thus

/of:/_11 (/%f(x,y)dy)dx—l—/_ll </_:mf($,y)dy>dx

\. J

In general, the problem of determining bounds for arbitrary C C A x B is harder.
However, one important result of Fubini’s theorem is that these bounds may be set in either
the dy — dx order or the dx — dy order, whichever is easier.

3.5 Partitions of Unity

In this section, we will discussion partitions of unity. These are an important tool that will
help allow us to combine local results into global results, for instance when developing a
theory of integration on manifolds.
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Definition 3.13

Let A C R™. Then a partition of unity for A is a collection ® of C'*° functions ¢
which are defined on an open set containing A, such that

1. Forallz € Aand all p € @, 0 < p(z) < 1.

2. For all x € A there exists an open set V' containing x such that all but finitely
many ¢ € ® are 0 on V.

3. For all z € A it is the case that ) 4 ¢(2) = 1, which is a finite sum by 2).

Definition 3.14

Let ¢ be a partition of unity for some A C R"™, and let @ be an open cover of A.
Then @ is subordinate to O if, for each ¢ € ® there exists an open set O € O such
that ¢ = 0 outside of some compact set contained in O.

Note: Spivak only requires that ¢ = 0 outside of a closed contained in O, but later
he makes assumptions which require this set to be compact.

An important tool in proving the existence of partitions of unity will be the smooth
bump functions that we proved the existence of in [Exercise 2-26] [Exercise 2-26| states that

if O C R™ is open and C C O is compact, then there exists a closed set D C O and a C*°
function which is positive on C' and 0 outside of D.

Let A C R™ and let O be an open cover of A. Then there exists a partition of unity
® for A which is subordinate to O.

Proof. Case 1: A is compact.

Note that any partition of unity subordinate to a subcover of O is also subordinate to
O. Since A is compact, we will simply assume O = {Uj,..., Uy} is finite. Now, we will
construct a corresponding set of compact sets D; C U; such that {int Dy, ...,int Dy} is also
an open cover for A.

To do so, we apply an inductive argument. Let Dy, ..., D,, be compact sets chosen so that
{int D1, ...,int Dy, Upi1, - . ., U} covers A. Then let

m k
Chry1 = A\ (U int Di> ul U
i=1 j=m-+2

Clearly Upy1 covers Ci41, and Clyq is the result of a closed set being finitely intersected
with the complement of open sets, and is thus closed. So Cj41 is compact. Then by [Exercise]
[1-22] there exists a compact set Dy that satisfies

Cry1 Cint D1, D1 C U4
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By construction, the collection of C; will cover A, so the collection of int D; do as well, and
D; C C; C U, so this is our desired set.

Now, by [Exercise 2-26] we can construct a C* "bump” function ; : which is nonnegative
everywhere, strictly positive on D;, and 0 outside of a closed set contained in U;. Now, let

k

i=1

A C U since the int D; cover A. Moreover, for x € U, x is in some D;, and the rest are

nonnegative, so
k
> w0
i=1

on U. So we may define ¢; : U — R by

Yi(z)
SDZ(:'C) = &
Zj:l V()
which is also smooth on U. Then the collection {1, ..., } is a partition of unity. However,

it must be noted that this collection is not necessarily subordinate to O. Indeed, we know
that ; = 0 outside of some closed set K contained in U;. However, it may be the case that
K is not completely contained within U. In this case, ¢, is not even defined on K, let alone
outside of it.

Moreover, it is not necessarily that case that ¢1 goes to zero at the boundary of its support.
For instance, suppose k = 1, so that we have only a single bump function ;. Then 1 goes
to zero, but ¢, is identically 1.

We can remedy this by applying[Exercise 2-26]once more to construct a C* function f : U —
[0, 1] which is 1 on A and 0 outside of a closed set K’ contained in U. Moreover, we can ensure
that K’ is bounded since A is, so K’ is compact. Then the collection ® = {f¢1,..., for}
is still a partition of unity for A (since fy; = ¢; on A), but this time fip; is zero outside of
the compact set K N K’ C U;, so ® is subordinate to O.

Case 2: A=J;2, A;, where A; is compact and A; C int A; 4.
Define B1 = A1 and B7 = Ai \mt Ai—l for all 4 Z 2.

Suppose x € A;. Then z € B; for some j <.

Proof. We prove this by induction. In the base case, x € Ay — x € B; since
A1 = Bl.

Fori>2 ifx € A;thenz € B;or x €int A;_1. ButintA,_1 C A;_1,s0x € A;_;.
By the inductive hypothesis x € B; for some j <7 —1 <. O
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By the claim, we have A C | J B;, and clearly | B; C A, so | B; = A.
Define the open cover O; by

O, — {OﬂintAH_l:OEO}, 1=1,2
" l{ON(int Ajy \Aig):0 €O}, i>3

We will construct a partition of unity for each B; subordinate to O;.

Note that each B; is compact, and that O; covers B;. So by Case 1 there exists a partition
of unity ®; for B; subordinate to O;, where the functions are defined on some open set U;
containing B;. Now let x € A. Then x € B; for some i. Thus z € A;. Moreover, for any
j>i+2, €A CAjss0x ¢ ON(ntAj \ Aj) for any O € O, and thus = ¢ O’ for
any O’ € O;. Since ®; is subordinate to O;, ¢(z) = 0 for any ¢ € ®; with j >i+2. Asa
result, the sum

o i+2
U(JE):Z Z @(I)ZZ Z p(z) 21
=1 ped; J=1lped;

is a finite sum. Now for any ¢ € ®; for any j, define ¢’ : U; — R by

() = p(x)

o(z)

Moreover, the domain may be extended to |JU; by simply setting ¢ = 0 outside of Ul-E|
Then the collection ® = {¢’ : ¢ € ®,,j € N} satisfies conditions 1 and 3 for being a
partition of unity. For condition 2, suppose x € A;. Then for each j < i + 2, there exists
an open set V; containing = such that all but finitely many ¢ € ®; are zero on V. Let
V =V1U...UV,19, which is open. By the argument above, ¢(z) =0if ¢ € &, for j > i+2,
so there are only finitely many nonzero ¢ at x, and thus only finitely many ¢’ are nonzero
at x.

So ® is a partition of unity. Let ¢’ € ®. Then ¢ € ®; for some j. ®; is subordinate to O;,
so there exists O’ = O N (int A1 \ Aj_2) € O, such that ¢ is zero outside of a compact set
contained in O’ C O. Then ¢’ is also zero outside this set (assured since U Cint A;11 C A,
and ¢’ is defined on A C U). So @’ is subordinate to O.

Case 3: A is open.

Let d(x,0A) be the distance from = to 0A as defined in [Exercise 1-21| part a). Define
1
i

-}

For any = € A, |z| < M for some M € N, and d(z,0A) > 3 for some other N € N since

Ais open. So z € A; for some i and thus A = [J;2| A;. So A is of the type considered in
Case 2.

A; Az |z <d,d(x,04) >

Case 4: A is arbitrary.

Let B = Jpecp O- Then apply Case 3 to get a partition of unity ® for B subordinate to O.
Then this is also a partition of unity for A. O

1For details, see my answer here
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Remark 3.1

For any C' C A, if ® is a partition of unity for A, then for z € C, there exists V
open containing x such that only finitely many ¢ are nonzero on V.. Then these V,
are an open cover of C, so by compactness we only need finitely many and thus only
finitely many ¢ are nonzero on C. In particular, if A is compact then we only need
finitely many ¢ (this was already proved in Case 1).

Remark 3.2

Note that our proof shows that we may demand that our partition of unity is count-
able.

Similarly to compactness, partitions of unity will allow us to make local constructions
and combine them into a global result. We will demonstrate this by extending our definition
of the integral to general open sets.

Definition 3.15

Let A C R™ be open and let O be an open cover of A. O is said to be admissible
if O C A for each O € O (equivalently, if (Jycr, O = A).

Let ® be a partition of unity for an open set A C R™ (not necessarily bounded) subor-
dinate to an admissible open cover O. Suppose also that f: A — R is bounded in an open
set around each point of A, and that its set of discontinuities has measure zero. Since ¢ has
compact support, let C, C A be a closed rectangle such that ¢ = 0 outside of C,, (C, C A is
guaranteed since ® is subordinate to O, which is admissible). Since f is bounded in an open
neighborhood around each point, we apply compactness to pick a finite number of them and
conclude f is boudned on C,. |f| is continuous whenever f is, so it is discontinuous on a set
of measure zero and thus |f| is integrable on Cy. ¢ is also continuous, so wa ol f] exists.

Now, by Remark ® is countable. So we may consider the series

Z/walfl

ped

Suppose this series converges. Since 0 < ¢ < 1, ¢|f| = |¢f|, and thus by

|/C¢<pf s/%w:/%m
/waf

converges absolutely. This means it is independent of our ordering of ®. Moreover, we will
show that this value is also independent of our choices of ® and O, allowing us to define

so the series

2.

ped
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this value without reference to any specific cover or partition of unity. Noe that this is only
the case if the series > 4 fcw ¢l f| converges; the convergence of }_ 4 | fc¢ @f| is not a
sufficient condition.

Definition 3.16

Let A C R”™ be open. Suppose f : A — R is bounded in an open set around each
point of A, and its set of discontinuities has measure zero. Let ® be a partition of
unity for A subordinate to an admissible open cover O of A. For each ¢ € @, let
Cy, € A be a closed rectangle such that ¢ = 0 outside of C,,. Then if the series

Z/cff'

pEP

converges, then we say that f is extended integrable relative to ®. Moreover, we
define the extended integral of f on A relative to ® to be

egt/Af=Z/C¢<pf

pEP

Theorem 3.14

Let A C R"™ be open. Suppose f : A — R is bounded in an open set around each
point of A, and its set of discontinuities has measure zero. Let ® be a partition
of unity for A subordinate to an admissible open cover O of A. Let ¥ be another
partition of unity for A subordinate to another admissible open cover O’ of A. If f
is extended integrable relative to ®, then it is extended integrable relative to ¥, and

egt/AfZZ/Cw@fZZ/sz/Jf:e&ft/Af

ped Pew

. J

Proof. For each ¢ € ®, C, is compact, so by Remark only finitely many ¢ € ¥ are
nonzero on C,. Moreover, the finite sum Zwe\p 1 =1on C, C A (the subset follows since
O is admissible), so we have

Z/Cwsoﬂ:% /cﬂ'f'

ped

S :Z/C ZWIfIZZZ/CwWIf

Ppew ped Y pew ped Per
Now, since the left sides series converges by assumption, the right side series does as well.

Since [y f[| = | f],
S5 [ vl

ped Yew



converges absolutely and thus we may switch the order of the sums:
S [ el =X 3 [ eulr
ped pew Y Co YEW ped ¥ Co

Now, since 1 and ¢ are both zero outside of a compact set, if we let R be a rectangle
containing both C, and Cy, we have

/@ so¢|f|/RW|f|/C¢ olf]

ZZ/CV;WW_ZZ/%WV

eV ped YETV D

By the argument we made at the beginning, the sum Z@E@ is finite and equal to 1 on Cy,

so we have
3 Z/wau: Z/wam

YEV D YeT
So we have shown that
> [ e=X [ vl
wed’Co pew /Oy

so the right side converges, and thus f is extended integrable relative to W. Repeating this
argument with f substituted for | f| shows that

egt/Afzg/Cw@fzz/%wzey/Af =

PeY

By Theorem [3.14] our choice of partition is irrelevant when considering extended inte-
grability and the value of the integral, so long as f is extended integrable with respect to
some partition. Thus we may define this without reference to a particular partition.

Definition 3.17

Let A C R”™ be open. Suppose f : A — R is bounded in an open set around each
point of A, and its set of discontinuities has measure zero. Then f is extended
integrable if it is extended integrable relative to some partition of unity ®, and the

extended integral of f on A is
ext / f=ext / f
A 2 Ja

Theorem 3.15

If A C R" is open and bounded, f : A — R is bounded, and its set of discontinuities
is a set of measure zero, then f is extended integrable.




Proof. Let ® = {®1, ¢a,...} be a countable (by Remark partition of unity subordinate
to some admissible cover O. Suppose |f| < M on A. Then let

k
5c=> [ wlf
i=17Ce;

be the kth partial sum of the corresponding infinite series. Since p;|f| > 0,
| wlizo
Co,

for each i, and thus (Sj) is increasing. Let B be some rectangle containing A. Since ® is
subordinate to an admissible cover, C, € A C B, and thus

fe=1.»

k k k
Sk:Z/C %IfISZM/C sz/BZ<pSM/Bl:Mv(B)
=1 P =1 Pi =1

which is constant. So (Sj) is increasing and bounded above, so it is convergent and thus f
is extended integrable. O

and thus

Theorem 3.16

Let A C R™ be open and Jordan-measurable. Let f : A — R be bounded, and
suppose its set of discontinuities has measure zero. Then

Jr=ext| s

Proof. Note that since A is Jordan-measurable, it is bounded and thus f is extended inte-
grable by Theorem [3.15

Let € > 0, and let ® be an arbitrary partition of unity subordinate to an admissible open

cover O. Let M be such that |f| < M. Then by [Exercise 3-22| there exists a compact
Jordan-measurable set C C A such that

/ 1< =
A\C M

By Remark the subpartition ®' of those ¢ € ® which are nonzero on C' is finite. Then

we have
/Af—ext/Af': /Af—z/%sof

pED’
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Since O is admissible, C, C A for each ¢ € ®’ and thus

/jélsof:/(h@f

/waf=‘/Af—/AZ¢f S/Alfl 1= > o

ped’ ped’

so that
/ f a
A ped’

Now, we have

OLEE

ped

on A, so we may write
=)= [ Se- X o) <u [ (Se- v
A ped’ A ped p' e’ A peP ' ed’

Let ¥ be the collection of ¢ € ® such that ¢ ¢ ®’. In other words, ¥ is the collection of ¢
which are zero on C'. Then

M/A Yo—> ¢ :M/AZw

ped @' eP’ PeEW

Since the ¥ € ¥ are zero on C, they are only nonzero on A\ C. Thus

M/AZ¢§M/A Z’(/JSM/A\01<E

YeT \C yew

/Af:ext/Af O

3.6 Change of Variables

So

Consider the ”u-substitution” strategy employed in single variable calculus. If u : [a,b] — R
is a continuously differentiable function and f : R — R is continuous, then let F' be such
that F’ = f. By the chain rule, (F ou)’ = (f ou)u’. Thus

u(b) u(b) b b

[ r= [ = ro) - Fu@) = [ (Fouy = [(foun
u(a) u(a) a a

For instance, this strategy could be used computationally as follows:

3 9
/ 2z sin(z?) dz = / sinudu = cos0 —cos9 =1—cos9
0 0
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Let w : [a,b] — R be continuously differentiable and injective. Let f : R — R be

continuous. Then
[ =] (oww
u(a,b) (a,b)

Proof. Since u is continuous and injective, it is strictly monotone. Suppose it is
strictly increasing. Then |u/| = «’ and u(b) > u(a), so u(a,b) = (u(a),u(b)) and the
claim follows directly from the equality above.

If w is decreasing, then |u'| = —u/, and u(b) < u(a), so that u(a,b) = (u(b),u(a)).

e u(a) u(b) b b
/u(a,,,)f=/u(b) f=—/u(a) f= [ ~rown = [(foul]

This method is invaluable for computational calculus, which motivates the development
of an equivalent technique in multiple dimensions. We will do so by first proving it for linear
transformations.

Lemma 3.17

Let A C R™ be open and let u : A — R"™ be injective and continuously differentiable
with det u/(z) # 0 on A. Suppose there exists an admissible cover O for A such that
for all U € O and f : U — R integrable it is the case that

O

ext f= ext/ (f ow)|detu'|
w(U) U

Then
ext f:ext/(fou)|detu’|
A

u(A)

Proof. The collection U = {u(O)}oeco is an open cover for u(A), so we may pick a partition
of unity ® for u(A) subordinate to U. Suppose that U, € U contains C,, for each ¢. Then

we have
ext [ f= / of
[ =2/,

peP

_ Z/I(U (@ ou)(fou)ldete|

ped U )

= Z/A(gyou)(fou)\detu’|

ped
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Let ¥ be the partition of unity for A given by {¢ o u},cs. Then ¥ is thus subordinate to
O. Then

Z/ pou)(fou)|ldetu| = Z/q/}fou|detu'|fext/(fou)|detu| O

ped Ppew

Lemma 3.18

Let A C R™ be open and let u : A — R” be linear, with detu(z) # 0 on A. Then if
f:u(A) — R is integrable, we have

ext = ext/ (f ou)|det ul
A

u(A)

Proof. First note that by if f is the constant function 1 and U is an open

rectangle, then
/ 1 =v(u(U)) = |det ulo(U |detu|/ lf/|detu|
u(U)

n m n an us argument for u~ T an n rectan we hav
We can make an analogous a ent fo 1 so for any open rectangle U we have

/ 1:/|detu_1| = /1:/ |det
u=1(U) U U u=1(U)

Now suppose f is arbitrary. Let V' C u(A) be a rectangle, and let P be a partition of V.

SeP

For each S € P, define f|s : S — R to be the constant function f|s(z) = mg(f). Then we

have
f)|detul = / (fls ou)|det u]
Z /u_l(intS) Z L(int V)

SeP SeP

<Z/ (f ow)|det ul

SeP (int S)

g/ ( o w)|det u]
w1(v)
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So fu,l(v) (f ou)|detu| is an upper bound for all L(f,P), but [, f is the least such upper

bound, so we have
/fg/ (f ou)|det ul
Vv u=H(V)

An analogous argument shows the reverse inequality, so we conclude that

/Vf:/u_l(v)(fOUHdetu

Since A is open, and u is a continuous injection, u(A) is open. So for each « € u(A), we
may pick Vo, C u(A) containing u(A). Then the collection V = {V4}acu(a) is an admissible
open cover for u(A), and the hypothesis of Lemma applies. So we conclude that

ext/ f:ext/(fou)|detu| O
u(A) A

We now progress to the general case. To do so, we will need to replace u with «’ (which
are equal in the linear case).

Theorem 3.19

Let A C R™ be open and let u : A — R" be one-to-one and continuously dif-
ferentiable. Moreover, suppose that detu'(x) # 0 on A. Then for any integrable
f:u(A) = R, we have

for every V C u(A) and any f.

ext f:ext/(fou)|detu/|
u(A) A

We first prove one simplifying lemma.

Suppose that the conclusion of Theorem holds for two change-of-variable func-
tions g : A — R™ and h : B — R™. Moreover, assume that g(A) C B. Then the
theorem holds for h o g.

Proof. We have
ext/ f:ext/ (foh)|det h'|
(hog)(A) 9(A)

—ext [ (fohog)deth|ogljdety'
A

—ext [ (o (hog)ldet(ho )| o
A

Returning to the main proof,
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Proof of Theorem[3.19. We induct on n. For the base case n = 1, we can form an admissible
open cover of A by open intervals, and the result follows from the discussion beginning this
section combined with Lemma [3.17

Suppose the theorem is proved for n — 1. Then for n, we will attempt to find an open set
U, C A containing « for each o € A such that

/U(Ua) F= /Ua(f o u)|det u’|

Then the theorem follows from Lemma [3.17 Thus, fix some o € A. Then

(Du(a) tou) (o) = u(a) =1

Note that Lemma implies that the theorem is true for Du(a)~!. If the theorem is true
for (Du(a)~! ou), then it follows from Lemma that it is true for u. So we may assume
that Du(a) = id.

Define the function h: A — R™ by
h(z) = (ur(x), ..., up—1(x),z,)

Then h'(a) = I. h is continuously differentiable, so there exists an open set U" C A
containing « where h is injective and invertible. Then define k : h(U’) — R by

k(z) = (z1,. ., Tn-1,un(h " (z)))

so that u = k o h. Both of these functions only change at most n — 1 variables, so we will
be able to apply the inductive hypothesis. Afterward, we would now like to apply Lemma
however, we cannot be assured that k is injective with &" invertible.

To remedy this, note that

(9" o h™) (@) = (¢")' (W™  (h(a))) [l (h ™" (M()))] ™ = (") (a)[W ()] ™" = (9")'(e)

Inverse Function Thm

So D, (g" o h™1)(h(a)) = Dpg™(a) = 1, and thus &'(h(a)) = I. So we can find an open set
V C h(U) containing h(a)) where k is injective and k' is invertible. We can then restrict h
to U = k=Y(V), and then h, k satisfy the hypotheses of Lemma

We now prove that the theorem applies to h. The proof for k is easier. Pick an open
rectangle W C U, and suppose W = D x [a,,b,], with D C R"~!. Because h does not
change the n-th coordinate, Fubini’s Theorem gives

/ 1:/ (/ ldxl...da:n_1> dz,
h(W) [an,bn] \YR(DXx{zn})

For each x,,, define h,, : D — R"~! by

ha, (1, s Tpn—1) = h(ur(z1, .-, &n), ooy Un—1(T1, ..o, Tn))
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so that
dethl, (x1,...,2p-1) =deth'(z1,...,2,) #0

Moreover, h,, is injective, so the inductive hypothesis applies. We also have

/ 1df£1...dl‘n_1:/ 1
h(Dx{zn}) he, (D)

Tn

Then using the inductive hypothesis, we have

/ 1:/ / 1dxq...dz,—1 | dxy,
h(W) [an,bn] h(Dx{xn})

-/ ( / ) o
[anabn] ha:n (D)
_ / ( / \det h;"> d,
[anabn] D
:/ (/ |deth’(m1,...,xn)|) dy,
[an,bn] D
- / \det |
w

From the proof for Lemma(3.18] it is sufficient to prove the theorem for the constant function
1. So we conclude that the theorem holds for h. A similar argument holds for k. By Lemma

[3:20] it holds for u. O

We will now prove a simple version of an important theorem.

Theorem 3.21: Sard’s Theorem

Suppose g : A — R™ is continuously differentiable, with A C R™ open. Let B = {z €
A : det ¢’(x) = 0} be the set of critical values of g. Then g(B) has measure zero.

Proof. Suppose that U C A is a closed n-cube with side length ¢. Since U is compact, each
D;g* is uniformly continuous on U. Thus there exists N large enough such that when U is
divided into N™ subcubes, then for any x,y which are both in the same subcube and any

1,7 we have
€

|D;g'(y) — D;g'(z)| < o

Fix some subcube S and some 2 € S. Define f(z) = Dg(z)(z) — g(z), so that its partial
derivatives are bounded:

i i i €
|1D; [*(2)] = IDjg"(z) = Djg"(2)| < —5
Then by Lemma [2.10} for any y € S we have

|Dg(z)(y — x) — g(y) + g(x)| = [f(y) — f(2)] <ely —z| < 5\/5%
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We can repeat this for each z, so this holds whenever z,y are in the same subcube. If
SNB # @, then fix © € SNB. Then we have det ¢’(z) = 0, so Dg(z)(S) is a subset of an n—1
dimensional subspace V of R™. Then every point {g(y) — g(z) : y € S} is contained within
ev/n(f/N) of V, meaning that g(S) is contained within e\/nf/N of V + g(z). Moreover,
each D; g is uniformly continuous on S, so they are boudned by some M. Then by Lemma

[2.10] we have

/
\g(x) —g(y)\ < TL2M|;5 — y‘ < nQM\/ﬁN

Thus ¢(5) lies within a cylinder with height 2e,/nf/N and base given by a n— 1-sphere with
radius n?M/nf/N, which has volume bounded by C(¢/N)"e for an appropriate constant
C. Then the total volume of these cylinders (which covers g(U N B) for each S is C¢"e.
So g(U N B) has measure zero. Now, we can produce a cover of A (countable by
and repeat this process, so g(B) is the countable union of measure zero sets, and thus
measure zero. O

Sard’s Theorem, among many other applications, allows us prove Theorem without

the assumption det'(z) # 0. This is the content of [Exercise 3-39
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Chapter 4

Integration on Chains

4.1 Algebraic Preliminaries

In this chapter, we will begin to develop our theory of integration over objects with richer
structure than pure subsets of R™. This will allow us to define integrals over parameterized
objects, such as line integrals and surface integrals, and we will prove a version of Stokes’
Theorem for this setting. We will also set th egroundwork for the development of a similar
theory for manifolds in Chapter 5.

Definition 4.1

Let V be a real vector space, and let V¥ = V x ... x V k times. A multilinear
function T : V* — R is a function such that, for each 1 < ¢ < k and each v =
(v1,...,v;) € VF the function T! : V — R defined by

Ti(y):T(vl,..., Y yeensUk)

K2

is linear. Such a function is also called a k-tensor on V.

Definition 4.2

The set of all k-tensors on a fixed vector space V is denoted J%(V). J*(V) is a real
vector space if the operations are defined as

(S+T)(v1y...,v) =S(v1,...,08) +T(v1,...,0%)
(aS)(v1,...,vk) = a(S(v1,...,vk))




Definition 4.3

Suppose S € J¥(V) and T € J*(V). Then the tensor product of S and T is a
k + l-tensor S @ T' defined by

(S®T)(v1, .-, Uk, Vkt1s - -+ Utt) = S(v1, -, 0g) - T(Vk41, - - -, Vktt)

Note that the tensor product is clearly not commutative. Because tensors are maps into
R, we may use properties of R to derive similar properties for tensors.

Proposition 4.1

The following are properties of the tensor product:
1. ($1+852)T=5T+5%eT
2. 8T +T)=ST1+85®T,
3. (aS)®@T=5® ((aT)=a(S®T)
4. SeTeU)=SeT)eU

Proof. 1. Let 81,58 € 3¥(V) and T € JY (V). Let v = (vy,...,v54y) € VFFL Let

¥ = (v1,...,v) and v' = (Vgi1,. .., vesr). Then

((S1+ S2) @ T)(v) = (S1 + S2)(v*) - T(v')
= (S1(v*) + Sa(v%)) - T ()
=51(v )' T(v') + Sy(v*) - T(v")
=(S10T)(v) + (2@ T)(v)
= (51 ®T+52®T)( )

2. Let S € 3¥(V) and T, Ty € J'(V). Using the same notation,
(S ® (T1 + T2))(v) = S(v") - (T3 + T2) (v')
= S(*) - (Tv(v") + To(v"))
= S(*) - Ta(v') + (") - Ta(v')
= (Se@T)(v) + (S ®T2)(v)
=(SeT1+S®T)(v)

3. Let a € R, S € 3¥(V), and T € 3'(V). Then
((aS) ® T)(v) = (aS)(v") - T(v")

= a(S(") - T(v")

=a(S®T(v)

—S( ) a(T
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4. Let S € J*(V), T € 34(V), and U € J™(V). Let v = (v1,...,Vk114m), and let

’Uk = (1}1, ey Uk), Ul = (U/C+1, ce ’Uk+l)7 and v™ = (Uk+l+17 . ,’Uk+l+m). Then

STeU)(v)=2=S

O

Since the tensor product is associative, we will drop the parentheses in general. Note
that we already know how to describe J*(V): since it is the set of all linear maps from
V — R, it is precisely the dual space V*. We can use this to help us understand higher

order Jk(V).

Theorem 4.2

©i(vj) = 0;;. Then the set of k-tensors of the form

901'1®"'®901'k

where 1 < 4; < n for each index, is a basis of J*(V).

Let vy1,...,v, be a basis for V. Let ¢1,...,¢, be the natural dual basis given by

Proof. We first show that this collection spans J*(V).
Let T € 3%(V). Suppose that wy,...,wy € V, and w; = Z?Zl a; jvj. Then

n
T(wla B awk) = T(Z ai,j, Vj,, W2, . . 'awk)
ji=1

n
= Z aleT(vjl,wg, .. .,wk)

ji=1

n n
= E E 0,1,]‘1'...'CL]CJ'kT(’Ujl,...,Ujk)
Je=1

ji=1

Now, we have

1
0

) i1:j17"'7ik:jk
Piy ®"'®@ik(vj1""7vjk> :5i1,j1 52k7]k :{
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Since i, ® ... ® @i, € J¥(V), we can use () and (x*) to conclude that

n n
iy @ ... @ @ (W, ..., w) = Z Z 1y e O (P @ @05 ) (Vg e, V)
=1 gr=1
n n
= Z Z Q1,57 * -~ -ak._l,jkflak,ik(goi] ®®(plk)(’l}_ll,,vlk)

Jji=1 Jk—1=1

= Ql4y " - Ak iy,

Substituting into (), we have

n n

T(wr,...,wg) = Z Z T(vjy, .. 05)(p5 @ ... Q @i ) (w1, ..., wk)

Jji=1 Jr=1
So " N
T = Z Z T<vj17""vjk)(90j1 ®"'®50jk)
Je=1

Jji=1
so T is a linear combination of the p;, ®...® p;,.

To show that the ¢;, ® ... ® ¢;, are linearly independent, suppose that

n n
Z Z @iy (01 ® . ® @) =0

=1 =1
Then plugging in some combination of basis vectors (vj,,...,v;,), by (%) we have

n

n
0= Z s Z iy ik (301‘1 ®... @ik)(vjlw - 71}]%) = Qjryeyge

i1=1 k=1

Repeating this with each combination of basis vectors shows that the linear combination is
trivial. So the ¢;, ® ... ® ;, are linearly independent and thus a basis. O

Recall that if T : V — W is a linear transformation, then its adjoint 7" : W* — V* is
the linear operator defined such that for any ® € W* it is the case that T*(®) = ® o T.
Then we can extend this notion to arbitrary J*(V).

Definition 4.4

Let f: V — W be linear. Then define the (k-tensor) pullback of f to be the linear
transformation f* : J¥(W) — J¥(V) by

(D) (w1, -5 vo8) = T(f(v1),-- -, fvr))

where T' € J¥(W) and vy,...,v; € V.
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Proposition 4.3

If Se3h(V)and T € 3 (V), and f: V — W, then

ff(SeT)=f"Se T

Proof. Let v* = (vy,...,v) € VF and v! = (vgi1,...,ve1) € VL. Then

f*(S ® T)(Uka Ul) = (S @ T)(f(vl)a ceey f(vk’)a f(vk+1)7 ceey f(vk’-‘rl))
= S(f(vl)a ey f(vk?)) : T(f(vk"rl)’ R f(vk?-i-l))
= [*S@h) - [T
= (f*S @ f*T)(v" o) O
An example of a k-tensor which is not a linear functional is the dot product on R™, which

is a 2-tensor. We can use this language to make an equivalent definition for arbitrary real
inner products.

Definition 4.5

An inner product on a real vector space V is a 2-tensor T € J2 (V') which satisfies
the following:

o T(v,w) =T (w,v) (symmetric)

o T(v,v)>0ifv#£0 (positive definite)

We can similarly reproduce some theorems from linear algebra.

Definition 4.6

A basis vy, ..., v, for a real vector space V is orthonormal with respect to an inner
product T € J*(V) if T'(v;,v;) = &5

Theorem 4.4

For any inner product 7" on V, there is an orthonormal basis with respect to T'.

O

Proof. Pick a basis and apply Gram-Schmidt.

Corollary 4.5

If T is an inner product on V, then there exists an isomorphism f : R™ — V such
that T'(f(z), f(y)) = = - y, or equivalently so that f*T is the dot product on R™.
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Proof. Let vy,...,v, be an orthonormal basis for 7. Define f by f(e;) = v;. Then if
x=(ay,...,an) and y = (by,...,b,), we have

T(f(2), () = T(}_ aivi, D _bjvy)

= ZzaibjT(vivvj)
i=1j=1
= ZZaibjéij

i=1 j=1

= zn:albl
i=1
—z-y O

Suppose we consider a square n X n matrix as a vector whose entries are column vec-
tors. That is, we will associate M, x,(R) with (R™)™. Then det : M,,x,(R) — R may be
considered as a k-tensor for R™. Recall that one definition of the determinant defines it as
the unique alternating multilinear map with det I = 1. Let us attempt to generalize this
notion.

Definition 4.7

A k-tensor T € 3*(V) is alternating if, for every pair i < j, we have

11(1}17 0ooc ,’Uk) = —T(’Ul, 000 ,’L)i_17vj,’t)i+1, coo ,Uj_l,UZ‘,Uj+1, 000 ,’Uk)

In other words, switching the role of two entries also switches the sign of 7.

Definition 4.8

The set of all alternating k-tensors on V' is denoted Ak(V)E

@Spivak uses the notation A®(V), but writes in the Addenda that QF (V) should be used instead.
This definition, if V is finite dimensional, is naturally isomorphic to A(V*). See here for why neither
of these are quite accurate.

One can quickly verify that A¥(V) is a subspace of J*¥(V). The close relationship of
alternating tensors with signed quantities will help us to define oriented objects. Due to
this, it is of interest to us to investigate how to consistently represent elements of A*(V).

Recall that the sign of a permutation o, denoted sgno, is +1 if o is even (that is, it is
composed of an even number of transpositions), and —1 if it is odd.
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Definition 4.9

Let T € 3*(V). Then Alt(T) € 3*(V) is defined by

1
AW(T) (v, ... v5) = 7 Z sgno - T(Vo(1)s - -« » Vo (k))

g€Sk

We can see Alt as a kind of projection from J*(V) into A*(V):
Let V be a real vector space.

1. If T € 3J*(V), then Alt(T) € A*(V).

2. If w € A¥(V), then Alt(w) = w.

3. If T € 3%(V), then Alt(Alt(T)) = Alt(T).

Proof. 1. Fix 4,7, and let (¢,7) be the transposition of ¢ and j. For each o € Sy, write
o' =0 (i,7). We have Si(4,7) = Sk. So

Al(T)(vq, . .. 3 Vg ee ey Ugyenn ,UE) = Alt(T)(U(iJ)(l), ceey ’U(@j)(@)

1
=21 2 5800 T(Uo(ii) 1) Vo)1)
o€Sk

1
= H Z sgnao - T(”O"(l)? . .,va/(k))
" o€Sy
1
= H Z —sgno/-T(Ual(l),...,vg/(k))
" o'eSk(i,)
1
= Z sgno - T'(Vo(1)s - Vo(k))

" o€eSy

= — Alt(T)(v1,...,vk)
2. Let w be alternating. For a transposition o = (4, j), we have

WV (1)5 -+ Vo(k)) = —w(V1, ..., V%) =sgno - w(vy,...,vx) (%)

For arbitrary permutations o, ¢ can be decomposed into a product of transpositions
014+ Om. Since sgn(o10...00,,) = Sgnoy - ... Sgno,y,, we simply apply (x) m times
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to see that (%) holds when o is arbitrary. Now,

1
Alt(w)(vy, ..., v5) = o Z W(Va(1)s -+ Vo(k))
’ o€Sk

1
= Z sgno -sgno - w(vy,...,v)

o€Sk
1
=7 Z w(vy, ..., vE)
’ o€Sk
= UJ(’Ul,...,Uk)
3. Follows from 1) and 2). O

One way of describing alternating tensors would be to produce a basis of A*(V). Note
that we cannot necessarily apply Theorem This is because if w € A*(V) and n € A*(V),
it is not necessarily the case that w ® 7 is alternating (consider a transposition which swaps
entries in the w and 1 domains). Thus, we will need to define an analogous product which
takes alternating tensors to alternating tensors.

Definition 4.10

Let w € A*(V) and n € AY(V). Then the wedge product of w and 7, denoted
wAn e AF(V), is defined by

(b +1)!
wAn =" Alt(w ® 1)

We can prove properties of A using similar methods as we did for ®.

Proposition 4.7

Let w,wy,ws € A¥(V), n,m1,m2 € AY(V), and a € R. Then
1. (witw)An=wi1 An+wa A7
2. wAMm+m)=wAn +wAn
3. (aw)An=wA (an) = a(w An)

Proof. 1. Let v* = (v1,...,v;) € V¥ and o' = (vig1,...,vep) € VL. Write o(vF,v!) =



(Ud(l)u cee 7Ua'(k;+l))- Then

(or ) A, 0) = B2 i+ ) @ m) 08,01
- E Al @ -+ @ )(0", )
Lk 1 _— I
- (k+z)!(;k gno - (w1 @1 +we @) (o (0", 0))
kDl 1
- k!l!) RCES] g;k o (i @n(o(v',v) +w @n(e(e,v)
(k +1)!

=" (Alt(w, ®@n) + Alt(wa ® 7))

=wi AnN+waAn

2. Analogous.

3. We prove the first and third expressions are equal. The other equality is proved
analogously. Then

((aw) Am) (", 0') = (kkj;!l)! Alt((aw) @ 1) (0%, v)
= B! ps(aw @m0
B (k/:!rz!l)! (& Jlr D! a;k sgno - a(w @n)(o(v*,v"))
B a(kk;!l)! (& Jlr D! agsjk sgno - (w®n)(o(v*,v"))
_ a(kk;!z)! Alt(w © m) (0%, )
= a(w A n) (ko) -

We can also take advantage of the alternating nature of these tensors to prove additional
properties.

Proposition 4.8

Let w € A¥(V) and n € AY(V). Let f : V — V be linear. Then
1. wAnp=(-D*nAw)
2. fr(wAn) = fr(w)Af(m).

Proof. 1. Let v = (v1,...,0541) € VFL Let 0* € Spy; be a permutation which sends
{1,2,...,k+1} to{k+1,1,2,...,k+ 1 — 1}. Note that this can be achieved using
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k+1—1 permutations (as (k+ 1, k+1—1)-(k+1,k+1—2)-...-(k+1,1)). Then (c*)
is the permutation which takes {1,2,....,k+1} to {k+1,...,k+1,1,...,k}, and

sgn(c*)! = (sgn(0™)) = (—)FHN)! = (—1)HH T = (—)H
Then we have

wane = EEE e ne)

(k+0)! 1
TR (kD) Y 5800 (@) (Vo(1)s- - Va(h)s Vot 1)s-- - Va(1))

oESK41
k+0)l 1
= (_l)kl ( L (k + l)' Z SgIl(O') ’ (w ® 77)(%(k+1)a <oy Vo (k1) Vo(1)s - - - ava(k))
1 L
E+D)l 1
~ -yt il ) (k+1)! > 580(0) - (1@ W) (Ug(1)s -+, Vi) Vot 1)s -+ -+ V(1))
k+1)!
= (D iy 0 )

= ()" nAw)(v)

2. This follows from Proposition [£.3}

7w = D @ o)

k41!
= D Aw(rwn o)

=ffwAf'n

We can also prove associativity of the wedge product:
1. Let S € 3%(V), T € 34(V), and suppose Alt(S) = 0. Then
AR(SQRT)=Al(T®S)=0

2. Alt(Alt(w®n) @ 0) = Alt(w ® n ® 0) = Alt(w @ Alt(n ® 0))
3. Ifwe AF(V), n € AYV), and € A™(V), then

kE+1+m)!

Proof. 1. Let G < Sk be the set of all permutations which fix the k-th through k 4 I-th
elements. This is a subgroup of Si.;, so we may consider the set of right cosets Go’
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for o' € Spy1. Let vF = (vi,...,0) € V¥, ol = (vpy1,...,vp41), and let o(v) =
(Ua(l); o ,Ug(kH)). Then
1

Al(S ® T)(v*,0') = (k+1)!

Z sgno - (S® T)(U(Ukavl))

UGSk+l

1
BRTE] sgn(oo’) - S(ao’ (v*)) - T(o0’ (v"))
(k+1)! ;;G &
1 N ,
BCED] ;Sgn(a )T (0" (v") D _ sen(o) - S(oo’ (v"))

ceG

Write ¢’ (v*) = w¥. Noting that G = S, we have

> sgn(o) - S(oo’ (V7)) = Y sgn(o) - S(o(wk)) = K Alt(S) (w") =0

celG oeSy
So Alt(S ® T) = 0 and similarly Alt(T ® S) = 0.
2. Noting that Alt is linear, we know that
Alt(Alt(w @ n) —w®n) = Alt(Alt(w @ 7)) — Alt(w @ n) = Alt(w®n) — Alt(w®n) =0
Applying part 1),
0=Alt((Alt(w®n) —w®n) ®0) = Alt(Alt(w @ 7) ® ) — Alt(w @ n & 6)

SO
(Alt(w@n) ®@0) = Alt(w® 0 @)

and the other equality is similar.

3. We have
(WA A= WAlt((wAn)@@@)
_ (’(fktrl ;)F':Z')' 1 ((k/;!rul)! Alt(w @ ) ® )
= W Alt(Alt(w ®@n) ® 0)
:WAM(UJQMQM) O

As a result, we will also drop the parentheses when discussing wedge products.

Theorem 4.10

Let V' be a real vector space with basis vy, ..., v,, and let ¢4, ..., v, be the induced
dual basis. Then the collection of all k-tensors of the form

where 1 < iy < ... <1, <n,is a basis for Ak(V).
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Proof. Let w € A¥(V). Then w € J*(V). By Theorem the collection of ¢;, ®@...® @j,
is a basis for 3¥(V') and we have

w = Zajh---,jk(pjl @ ... O pj,

Since w is alternating, we have

w = Alt(w Z Wy, Alb(05; ® ... ® 5, Zah, Jk ‘Ph N Pk

Let ji, ..., be areordering of ji, ..., ji such that ji <... < j;. This may be accomplished
by a series of transpositions, each of which changes only the sign of the wedge product by
Proposition (4.8] E Moreover, if any two of the ¢;; are equal, then the entire wedge product is
zero. So we may assume ji < ... < j;, and we have

(nk)! o
pILT (K" O R AL

So the ¢j; A... A span AR(V).

To show linear independence, suppose we have some linear combination

w= Zah ----- Jk(pjl A P
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Appendix A

Solutions to Selected Exercises

A.1 Chapter 1 Exercises

Exercise 1-1 Prove that |z| < Y7, |2;| for any z € R™.

Proof. Let x = (z1,...,%,) € R™ be arbitrary. For each 1 < ¢ < n, let us denote by (z;)

the vector [0 ... z; ... O]T, with the x; term in the ith coordinate. Then for each 1,
we have the following:

|(@i)] = V/(2:)? = |

Moreover, by construction we have = (x1) + ...+ (2,,). By repeated application of the
triangle inequality, we have

o =1 ()] <D @) =) |l O
=1 i=1 1

1=

Exercise 1-2 When does equality hold for the triangle inequality?

I claim that |z + y| = |2| + |y| if and only if y = Az for some A > 0, or = 0.

Proof. x = 0 clearly satisfies the triangle inequality, so assume x # 0. Following the proof
of the triangle inequality given by Spivak, we already see that z,y being linearly dependent
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is certainly a necessary condition. Thus, assume that y = Az for some A € R. Then

o+ y)* = (i +w)?
=1

-

©
I
A

NE

o2+ Nad + 2)\fo
i=1
+ |Az|? + 2)|z)?

i

o

= ||

When A > 0 we have
2 + [Axf? + 2M|z| = |2 + 2wl x| + A2 f? = (J2] + [Ax])? = (Ja] + |y])?

where equality follows by taking the square root on both sides.

When A < 0 this becomes

2] + [Ax]? + 2M|z| = |2 + —20zl|Ax] + [Aa]* = (] = [Az])? = (2] = |y])?

By taking square roots on both sides, we have |z 4+ y| = |z| — |y| # |z| + |y| where the
inequality holds since & # 0, A # 0 means that |y| # 0. Thus y = Az for A >0, or x =0 is

a necessary and sufficient condition. O
Exercise 1-3 Prove that |x — y| < |z| + |y| for any z,y € R™.
Proof. Let x,y € R™ be arbitrary. Then
|z —yl = |z + (=1xy)| < ||+ [(=1) *yl = [z[ + [ = 1yl = |z| + |yl O
Exercise 1-4 Prove that ||z| — |y|| < |z — y|.
Proof. We expand:
n
=y = 3 (s —y)?
i=1
n n n
=2 @i+ )yl -2
i=1 i=1 i=1
> |2* + |y|? — 2|=||y|(by Cauchy-Schwarz)
= (lz| — Iyl)?
Taking square roots on both sides (using the fact that it is order-preserving), we get
[z =yl = |lz] = [yl O
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Exercise 1-5 The quantity |y — z| is called the distance between x and y. Prove
and interpret geometrically the inequality |z — x| < |z —y| + |y — z|.

Proof. Noting that |z — x| = |(z — y) + (y — 2)|, this is a simple application of the triangle
inequality. This says that the sum of the lengths of any two sides of a triangle must be
greater than the length of the third. O

Exercise 1-6 Let f, g be integrable on [a, b].

()Provethat|f fal < f f2)z beQ%

(b) If equality holds, must it be true that f = Ag for some A € R? What if f, g are
required to be continuous?

(¢) Show that the Cauchy-Schwarz inequality is a special case of (a).

(a) Proof. We consider the cases 0 = f:(f — Ag)? for some A\ € R, and 0 < f:(f —Xg)?
for all .

Case 1: Here, we have

O/ab(ng)z/abeQ)\ngr)\Q Q/lef22)\/abfg+/\2/abgz

if A =0, then f (and thus fg) is zero on a set of measure 1, immediately making both
sides of the inequality 0. Thus assume that A # 0, which implies

[redfreifs
L (L )0
(£7)(1
L)1)

Taking the square root on both sides gives | f fgl < f f?) f )z, as desired.

SO

VORIEY

IA

IN

Case 2: Here, we have

/ab(f—g)2>0=>/abf2+/abg2>2/abfg
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Squaring both sides,

/b 2 1, L, 1 b b

fa] <|5 / i I / 9 +5 / f / g

a 2 a 2 a 2 a a

and the rest of the proof is identical to the first case. O

(b) Proof. Examining the proof of part (a), we must have 0 = f:( f — \g)? for equality
to hold. This implies f — Ag is 0 almost everywhere, so f = Ag almost everywhere.
However, it may not be the case that f = Ag everywhere (consider f = 0 and g = 0
except at countably many points). When f, g are required to be continuous, then they
cannot differ on a set of measure zero, so equality implies f = Ag for some A € R. [

(¢) Proof. Let x,y € R™ be arbitrary. Define f : [0,n) — R such that f = x; on the
interval [i — 1,4) and define g similarly for y. Then

n n n n n n
/ fQZszz:WlQ’/ gz:zy?=|y|27/ fg="> wwys
0 i=1 0 i=1 0 i=1

Then by part a,
n b b %
=‘/ fg‘<</ f2> (/ 92> — lellyl O
0 a a

N

n
E TilYi
i=1

.

Exercise 1-7 A linear transformation 7' : R™ — R" is norm preserving if |T'(x)| =
|z| for all z € R™, and inner product preserving if (Tx,Ty) = (x,y) for all
z,y € R™.

(a) Prove that T is norm preserving if and only if T is inner product preserving.

(b) Prove that such a linear transformation 7 is one-to-one and T~! is of the same
sort.

J

(a) Proof. ( = ) Suppose T is norm preserving. Then for any z,y € R™, we use bilin-
earity of the inner product:

(Tz,Ty) = (Tw =Ty + Ty, Ty)
=Tz — Ty, Ty) + (Ty,Ty)
=Tz —-Ty,Ty—Tx+Tz)+ |Ty|
=(Te—Ty,Ty—Tx)+ (Tex—Ty,Tz) + |Ty|
= |Tz| - (Ty, Tz) + |Ty| — [Tz — Ty|
which gives
1
(Tx, Ty) = B (|ITx| +|Ty| — |T(z —y)|) (by linearity of T')
1
= 5(\$| +lyl— |z —y|) (by norm preserving)
= (z,y)
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where the last line follows through a similar calculation as the first part.

( <) Suppose T is inner product preserving. Then for any x € R™,
|Tx| = (Tx, Tx) = {x,x) = |z]
where the second equality follows since T' preserves inner products. O

Proof. Suppose T is inner product/norm preserving. Suppose Tx = Ty. Since T is
linear, we have T'(x —y) = 0. So |T(x — y)| = 0. But T is norm preserving, so
|z —y| = 0, which occurs only when z —y = 0, showing that x = y. So T is one-to-one.

Let T—! denote the inverse of T (which exists since T is an injective endomorphism
on finite dimensional vector spaces). Then let z € R™ be arbitrary. Since T is norm
preserving, we have

T | = |TT x| = ||

so T~ is norm preserving as well. O

Exercise 1-8 If x,y € R™ are nonzero, then the angle between z and y is denoted
/(x,y), which is defined as arccos ( (@.y) ) This is well-defined since

Cauchy-Schwarz. The linear transformation 7" is angle preserving if 7" is one-to-one
and for any z,y # 0 we have £(Tx,Ty) = Z(x,y).

) | <1 by

|z ]yl [z[-Ty] | =

(a) Prove that if T is norm preserving, then 7' is angle preserving.

(b) If thereis a basis z1, ..., z, of R" and numbers Ay, ..., A, such that Tz; = \;z;,
prove that T is angle preserving only if all |);| are equal. (Note: Spivak’s
original exercise has an if and only if here, but this is false.)

(¢) What are all angle preserving T : R™ — R"?

(a)

(b)

Proof. Since T is both norm preserving and inner product preserving by

we have
(Tz,Ty) _ (z,y)
Tx|-|Tyl =] - [yl
" (T2, 7y) (@.9)
L, 1y LY
Z(Txz,Ty) = arccos <) = arccos < ) = L(z,y) O
Tl - [Tyl ] - [yl

Proof. Proof by contrapositive. Suppose |A;| # |);| for some ¢ # j. Then consider the
vectors
_ _ ||
(%1 —$i+l‘j,’U2 =T, — 7T Ty
|51
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Since z;, x; are linearly independent, neither vy or vy is the zero vector. Then we have

|4 |
<CEZ' +£L'j,$1' — \z;|$]
|24 |

E

cos Z(v1,v2) = coS arccos

i + 2w — 17525
|z
EZIR
_

\

i + @l — ]

x|
=0

|zil? — (2l ?

On the other hand,

COSs Z(T(’Ul),T(’UQ)) = COS Z()\le + )\jxj, /\ixi - >\J||;CZ||$J)
J
A7zl = A3 ]?

|z

where the last inequality holds since |\;| # [\;| = \? # )\?. So if [A;| # |A;], then
T is not angle preserving. So T is angle preserving only if |A;| = [A;] for all4,5. O

(c) Intuitively, the answer is that 7" must consist of only rotation and scaling by a constant
factor. More rigorously, the singular values of T' must all be 01 = ... = 0, = k for
some k > 0. We do not provide a full proof here.

Exercise 1-9 If 0 < 6 < 7, then let T : R? — R? have the matrix in the standard
basis given by

—sinf cos@

[ cosf  sin 0]

Show that T is angle preserving, and that for any = # 0, Z(z,Tx) = 6.

.

Proof. To show that T is one-to-one, we instead prove that T is invertible. Consider the

matrix
T cos(—0)  sin(—0)
" |—sin(—0) cos(—0)
Then
;. [ cosf sinf] [cosf —sind
T = |—sinf cos 9] [sin@ cos @ ]
B cos? 0 + sin” 0 —cosfsinf + cos O sin f
- | —cosfsin + cos 0 sin 0 sin? 0 + cos? 0
o
o1

Since T is square and TT" = I, we have T'T = I so T is invertible and thus must be
one-to-one.
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Let x,y # 0 € R? be arbitrary. Suppose = (21, %2), ¥y = (y1,¥2). Then

cos £ (x,y) = T1Y1 + T2ye
Vit + a3y + 3

Moreover, Ta = (21 cos +x9 sinf, x5 cos§ —xq sin ) and Ty = (y1 cos §+yo sin 6, ys cos § —
y1 sin@. Then we have

(Tz, Ty) = (x1 cos 0 + x2sin0)(y; cosf + yasin @) + (x2 cos @ — x1 sin ) (y2 cos § — y; sin 0)

= 21y (cos? § + sin” §) 421y, (cos O sin @ — sin 6 cos §)

=1 =0
+ 2oy1 (sin @ cos ) — sin @ cos 0) +2ys2 (sin 6 4 cos? A)

=0 =1
=21y1 + T2y2 = (T, V)

and
|Tx| = /(1 cos O + x5 5in0)2 + (x5 cosf — z, sin )2
= \/x% (cos? 6 + sin® ) + 23 (sin? 6 + cos? 0)
_Jaea
= |z|
Similarly,
Ty = ly|
Then
<T:E7Ty>>
/(Tx,Ty) = arccos (
(2] [TolITy)
= arccos ((:E,y))
|z|[yl
= L(z,y)

Lastly, using the fact that |z| = [Tz,
(x, Tx)
Z(x, Tx) = arccos (
||| T

23 cos O + x1298in 0 + 23 cos§ — r1z9 800
= arccos

|z|?
2 2
= arccos | cos Qxl t
|z[?
= arccos cos
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Exercise 1-10 If T : R™ — R" is a linear transformation, show that there is a
number M such that |T'(h)| < M]|h| for h € R™.

Proof. By singular value decomposition, there are orthonormal bases B = {u1,...,umn} C
R™ and C = {vy,...,v,} C R™ as well as scalars o > ... > 7, > 0 such that Tu; = o;v;
for all i (with Tu; = 0 for any j > n). Then for any h € R™, if we suppose that h =
aiuy + ...+ @y, then we have

|Th| = |T(a1u1 + ... + amim)|
=la1Tus + ...+ amTum|

=la10101 + ... + QO |

(where the indices only run to n if n < m). Now since C is orthonormal, the Pythagorean
identity gives

la10101 + ...+ A Omm|? = @20t + ...+ a2,02 < (op)*(a? + ... +d2)
But since B is also orthonormal, we have (a? + ...+ a2,) = |h|?. So
Th|* < of|h|* = |Th| < o1|h]

so our choice of M = o1 works. O

Exercise 1-11 If z,y € R™ and z,w € R™, show that {(z, 2), (y,w)) = (z,y)+(z, w),
and that |(x,2)| = /|z|? + |2|?. Recall that (z,z) € R™*™ is the concatenation of x
and z.

Proof. For the first statement,

n+m

(2, 2)(yw) = Y (@, 2)ily,w)i
i=1

=2 (@ 2)ig w)i + 3 (@ 2 (W)

n m
=D i+ ) 5w
1=1 j=1
= (z,y) + (z,w)
For the second statement,
(2, 2)[* = ((z,2), (2, 2)) = (&, 2) + (2, 2) = |2]* + |2
where the second equality is by the first statement. Taking square roots on both sides

recovers |(z, z)| = v/|z|? + |2|2. O
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Exercise 1-12 Let (R™)* denote the dual space of R™, which is the space of all linear
functions f : R™ — R. If x € R", then define ¢, € (R™)* such that ¢,(y) == (z,y).
Define T': R™ — (R™)* such that T'(z) = ¢,. Show that T is one-to-one and conclude
that each ¢ € (R™)* is ¢, for a unique = € R™.

Proof. Suppose ¢, = ¢,. Then (z,z) = (y, z) for all z € R". Choosing z = « — y, this gives
0= <1‘,Z> - <y,Z> = <£C—y72’> = (x—y,m—y) = |x—y|

which implies that |z — y| is the zero vector. So & = y. The rest of the proof follows since
dimR™ = dim(R™)*, so T is injective between vector spaces of the same dimension and is
thus surjective and bijective. O

Exercise 1-13 (Pythagorean Identity) If z,y € R™, then = and y are called
orthogonal if (x,y) = 0. If z and y are orthogonal, prove that |z + y|*> = |z|? + |y|*.

Proof. By the definition of the norm and bilinearity of the inner product,

lz+yl? = (e +y,z+y)
= (z,z) + (y,y) +2(z,y)
=0
= |z> + [yl O

Exercise 1-14 Prove that the arbitrary union of open sets is open. Prove that the
finite intersection of open sets is open. Show that an infinite union of open sets need
not be open.

Proof. Let U = |J,c; Us be the union of some open sets over an arbitrary indexing set I.
Then for any z € U, x € U; for some i. Then « € B C U; for some open rectangle B. Since
BCU;, BCU,soxe BCU. SoU is open.

Let U = U; N Uy for some open sets Uy, Us. Let © € U be arbitrary. Then = € B, (z) C Uy
and z € B,,(x) C Uy for some radii r1,r2. Taking r = min{ry,r2} > 0, we have z €
B,(z) € B, CU; and B,(z) C B, C Us, so x € B.(z) C U. By induction, this extends to
any finite intersection.

The intersection of the sets (—1/n,1/n) for n € N is the singleton {0}, which is not open. [

Exercise 1-15 Prove that the open ball B,(a) = {z € R" : |z — a| < r} is indeed
open.

Proof. When r = 0, B,(a) = @ which is vacuously open. If r > 0, then pick some x €
B.(a). Let v = r — |z — a|. Then if z = (x1,...,2,), consider the box B with sides
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(x1=7"/n, 147" /n)x. . . X (xn—1" /0, zn+7" /n). For any other y € B, we have |z;—y;| < 1'/n
by construction, so
|t —y| <|z1 —wyi| 4+ ...+ |20 —yn| <77

By the triangle inequality,
y—al=ly—z—(@-a)<|ly—2zl+la—2[<r'+]a—z|=r—|z—a|+|z—a|=r

So y € B,(a), and thus B C B,(a). So B,(a) is open. O

Exercise 1-16 Find the interior, exterior, and boundary of the following sets:
1. A={z eR":|z| <1}
2. B={zeR":|z| =1}

3. C:={x € R": each coordinate z; € Q}

1. We proved in [Exercise 1-15|that B;1(0) C A is open. So B1(0) C int A.

I claim that R™ \ A = ext A. Let € R" \ A. Then take the open ball B, _;(z). For
any y € Bz —1(x), the reverse triangle inequality tells us

lyl = [ly — 2| = |«]]
Since y € Bjy—1(), |y — x| < |z| = 1. So |y — x| — 2| < —1, and thus
yl = |ly —af = ||| = 1

soy € R"\ A. Thus R"\ A C ext A, but ext A CR™\ A (this is easy to see based on
the definition of ext A), so R™ \ A = ext A.

Lastly, for any x with |z| = 1, pick any open ball B, (x). Then the point y = = + gz
has
| —x|:‘1x‘zf lz| <r
Y 2"l 7 2
=1
So y € B,(x). Moreover,
r
yl = (1+5) Jal >1
2/ <~
=1

soy € R™\ A. On the other hand, a similar calculation shows that z = x — fz € B,(x)
isin A. So the set of points with |z| = 1 is a subset of A. But int ALUJAUext A = R™,
and we have already partitioned R"™, so our subsets must be equalities and we must
have int A={z: || <1}, 0A ={z: |z| =1}, ext A= {x: |z] > 1.

2. By the same argument as before, the set of |x| > 1 is a subset of ext B. By a similar
argument, the set of |z| < 1 is also a subset of ext B. Lastly, the same argument
shows that B itself is not a subset of int B. But B cannot be in ext B, so we must
have int B =@, 0B = {z : |z| = 1}, ext B = {x : |z| # 1}.
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3. Let x € R™ be arbitrary. Then let D = (y1,21) X ... X (Yn,2n) be an arbitrary
open rectangle containing x. By the density of Q in R, we can pick rational numbers
q; € (yi, 7). Then the point ¢ = (q1,...,¢,) € C and ¢ € D, so D contains points of C.
Similarly, we can construct a point with all irrational coordinates p = (p1,...,pn) ¢ C
and p € D, so D contains points of R"\ C. Thus z € 9C. x was arbitrary, so 9C = R"
and int C = extC = @.

Exercise 1-17 Construct a set A C [0,1] x [0, 1] such that A contains at most one
point on each horizontal and each vertical line but has ext A = [0, 1] x [0, 1].

We construct sets recursively as follows: for Ay, pick a point in each quadrant of [0, 1] x [0, 1],
such that none lie on the same horizontal or vertical line. For As, pick a point in each
sixteenth of [0, 1] x [0, 1] such that none lie on the same horizontal or vertical line, and none
lie on the same horizontal or vertical line as the points in A;. Continue doing this, picking
4 points for A; such that no point & € A; shares a vertical or horizontal line with a point
y € U;_; Ak. This is possible because each choice of point removes only a single vertical
line and horizontal line from our possible choices, which is a set of measure zero, so we
always have a set of measure one to choose from. Then take our set to be A = Uzo; A;. By
construction, this set satisfies the vertical/horizontal line property. This set has no interior,
since a nontrivial open rectangle being a subset of A would violate the vertical/horizontal
line condition. Moreover, for any point € [0, 1] X [0, 1] and any radius r, we simply look in a
(4%)-ant of length r/2 or less in order to find a point y that is close to z. So A = [0, 1] x [0, 1].

Exercise 1-18 If A C [0,1] is the union of open intervals (a;,b;) such that any
rational number in (0,1) is in (a;, b;) for some i, prove that 0A = [0,1] \ A.

Proof. Since A is the union of open intervals, A is open and thus int A = A. T claim that
ext A = R™\ [0,1]. Clearly R™\ [0,1] C ext A. Then take some point x € [0,1]. For any
open interval (a, b) containing z, the density of Q tells us that there is a rational number in
(a,b)N10,1], so x ¢ ext A. So ext = R™\ [0, 1], int A = A, and this forces 94 = [0,1]\ A. O

Exercise 1-19 If A is a closed set that contains every rational r € [0, 1], show that
[0,1] C A.

Proof. Suppose not. Then there is some z € [0,1] with x € R” \ A. z must be in (0, 1),
which is open. Moreover, x € R™\ A, which is open since A is closed, so z € (R™\ A)N(0,1)
which is open (since the finite intersection of open sets is open). Take some open interval
x € (a,b) C (R™\ A)N(0,1). By the density of Q, there is a rational r in (a,b). But r € A
by definition, so (a,b) € R™ \ A, so R™\ A isn’t open, which contradicts the assumption
that A is closed. So we must have [0,1] C A. O

[ Exercise 1-20 Prove that a compact subset of R™ is closed and bounded. ]
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Proof. Suppose K C R™ is compact. The collection of open rectangles (i — 1,7+ 1) x (j —
L,j4+1)...x(k=1,k+1) fori,4,...,k € Z covers R, so it covers K. Then a finite number
of these boxes covers K, so it is bounded.

We wish to show that R™ \ K is open. Suppose it is not. Then there is some z € R" \ K
such that for all open balls B, (z), By(x) N K # @&. We can construct a sequence of points
Y1,Y2,- .. € K as follows: Pick some ry, say r1 = 1. Then B, (x) contains some point y; € K.
Let ro = |y1 — x| (note this is strictly less than r since y1 € By, (z) = |y1 — x| < r1).
Next, B,.,(z) contains some other point yo € K, and |y2 — z| < ro = |y; — z|. Continue this
to construct a sequence of points y1,ys,... € K such that |y — x| > |ya — x| > .. ..

We use this sequence to create an open cover of K. Let r; = |y; — z|. Let C be the closed
ball with radius ro and center z. The set R™ \ C is open, since its complement C' is closed.
Now let R; :== {y : ri42 < |y—2| < r;} be the open ring with outer radius r; and inner radius
rive. Then | JR; = {y : ly—z| < r1} = B, (x) contains all points with distance |y —z| < ry.
R™\ C contains all points with distance |y — x| > ra. But r2 <ry, 80 R*\CUJR; = R™.

Thus the collection O = {R™\ C, Ry, Ry, ...} covers R” and thus K. But if we pick only a
finite number of these, then there is some R; in the finite subcover such that i is maximal
in the subcover, so the points y;+2,yi+3,... are not contained in the subcover, and thus K
is not compact. So if K is compact, then it is closed. O

Exercise 1-21

1. If A is closed and z ¢ A prove that there is a number d > 0 such that y —x > d
for all y € A.

2. If A is closed, B is compact, and AN B = &, prove that there is d > 0 such
that |y — x| > d for all y € A and = € B.

3. Give a counterexample in R? if A and B are closed but neither is compact.

1. Proof. Since A is closed, R™\ A is open. Let « ¢ A. Then x € R™\ A, so there is an open
ball B,(x) C R™\ A. Then we have [t —y| <r = y€ B,(vr) CR"\A = y ¢ A,
and thus for any y € A we must have |z —y| > r. O

2. Proof. For each point b € B, part (a) tells us there is a distance 7, such that |b—y| > 7y
for any y € A. Consider the collection of open balls (B,,2(b))sep. This collection
covers B, so we pick a finite subcover {Brbl/g(bl),BTb2/2(b2), s By, a(bn)}. For
any € B, x € B,, /3(b;) for some . Then by the reverse triangle inequality, for any
y € A, we have

ly —z| = |y —bi — (x = b;)| > ||y — bi| — [z — bil|

Since y € A, |y — bi| > 1p,. Since x € By, jo(bi), |v —bi| <1p,/2 <1y, < |y —bi]. So
the quantity |y — b;| — |z — b;| is positive, so

Tb; Tb; min i<n Tb;
ly—al 2 ly = bi| = |z = bil 21, — o = Z%
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Since 7, > 0 for all ¢ and there are finite ¢, minr;, is well defined and positive. Thus
for arbitrary y € A, x € B, we have |y — x| > minr, /2 =d > 0. O

3. We deﬁne two sets as follows: first, pick A = N. Next, pick B = {x1, 23, ...}, where
=i+ == l+1 Since x; is never an integer ANB = @. However, let r > 0 be arbitrary.

Then pick 7 large enough that —5 < r. Choosing z = x;, y = 7, we have

[z —y| = [z —i] = <r

1] 1
i+1| i+1

Exercise 1-22 If U is open and C C U is compact, show that there is a compact
set D such that C Cint D and D C U.

Proof. Since U is open, R™\ U is closed. Thus by part (b), there is a distance
d such that |y — 2| < d for any x € C and y € R\ U. Let B, = By(z) be the open ball
of radius d and center z. Let B, = By(z) = {y : |y — 2| < d} be the closed ball of radius d
and center x.

The collection (B;)zec is an open cover of C compact, so we pick a finite subcollection
By,,...,Bg,. Thenlet D =B, U...UB,, . We have B;, D B, for all ¢, so

i=1 i=1

so C C D. Moreover, for any point y € R*"\ U and z € D, ¢ € B,, for some i. Then
|z — x;] < d/2, and |y — x;| > d, so

d d
|3/—$|2|\y—$i|—|x—xi”2d—§:§>0

so DNR"\ U = @ and thus D C U. O

Exercise 1-23 If f: A — R™ and a € A, show that lim,_,, f(z) =b = (b1,...,bm)
if and only if lim, ., f*(z) = b; for each i (recall f? is the ith component function).

Proof. ( = ) Suppose lim,_,, f(x) = b. Then for any ¢ > 0, there is § > 0 such that
|z —a| < and x € A implies |f(z) — b| < e. Then for any such x, we have |fi(x) — b;|? <

Z;”Zl |f9(z) = bj|? = |f(z) —b]* <% so |fi(x) — b;| < e. So limg_q fi(x) = b;.
Suppose lim,_., fz(rr) = b, for each i. Then for any € > 0, pick é; > 0 for each ¢ such that
|z —al <& = |fi(z) —b;| <e/y/m. Let § = miné;. Then for any x with |z — a| < 6,

—b)? = Zw ) = bi|? < e?/m = €2

so |f(xz) —b| < € and thus lim,_,, f(z) = b. O
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Exercise 1-24 Prove that f : A — R™ is continuous at a if and only if each f? is.

Proof. Immediate from O

Exercise 1-25 Prove that a linear transformation 7" : R™ — R™ is continuous.

Proof. From [Exercise 1-10, we know that there exists M > 0 such that |T'(h)| < M]|h| for
all h. Then at any point a € R™, let € > 0 be arbitrary. Set 6 = /M. Then for any x € R"
with |« — a| < §, we have

\T(z)—T(a)|:|T(as—a)|§M|x—a|<M%:s O

Exercise 1-26 Let A = {(z,y) € R? : 2 >0 and 0 < y < z°}.

(a) Show that every straight line through (0,0) contains an interval around (0, 0)
which is in R? \ A.

(b) Define f : R2 - R by f(z) =0if z ¢ A and f(z) = 1if 2 € A. For h € R?
define g, : R — R by gx(t) = f(th). Show that each gy, is continuous at 0, but
f is not continuous at (0,0). (This problem shows that f is continuous in any
direction, but not continuous as a two-variable function).

(a) Proof. Suppose y = ma defines a straight line through (0,0). When m = 0 one can
verify that that the entire line is in R\ A since y = 0. (For a vertical line we similarly
have x = 0 so the line is in R™ \ A). Then consider the interval [—|m|,|m|]. The
portion of the line with # < 0 is automatically in R? \ A, but for any = € (0, |m/],

2?2 <|mlr =y
so the entire interval [—|m|, |m]] is in R? \ A. O

(b) Proof. Pick some g;. By part (a), there is an interval about 0 such that th € R?\ A4,
50 gn(t) = 0. So gx(t) = 0 on an interval about 0, so lim;_,0 gn(¢f) = 0 = g, (0). Thus
each g, is continuous at 0.

To show f is not continuous at 0, pick € = 1/2. Let 6 > 0 be arbitrary. Assume ¢ < 1
since this will automatically prove larger §. Then the point = (§/2,6%/5) is in A, so
f(z) = 1. Moreover,

§ 6 6 46
—0l = <1 <24y
|z — 0] |x|_2+5_2+5<6
But |f(z) — f(0)] = |1] =1 > ¢, so f is not continuous at 0. O

Exercise 1-27 Prove that {x € R : |z — a| < r} is open using the topological
condition.
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Proof. Consider the function f : R™ — R with f(z) = |z — a|. To prove f is continuous,
pick some point y. Then let € > 0 and set § = ¢. Then we have

-yl <d = |[f@) - fWl=lr—a-ly—dl<|z—a-(y—a)=|z -y <i=¢

so f is continuous. Thus the preimage of the open ball B,.(0) under f is open, but this is
precisely the set {z € R" : f(z) = |z —a| < r}.t O

Exercise 1-28 Suppose A C R" is not closed. Show that there exists an unbounded
continuous function f: A — R.

Proof. Let A C R™ be not closed. Then R™\ A is not open, so there exists a point € R™\ A
such that every B,.(x) contains a point in A. Then define f : A — R by
1
fw) =
W=l

To verify that this function is continuous, first consider the function |y — z|. Letting a € A
be arbitrary, for any ¢ > 0 set § = ¢. Then for any b € A with |b — a| < 9§,

1f() = fla)| =lb—z|—la—z]|[<|b—a| <d=¢
So y — |y — x| is continuous. Then since |y — z| # 0 for y € A, and f is the quotient of
nonzero continuous functions, f is continuous.

To show that f is unbounded, pick M > 0. Then by our choice of z, the ball By (x)
contains a point y € A. Then
1

— - M ]
ly — x|

()

>

i‘»—t‘ —

Exercise 1-29 Let K C R” be compact, and let f : K — R be continuous. Show
that f attains a maximum and minimum value.

Proof. Since K is compact and f is continuous, f(K) is compact. Specifically, it is bounded,
so let @ = sup f(K). We want to show o € f(K). By way of contradiction, suppose
a ¢ f(K). Then since f(K) is closed, R\ f(K) is open, so there is an interval (o — e, a+¢)
that doesn’t intersect f(K). But then o — ¢ is also an upper bound for f(K), contradicting
that fact that o = sup f(KX). So we must have sup f(K) = max f(K) € f(K), and thus
there is a y € K such that f(y) = max f(K). The proof for the minimum is similar. O

Exercise 1-30 Let f : [a,b] — R be increasing. Let x1,...,z, € [a,b] be distinct.
Show that

n

> o(f,xi) < f(b) — f(a)

i=1

86



Proof. Note that since f is increasing, for any [c,d] C [a, b], we have

rfﬂa;ff(x) = f(d)’ﬁidr]lf(x) = f(o)

)

In particular, M(f,z,d) = f(x+0) and m(f,z,9) = f(x—9),s0 f(z+9)— f(x—0) > o(f, z).

We may suppose that the x; are ordered, so that z; < ... < x,. Pick § small enough that
|ziy1 — x;] < 0 for all 6. This gives us disjoint intervals [z — §, 21 + 9], ..., [xn — 0,2y, + J].
Then we have

o(fowi) <Y flas+6) = fla; —0)

=1

)= flan —=6)+ ...+ f(x1 +0) — f(z1 —9)

N'Ms

>,

= f(zn +

| S —

>0 >0
+ flan-1+0) — ... = flw1 = 0) + f(z1 — 6) — f(a)
>0
= f(b) - f(a)

The first and last intervals may be adjusted slightly for the case where z; = a or x,, =b. [

A.2 Chapter 2 Exercises

Exercise 2-1 Prove that if a function f : R™ — R™ is differentiable at a € R™, then
it is continuous at a.

Proof. Suppose f:R™ — R™ is differentiable at a € R™. Then D f(a) is linear transforma-
tion. By there exists a number M > 0 such that

[Df(a)(h)]
|h|

Then since f is differentiable at a, there exists § > 0 such that for any |h| < 4,

[f(a+h) = f(a) = Df(a)(h)]
|h|

> M, VheR"

<1

Now let € > 0 be arbitrary, and pick ¢’ = min {6, ﬁ} Then for any z with | — a| < ¢’

we have

[f(x) = fla)l = [f(z) = f(a) = Df(a)(x — a) + Df(a)(x — a)]
< |f(x) = fla) = Df(a)(x — a)| + [Df(a)(z — a)|
< |z —a|l+ Mz — a

<(M+1) c

- O
M+l ©
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Exercise 2-2 A function f : R? — R is independent of the second variable
if for any © € R and y;,y2 € R we have f(z,y1) = f(x,y2). Show that f is
independent of the second variable if and only if there is a function g : R — R such
that f(z,y) = g(z). What is f’(a,b) in terms of ¢'?

Proof. (=) Suppose f is independent of the second variable. Then define g(z) = f(z, 0).
For any z,y we have

f(z,y) = f(2,0) = g(x)
(<= ) Suppose g(z) = f(x,y). Then let z,y1,y2 € R be arbitrary. We have
flxon) = g(x) = f(z,12) O
Claim: f'(a,b) = [¢'(a) 0].
Proof. Fix (a,b) € R% Then let € > 0. Since g is differentiable at a, there exists § > 0 such
that for any |h| < 4,
lg(a+h) —g(a) — g'(a)(h)|
|l

Then if h = (hq, ho) satisfies |h| < §, it must also be the case that |h1] < |(h1,h2)| < 6.
Thus for any |(h1, he)| = |h| < §, we have

<e€

f(a,—|—h1,b+h2)_f(a7b)_ [g/(a) 0] |:Z;:|

_ lgla+hi) —g(a) — g'(a)(h1)|

|h| - ||
Smw+hﬂ—%?—JWKMH<E
Thus we have f’(a,b) = [¢'(a) 0]. O

Exercise 2-3 Define when a function f : R? — R is independent of the first variable,
and find f’(a,b) for such f. Which functions are independent of both the first and
second variables?

A function f;R? — R is independent of the first variable if for any z1,z2,y € R we
have f(z1,y) = f(z2,y), or equivalently if there exists h : R — R such that f(z,y) = h(y).
In this case, f'(a,b) = [O h’(b)]. If a function is independent of both variables, then
fla1,b1) = f(az,b1) = f(az,be) for any (a1, b1), (az,b) € R? so f is constant.
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Exercise 2-4 Let g be a continuous real-valued function on the unit circle such that
9(0,1) = g(1,0) = 0 and g(—z) = —g(z). Define f : R? — R by

f(z) = {|m|g (ﬁ) ,x #0
0, =1

(a) If € R? and h, : R — R is defined by h,(t) = f(tz), show that h, is
differentiable.

(b) Show that f is not differentiable at (0,0) unless g = 0 everywhere.

(a) Proof. If x = 0 then h is identically 0 and is differentiable. If x # 0, then for ¢ # 0 we

have

o) = ltelg () =i (sin() ) = sisn(0lelg () =¢ [l ()]

g(—z)=—g(x)

We also have h(0) = f(0) = 0 = 0|z|g (\%I) so h is a linear function of ¢. Thus it is
differentiable from single-variable analysis.

(b) Proof. Suppose that f can be differentiated. Then since Df(0,0) is linear, it is

uniquely determined by its behavior on the basis {e1,e2}. In particular, pick € > 0.
Then there exists a § > 0 such that whenever 0 < |h| < § we have

|f(h) = f(0,0) = Df(0,0)(h)|
1]

<e€

Then picking some hy € R with 0 < |hq| < 6,

| f(hre1) — f(0,0) =D f(0,0)(hyes)|
_ |haDf(0,0)(eq)|

Df(0,0)(er)] = = =0 <e
[Df(0,0)(e1)] ] Terl

This works for all epsilon, so D f(0,0)(e1) = 0. Similarly, D f(0,0)(e3) = 0, so Df(0,0)

is the zero transformation. Now suppose g(x) # 0 for some z. Then for ¢ = g(x) and

arbitrary, ¢,

£ (52) — £(0,0)— DF(0,0) (22|
. ( 2 > %g (5;//22)
%]

Sz g
2 2

so f is not differentiable. Thus f is only differentiable when g(z) = 0 everywhere.
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Exercise 2-5 Let f : R? — R be defined by

z|y| , (=, 0
f(x,y):{\/m o7
0 (z,y) =0

Show that f is a function of the kind considered in so that f is not
differentiable at (0, 0).

Proof. Let

_ x§|y|2’(x,y) 7é0
g(m,y) - {0,+y (1_7y) =0

Then for (z,y) # 0 we have

(2, 9)lg (fé’ Z))) =22 +y%g < \/QC;: vl \/z2y+ y2>

2 _|_y
__zlyl
/1'2 +y2
= f(z,y)
Moreover,
1.0)= % =0=L0_ 401
g\, = = === )
Vi Vi
e -yl s
—r =Yy Ty
—T, — = = — = — x’
so f is of the form in However,
11 1\ 1
—, —= = _— = — O
(73 78) - (75) —27
so g is not 0 everywhere and thus f is not differentiable at (0, 0). O

Exercise 2-6 Let f : R?> — R be defined by f(x,y) = /|zy|. Show that f is not
differentiable at (0, 0).

Proof. Following the proof of part (a), first suppose f is differentiable at (0, 0).
Then Df(0,0) exists, and it is determined by its behavior on the basis {ej,es}. Letting
€ > 0 be arbitrary, there must exist § > 0 such that for any 0 < |h| < 6,

|f(h) = f(0,0) = DF(0,0)()] _ _
1]
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Pick some hy € R with 0 < |h1| < §. Then

IDf(0,0)(e1)| = |h1Df|(;L)1v|0)(61)| _ |f(hier) — f(O,|(})L)1e—1|Df(O,O)(hlel)| .

So |Df(0,0)(e1)| < € for all e, and thus Df(0,0)(e;) = 0. Similarly, Df(0,0)(e2) = 0, so

Df(0,0) is the zero transformation. However, let e = %, and let 0 > 0 be arbitrary. Then

the point (z,y) = (%, %) satisfies 0 < |(z,y)| < J, but

Fe.y) = £0,0) = DAO.O)wy)| Vo

(=, y)] \/7%2

so no 0 works and f is not differentiable. O

IV
o™

Sl

Exercise 2-7 Let f: R™ — R be a function such that |f(z)| < |x|?. Show that f is
differentiable at 0.

Proof. Let A : R — R be the zero transformation. Then let € > 0 be arbitrary, and set
d = e. Whenever 0 < |z| < §, by assumption we have

|/ (@)

||

< ||

In particular, | f(0)] <02 =0 so f(0) = 0. Thus
[f(z) = f(0) = A(@)| _ [f(=)]

] ]

<|lz|<d=¢

so f is differentiable at 0 with derivative D f(0) = A the zero transformation. O

Exercise 2-8 Let f : R — R2. Prove that f is differentiable at a € R if and only if
f' and f? are, and that in this case

Proof. (=) Suppose f is differentiable at @ € R. Then let € > 0 be arbitrary. Since f is
differentiable, there exists § > 0 such that whenever 0 < |h| < § we have

[f(a+h) = fla) = Df(a)(h)|

<e
|l

If we suppose that D f(a)(h) has matrix representation given by

r@ =)
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then it is the case that
bh
Df@(n) = %)

Now if we write for convenience (z,y) = f(a + h) — f(a) — Df(a)(h), then we know that
|z| < |(z,y)|, so whenever 0 < |h| < ¢
[fH(a+h) = fla) =bh| _ |z| _ [(x,9)] _ |flat+h) = fla) = Df(a)(h)]

= < = <e
|h |hl |h |h

so f! is differentiable at a. The proof for f2 is similar. Moreover, this proves that in this
case bh = (f1)'(a) and ch = (f?)'(a), so that

o= (]

( <= ) Now suppose that f! and f? are differentiable at a. Let ¢ > 0 be arbitrary. Then
there exist 01, 62 > 0 such that whenever 0 < |h| < §; we have

[fHath) = fHa) + () (@B)] _
7] 2

| ™

and whenever 0 < |h| < §; we have

|f?(a+h) = f2(a) + (f2)(@B)] _
|h| 2

| ™

Let § = min{dy,d2}. Let A : R — R? have the matrix

Then whenever 0 < |h| < 6,

Al Al
where
m _ [fl(a+h) — fHa) - fl)'(a)(h)]
Y fAla+h) = f2(a) = (f*)(a)(h)
Then { ]
[fla+h)— fla) = AR)| _ |1y l| [ lyl e e _
) R A

so f is differentiable at a, and once again we have

ra- - [3]
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Exercise 2-9 Two functions f,g : R — R are equal up to nth order at a € R if

lim fla+h)—gla+h)

h—0 h™ =0

(a) Show that a continuous function f is differentiable at a if and only if there is
a function g of the form g(z) = ag + a1(x — a) such that f and g are equal up
to first order at a. (Note: Spivak did not assume continuity in the original
exercise, but it is required in the if direction, and continuity in the only if
direction follows from differentiability).

(b) If f'(a),..., f(a) exist, show that f and the function g defined by

" i) (g _
o) =3 0 ay

1!
i=0

are equal up to nth order at a. (This is the nth degree Taylor polynomial of f
expanded about a).

(a) Proof. (=) Suppose f is differentiable at a. Then define

9(x) = f(a) + f'(a)(z — a)
We have

_ _ _ 4
o fat k) flath) L flath) @) - F@)k)
h—0 h h—0 h
since f is differentiable, so f and g are equal up to first order.

( <) Now suppose g(z) = ag + a1(x — a) is equal to f up to first order. Since f
(and g) are continuous,

lim f(a+h) —g(a+h) = fla) —g(a) =0
so f(a) = g(a) = ag. Thus we have

fla+h) = f(a) —aih fla+h)—gla+h)

li =i =
0 h 0 h 0
so f is differentiable at a. O

(b) Proof. We induct on n. Suppose that for any function f, whenever f'(a), ..., f*=Y(a)
exist, then

O ,
fay =t S W gy
i=0 .

7
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where "<' represents equality up to order n — 1. Now suppose that f'(a),..., f(")(a)
all exist. Then we have

fla+h) —glath) . fla+h) =50, L a+h—a)

}ng%) h - hli% hn
. fla+h) =30, Lu(a)hl
= lim : L
h—0 h™

Note that since f and g are continuous (where f is continuous since it is differentiable),
we have

Ny 0 np)
tim f(a+0) ~ 30 Lont = ) - S5 S LR = ) - @) =0

i=0 ’ i=1

Clearly g is differentiable and so is f, so f(a+ h) — g(a + h) is differentiable, and thus
L’Hopital’s Rule applies. So

n @ (a) 4 n %) i
flath) = Sig oty flath) - 2 St

}?L% hn h—0 nhn—1
o Plath) -y @y
~ 50 -1
n— 7y (i) .
— llm f/(a + h) - Z'L:(]l (f )il (a) hz
h—0 hn—1

Since f"(a),...,f™(a) all exist, (f')(a),...,(f)" P (a) all exist, so the inductive
hypothesis applies and

! n—
o)~ 2l
SO »
RS ks U
h—0 pn—1
Thus .,
n—1 (fH )14
lim flath)—glat+h) = lim fllath) =3 Lu()h =0
h—0 h™ h—0 hn—1
so f and g are equal up to nth order. L)
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Exercise 2-10 Use the theorems of this section [Section 2.2] to find f’ for the
following:

(a) flz,y,2) =av.

(b) f(z,y,2) = (¥, 2).

(c) f(z,y) = sin(zsiny).

(d) f(z,y,2) = sin(zsin(ysin 2)).

(e) flz,y,2)=a"".

() f(=z,y,2) =z¥*>.

(8) f(z,y,2) =(z+y)*

(h) f(z,y) = sin(zy).

(i) f(z,y) = [sin(zy)]*>.

() f(z,y) = (sin(zy), sin(z siny), z¥).

(a) We write

f — [ﬂ_l}[wz] — (elno[ﬂl])[WQ] — e7r2~1no7r
. Then

f'(a,b,¢) = (€7 ") (a,b, )
= et (72 \Inorl) (a, b, ¢)

= a’(Ina(7?) (a,b, ) + b(lnox) (a, b, c)
1

= a’(Inan?® + ba(ﬂ'l)'(a7 b, c)

= a’(Inan?® + gﬂ'l)

= (ba®~1,a’Ina,0)

(b) Following easily from part (a) we have:

ress-[[ 3 -

_ [ba®t ablna 0O
10 0 1

95




1

(c) Similarly to the example, we have f = sino(r! - sinor?). Thus,

f'(a,b) = (sino(r! - sin owg))’(a,b)
= cos(asinb)(n! - sinon?)/(a, b)
= cos(asinb)(sin b(7')’(a,b) + a(sin on?)’(a, b))
= cos(asinb) sin br! 4 a cos(a sin b) cos brr”

= (cos(asinb) sin b, a cos(a sin b) cos b)

(d) As above, we have
f =sino(n! - (sino(n? - (sinon®))))
f'(a,b,c) = (sino(r! - (sino(n? - (sin ow?)))))'(a, b, ¢)
= Cos(a sin(bsinc))(n! - (sino(n? - (sinon®))))(a, b, ¢)
(sin(bsinc)n! 4 acos(bsinc)(r? - (sinon®))’(a, b, c))
(

sin(bsin ¢)m! 4 a cos(bsin ¢)(sin er? + bcos en?))

(bsinc))
os(asin(bsinc))
cos( sm(b sinc))
(asin(bsinc))

= cos(a sin * (sin(bsin ¢), a cos(bsin ¢) sin ¢, ab cos(bsin ¢) cos ¢)

(e) Let g(x,y) = z¥. Then we have

f(:v,y7z) = g(x,g(y7z))

so that
f=go(n',go(n® 7))

Using our result from part (a),

uso=dosnen [, 500,

‘ . 10 0
— [pe,b°—1 b
= [bra o Ina] {0 cbe! bcmb]

= [b‘:abc’1 a”cb*'lna a”b°Inaln b}
(f) Letting g be as defined in part (e), we have
f=go(m, a4
Thus
f'(a,b,c) = (go (', 7% + 7)) (a,b, c
= ¢'(a,b+¢) {_ W(ﬁl)/ga ) ]

= [(b+c)ab™t @ lna [

[(b+c)abTe™t a*Ina  aP™Inal
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(g) Again letting g be as in part (e), we have
f=go(nt +7 %

so that

)
_ /a ¢ (’R—l +7T2)/(a7b7 C) -
_g( +0, ) (7T3)’(a,b7c) :|
— [e(a+b)"" (a+b)In(a+b)] B (1) ﬂ

= [c(a+b)" cla+b) (a+b)In(a+b)]
(h) We can straightforwardly write this as
f =sino(x! - 7?)
Then
f'(a,b) = (sino(r* - 72))(a, b)
= cos(ab)(br! + an?)
= (bcos(ab), acos(ab))
(i) Using the same definition of g,
f=go(sino(r! - 7?),cos3)
Since cos 3 is constant,
f'(a,b) = (go (sino(n' - 72),cos 3)) (a,b)

— (- 7?)(a,b) —}

= ¢'(sin(ab),cos3) | (cos3) (a,b)  —

= [cos 3[sin(ab)]®>*?  [sin(ab)]**? Insin(ab)] {8 8}

= [bcos 3[sin(ab)]®**3  a cos 3[sin(ab)]*%?]
(j) From parts (h), (c), and (a), respectively, we already know that
(sin(zy))'(a,b) = [beos(ab) acos(ab)]

(sin(zsiny))’(a,b) = [cos(asinb)sinb acos(asinb) cosb]

(z¥)(a,b) = [ba®~! a’Ina]

Then f’ is simply given by putting each of these matrices in as row vectors, such that

—  (sin(zy))'(a,b) - b cos(ab) a cos(ab)
f'(a,b,c) = |— (sin(zsiny))'(a,b) —| = |cos(asind)sinb acos(asinb)cosb
- (2¥)'(a,b) - bab~! a’lna
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Exercise 2-11 Find f’ for the following (where g : R — R is continuous, and s € R
is fixed):

(a) flz,y)= [T
(b) flz,y)=[""g.

(©) flz,y,z) = [R@einwsna) g

(a) Define F: R — R by
Flz) = / g(t) dt

Since g is continuous, the fundamental theorem of calculus tells us that

Then we can here write f as
f=Fo(n'+7%

so that

f'(a,b) = (F o (x" + %)) (a,b)
F'(a+b) (7' +7%)(a,b)

gla+ b)(7r1 + 7r2)
)

(
= (9(a+b),9(a+0b))
(b) Similarly, write
f=Fo(rt 7%
Then

(c¢) First note that we can pick any s € R and separate this integral:

sin(z sin(y sin z)) sin(z sin(y sin 2)) s sin(z sin(y sin z)) z¥
f(x,y,Z)=/ g=/ g+/ g=/ g—/ 9
zY s zY s s

Then using the same method as parts (a) and (b) of this problem, and using the results

from parts (d) and (a) of [Exercise 2-10} the Jacobian of the first term, evaluated at
(a, b, c), is given by

g(sin(asin(bsin c))) cos(asin(bsin ¢)) sin(bsin ¢)

ag(sin(asin(bsin c))) cos(asin(bsin ¢)) cos(bsin ¢) sin ¢
abg(sin(a sin(bsin ¢))) cos(asin(bsin ¢)) cos(bsin c¢) cos ¢
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and the Jacobian of the second by

g(a’)ba""!
g(a®)a’Ina
0

Thus we have

g(sin(asin(bsinc))) cos(asin(bsin ¢)) sin(bsin ¢) — g(a®)ba’~? 4
f'(a,b,c) = |ag(sin(asin(bsin c))) cos(asin(bsin c)) cos(bsin c) sinc — g(a®)a’Ina
abg(sin(asin(bsin ¢))) cos(a sin(bsin ¢)) cos(bsin ¢) cos ¢
Exercise 2-12 A function f : R™ x R™ — RP is bilinear if for x,xq,22 € R",
Y,Y1,y2 € R™ and a € R we have
flaz,y) = af(z,y) = f(z, ay)
[+ w2,9) = f(21,9) + f(22,9)
[y +y2) = f@,y1) + f(@,52)
(a) Prove that if f is bilinear, then
(k)0 | (R, K)|
(b) Prove that Df(a,b)(@,y) = f(a,y) + £(2,b).
(¢) Show that the formula for Dp(a,b) in Section 2.2 is a special case of (b).
(a) Proof. Suppose f is bilinear, and suppose h = (h1,...,h,), k = (k1,...,kn). Then

we can write

|/ (b, )| _

f(Z?ﬂ hi, E;nﬂ kj)

i = 1
B0 |(h ) (k)0

[(h, K]

| 2 it 2oy ik f(eq, )]

1m
(hk)—
221
221

Now we proved in the proof of Dp(a,b) that

IN

IN

I M: I

im 7”“
(hivkj)*)(] ‘(hla k])‘

99

|(h, k)]

€, €5 lim |hikj|
€5) (hik;)—0 |(h, k)]

lim 7|hikj|
(hisk;)—=0 (R, kj)|

(€i,€5)

kil




so we have
|f(h, )

i =0 O
B0 [(h k)|

(b) Proof. Note that

fla+z,b+y) — fla,b) — f(a,y) — f(2,0) = fla+z,b+y) — fla,b+y) — f(,b)
=fla+z,b+y)— fla,b+y) — f(z,0) — f(z,y) + f(z,y)
=fla+z,b+y) - fla,b+y) — f(z,b+y) + f(z,y)
=fla+z,b+y)— fla+z,b+y) + flx,y)
= f(z,y)

Then we have

[fla+=z,b+y) - fla,b) = fla,y) — f(x,0)] o (@)

lim = 1
(2.4)—0 |(z, y)] @u)=0 |(z,y)l
and by part (a) we know this limit is 0. O

(¢) Proof. Note that our work in part (a) implies that f is completely determined by its
values on the various pairs (e;,e;). So Dp(a,bd) is simply the case where n = m =1
and f(1,1) =1. O

N

Exercise 2-13 Define IP : R" x R" — R by IP(x,y) = (z,y).
(a) Find D(IP)(a,b) and (IP)'(a,b).

(b) If f,g : R — R™ are differentiable and h : R — R is defined by h(t) =
(f(t),g(t)), show that

K (a) = (f'(a)", 9(a)) +(f(a),g'(a)")

(Note that f’(a) is an n x 1 matrix; its transpose f’(a)? is a 1 x n matrix,
which we consider as a member of R™.)

(c) If f : R — R" is differentiable and | f(¢)| = 1 for all ¢, show that ( f'(t)T, f(t)) =
0.

(d) Exhibit a differentiable function f : R — R such that the function |f| defined
by | f|(t) = |f(t)| is not differentiable.

(a) Since the (real) inner product is bilinear by definition, we can apply [Exercise 2-12|to
conclude that

D(IP)(a,b)(:c,y) = IP(a,y)+IP(:c,b) - (a,y>+<:c,b> - <a7y>+<b3x> - <(b7 a)7 (x,y))

Moreover, we can rewrite this to be

D(IP)(a,b)(x,y) = (b7 a)(‘r’y)T
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from which we can conclude that
(IP) (a,b) = (b,a)
where (b, a) is the 1 x 2n matrix given by concatenating the row vectors b and a.
(b) Proof. Directly from the definition of h, we have
h=1IPo(f,g)

so the chain rule says that

h'(a) = IP'(f(a),g(a))

(¢) Proof. Define

Then by part (b),
K () =2(f' )", f(1))

But the assumption that |f(¢)| is identically 1 means that h is constant, and thus

W)

5 0

FHORYIG)

(d) The identity function satisfies this, since  — |z| is not differentiable at = = 0.
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Exercise 2-14 Let FE;, i = 1,...,k be Euclidean spaces of various dimensions. A
function f: By x ... X B}, — RP is called multilinear if for each choice of z; € Ej,
j # i, the function g : E; — RP defined by g(x) = f(x1,...,%i—1, T, Tiy1,...,T) is
a linear transformation.

(a) If f is multilinear and i # j, show that for h = (hq,..., hg) with h; € E;, we

have
hm |f(a1,...,hi,...,hj,...,ak)| :O
h—0 |h
(b) Prove that
k
Df(ay,...,ar)(z1,...,2) = Zf(al,...,ai,l,xi,aiﬂ,...,ak)
i=1

(a) Proof. Suppose that dim E; = k; and dim E; = ky. Then define the function ¢ :
RFt x RF2 — RP by
g(x7y):f(al""7x7"'7y""’ak})
Then we need to prove that

g (i hy)

im =0
(hishi)=0 [ (hiy hy)l

To do this, we first prove that g is bilinear. Using multilinearity, we have that

g(ax,y):f(al,...,a%...,y,...,ak):af(al,...,x,...,y,...,ak)=ag(x,y)
and
glx1 +x2,y) = flar,...,x1 + T2, ... Y, ..., QL)

= flar, -, &1,y Yyonoyar) + flar, ..., za, .,y oyax)
:g(xl,y)+g(m2,y)

The last property is similar. So g is bilinear, and [Exercise 2-12| part (a) tells us that

h—0 |h (hihy)=0 |(hi, hj)l

(b) Proof. For notational convenience, we define the following. Given a set of distinct
indices i1, ...,i, € [1, k], and vectors q = (a1y...,ak), h = (h1,..., hg), we write

ﬁ
f{i17~~-7in}(77 h) = f(ah...,hil,...7hi2,...,hin,...,ak)

%
In other words, if S C [1, k], then fS(E), h) passes in h; if i € S and a; otherwise.
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Now, we prove an extension of part (a), namely, that for any k-linear function f, if we
pick n < k indices i4,...,1,, then

ﬁ
iy (T 1) B
m = -
| Al

—0

We skip the proof that fy; . ;.3 is n-linear, so this reduces to simply showing that
for any multilinear function (n > 1) we have

_>
o D]
ﬁ—ﬂ) |h|

Let d; = dim F; for each i. Suppose also that h; = (h;1,...,hiq,). Then

d dp,
f(has b ’f(Zj;l Rigs oo 2 0= i)
f‘ = _1>1m _}\

h —0 h

d d
i ‘Zjllzl ce Zj::l thl ce hk,jkf(ejlv ey ejk)
1m

ﬁ%ﬂ ’7‘
. |h1,hk7|
< Y el lim Dbt el
ji=1 jr=1 (h11.7'1 »ee 7hk‘jk)—>0 ‘ h ‘
d; dp
. [Py - P |
§ZZ|f(e cooei)| lim L Ik
P — s (B gy et )0 [(P1 s P i)
d; dy,
= -Z|f(ej1>~--;€jk)|'0
Ji=1  gp=1
=0

Thus we have shown that any multilinear function satisfies
%
o HADL
7%0 | h |
Now, I claim that

flax 21, an+ag) = f(@ +T) = Z fs(@, )

SeP([1,k])

where P([1, k]) represents the set of all subsets of [1,%]. We prove this by induction.
Supposing it is true for k — 1, we can then partition P([1,k]) into X, consisting of
those subsets which contain k, and A, consisting of those subsets which do not. Then

Yo fs(@ @)= fs(@, W)+ fo(d, )

SeP([1,k]) Sex SeA
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Now, the inductive hypothesis applies, and we have

Z fs(@, ) = flar + 21, ..., ap—1 + Th_1, 71)

SeXx

and

> fs(@, ) = flar+ a1, ak-1 + Tt ax)

ScA

and by applying multilinearity, we conclude that

Yo fs(@,T) = fo(@,T)+ D fo(d, )

SeP([L,k]) Sex SeA
= flar+21,... a1 + -1, 2) + flar + 21, .., Q-1 + Tp—1,a8)
=f(d+7)

Lastly, we have

F@ + 1) = (@) = by fiy (@ 1)

lim
=0 ‘ﬁ‘
— k —
y ‘Zsep(u,k]) fo(@, h) = f(@) =i, fay (@, B )‘
= l1m

%
ﬁ*}O |h|

%
Now, after cancelling, the numerator will be left only with terms of the form fs(ﬁ, h)

where S contains at least two elements, and fg is therefore n-linear for n > 1. Thus
the first part of this proof shows that the quotient goes to 0. O
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Exercise 2-15 Regard an n X n matrix as a point in the n-fold product R™ x ... x R"
by considering each column as a member of R™. (Note: Spivak considers the rows
as elements of R™, but we use columns here for convention.)

(a) Prove that det : R™ x ... x R™ — R is differentiable and
n |
D(det)(ay,...,an)(z1,...,7p) = »_det [a1 ... @ ... an
i=1 | | |

(b) If a;; : R — R are differentiable, let A(¢) be the matrix such that A(t);; =
a;j(t). If f(t) = det(A(t)), show that

all(t) coo a’lj (t) 500 aln(t)

)= i det
=1

i) .. () ... aual(®)

(c) Ifdet(A(t)) # Oforallt and by, ...,by, : R — R are differentiable, let s1,..., s, :
R — R be the functions such that s1(¢), ..., s,(t) are solutions of the equations

> aii(t)s;(t) = bi(t)

Show s; is differentiable and find s;(¢).

(a) Proof. We take it for granted that det is multilinear, as this is one possible definition of
the determinant, and otherwise can easily be concluded from Laplace expansion along

various columns. Then det is differentiable by [Exercise 2-14| part (b), and moreover
the result from that problem shows that

n |
D(det)(al,...,an)(xl,...,mn):Zdet ar ... T ... an O
i=1 | | |

(b) Proof. Note that f’(t) is just a number, so we ignore the distinction between D f(t)
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and f’(t). By the chain rule, and using the result from part (a),

aii Ain
Df(t)=D | deto ] (t)
an(t) an®]\ (Tdu®]  [@ha®
= D(det) : e, : : et :
(%51 (t) ann(t) alnl (t)_ a;m(t)
n | \ \
= det |ay(t) al(t) an(t) O

(c) For any fixed ¢, we essentially have the condition that

au(t) N aln(t) Sl(t) bl(t)

an1(t) ... apn(t)]| [sn(t) by (t)
or more concisely, we can write

_>
AT () = b ()
Since we are given that det A(t) # 0, we know that A(t) is invertible. Then by
Cramer’s Rule,

_ det(Ay(1)
5it) = Jet(am)
where
au(t) N b1 (t) ce. Q1n (t)
Ai(t) =] : :
an1(t) ... bu(t) ... ain(t)

Then s;(t) is differentiable as the quotient of differentiable functions. To calculate

si(t), we have

)y _ det(A() D(det o) () — det(As(1)) Di(det oA) (1)
s(t) = et (AQ))
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Define the following matrices for convenience:

| | |
Al(t) = |au(t) ... dj(t) ... an(t)

Alt)y={ k ||

(2

Then the results from part (b), and the quotient rule,

 det(A(t) X, det Al (1) — det(A,(t)) >, det A7(t)
= [det(A(2))]?

i(1)

Exercise 2-16 Suppose f : R — R" is differentiable and has a differentiable inverse
f~1:R™ — R™. Show that

Proof. By definition,
fof™ =1

Since both f and f~! are differentiable, we can apply the chain rule in matrix form:
L= f'(f~(a) - (f 1) (a)

Since both f/(f~!(a)) and (f~!)(a) are n x n matrices, being single sided inverses is equiv-
alent to being inverses, so we conclude that

(= (@) = [F' ()™ O
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Exercise 2-17 Find the partial derivatives of the following functions:

(a) f(z,y,2) =¥

(b) flz,y,2) =2

(c) f(z,y) = sin(zsiny)

(d) f(z,y,2) = sin(zsin(ysin z))
(e) fla,y,2) =a¥

(t) f(=z,y,2) = z¥**

(8) f(z,y,2) =(z +y)*

(h) f(z,y) = sin(zy)

(i) f(z,y) = [sin(zy)]c=?

(a)

le(a:,y,z) = yxy—l
Dyf(z,y,2) =2 Inzx

Dgf(x,y,z) =0
le(l',y,Z) =0
DQf(xayaZ) =0

Dsf(z,y,2) =1

Dy f(x,y) = siny cos(xsiny)
Dy f(x,y) = x cosy cos(xsiny)

D f(z,y,z) = sin(ysin z) cos(z sin(y sin z))
Dy f(z,y,2) = xsin z cos(y sin z) cos(x sin(y sin z))

Dsf(z,y,2z) = xy cos z cos(y sin z) cos(z sin(y sin z2))

le(xa y,Z) = yzxyz—l
Dyf(z,y,2) = zy* 'a¥ Inw
Dsf(z,y,2) = y*z¥ Inzlny
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Dy f(z,y,2) = (y + 2)2"*7}
Dof(x,y,2) =22V Ina? " Inz

DSf(xvya Z) = xy—i-z Inz

(8)
Dy f(z,y,2) = z(x _|_y)z—1
D2f(17,y, Z) = Z(l’ + y)zfl
Dsf(z.y,2) = (z +y)"In(z +y)
(h)

Dy f(z,y) = ycos(zy)
Daf(x,y) =y cos(zy)

cos3—1

Dy f(z,y) = y cos 3[sin(zy)] cos(zy)

Dy f(z,y) = x cos 3[sin(zy)]

cos3—1 cos(my)

Exercise 2-18 If g : R — R is continuous, find the partial derivatives of each of the
following functions:

(@) fl@y)=[""g
(b) flz,y) =[] g

(©) fley)= [
(@) fay) =[Sy

(a) By the fundamental theorem of calculus,

Dy f(x,y) = g(z +y)
Dy f(z,y) = g(x +y)

T x Yy
Lo=fo= ]
Yy a a

Dy f(z,y) = —g(y)

(b) Let a € R. Then

SO
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Dy f(z,y) = yg(zy)
Dy f(z,y) = vg(wy)

le(m7y) =0

Daf(z,y) =g (/by g> 9(y)

Exercise 2-19 If

f(z,y) =2+ (Inz)(arctan(arctan(arctan(sin(cos zy) — In(z + y)))))

Find Do f(1,y).

Since we are calculating Do, we treat = as constant, and in particular, we can substitute in
x = 1. So we have

92(y) = f(Ly) = &f/qL@(arctan(arctan(arctan(sin(cos y) —1n(l+9)))))
=1 0

So g2(y) =1 for all y, and thus g5(y) = Da2f(1,y) = 0.

Exercise 2-20 Find the partial derivatives of f in terms of g, h, ¢/, h'.
(a) f(z,y) = g(x)h(y)
(b) f(z,y) = g(a)"®)
(c) f(z,y) =g(z)
(d) flz,y) =g(y)
() f(z,y) =gz +y)
(a)
D1 f(z,y) = h(y)g (=
Dy f(z,y) = g(z)h'(y
(b)



le(llf,y) = g/(.’E)
Dgf(1'7y) =0

le(amy) =0
Dy f(x,y) = ¢'(y)

Dif(z,y) =4 (z+y)
Dyf(z,y) =g (z +y)

Exercise 2-21 Let g1, g2 : R2 — R be continuous. Define f : R? — R by

f(z,y) = /Ow g1(t,0)dt + /Oy ga(z, t)dt

(a) Show that Daf(z,y) = g2(z,y).
(b) How should f be defined such that D, f(z,y) = g1(x,y)?

(c) Find a function f: R? — R such that D; f(x,y) = x and Daf(z,y) = y. Find
one such that Dy f(x,y) =y and Dsf(x,y) = .

(a) Proof. Define
ha(y) = f(z,y)
Then

=g L
— -4 £.0)dt + — t)dt
Dy f(x,y) = hy(y) ay /s 91(t,0) +dy ; ga(w,t)

Since the first integral is constant with respect to y,

x

d
— t,0)dt =0
dy 0 91(7)

By the fundamental theorem of calculus,

d Y
— t)dt =
i | et = gn(an)

Thus
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(b) Define N
flz,y) = /0 g1 (t,y)dt + /Oy g2(0,t)dt
Then by a similar argument as above, Dy f(z,y) = g1(x,y).
(¢) The function f(z,y) = %2 + y; satisfies
Dyf(x,y) =z, Do f(2,y) =y
The function f(x,y) = xy satisfies

le(x7y) = yaDQf(xay) =

Exercise 2-22 If f : R? — R and D5 f = 0, show that f is independent of the second
variable. If Dy f = Dsf = 0, show that f is constant.

Proof. Fix some z € R, and define h,(y) = f(z,y). Since Dof = 0, h(y) = 0 everywhere,
S0 h; is constant. Thus for any y1,y2 € R,

f(x,y1) = he(y1) = ha(y2) = f(2,y2)

and thus f is independent of the second variable.

When D;f = 0, f is independent of the first variable as well. Moreover, we showed in
that functions which are independent of both variables are constant, so f is
constant. O

Exercise 2-23 Let A = {(z,y) € R? : 2 <0, or z > 0 and y # 0}.
(a) If f: A— R and D, f = Daf =0, show that f is constant.

(b) Find a function f: A — R such that Dyf = 0 but f is not independent of the
second variable.

Note: The set A as defined here is the plane excluding the nonnegative z-axis.

(a) Proof. Let (z1,y1), (z2,y2) € R? be arbitrary. Suppose y; # 0 and yo # 0. Define
92(y) = f(z,y) and hy(z) = f(z,y). Pick some a < 0. Then

f(xi,y1) — f(w2,92) = f(@1,y1) — fla,y1) + fla,y1) — fla,y2) + fla,y2) — (22, 92)
= hy, (21) — hy, (@) + ga (Y1) — Ga(y2) + hy, (@) — by, (22)

Since y1 # 0, hy, is defined on all of R and h;n is identically, h,, is constant. Similarly,
hy, is constant, and g, is also constant since a < 0. Thus

f(x1,y1) = f(22,92) = hy, (21) — hy, (@) + 9o (Y1) — Ga(y2) + hy,(a) — by, (z2) =0
=0 =0 =0
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The case where y; = 0 or yo = 0 is proved similarly. (Geometrically, we have connected
the points (x1,y1) and (22, y2) using three segments, but this can be adjusted to use
only two or one if either y-coordinate is 0.) Thus f(x1,y1) = f(x2,y2) for all points,
and thus f is constant. O

Define f: A — R by
1, z=0,y>0
f(x,y)={

0, otherwise

Pick some point (z,y). Then there exists an interval (y — e,y + &) C A. Moreover, f
is constant on this interval. Thus Dy f(x,y) = 0 everywhere, but f is not constant.

Exercise 2-24 Define f : R? — R by

2 2

Yy
f(%y) = {gy12+y27 (xay> 7é 0

; (z,y) =0
(a) Show that Dsf(x,0) =z for all x and D1 f(0,y) = —y for all y.
(b) Show that D172f(070) 7'5 D271f(0,0).

(a)

Proof. Define g,(y) = g(z,y) and hy(z) = f(z,y). Then

Dy f(x,0) = g.,(0)

d 1‘2 _y2
= — Yy ——m3m—
dy \"aZ 2

y=0
2% — g2 =222y — 2y3 — 222y + 293
- (xﬂ T (2% +y?)? ) y=0
22
=1
And
D1 f(0,y) = hy(0)
d 22— o2
T ( Yz +92) 2=0
2 —y? 223 + 2zy? — 223 + 229
= (yIQ Ty +zy (2 1 42)? ) -
Yy
-y O
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(b) Taking the derivative of the functions we computed in part (a),

Dy2(0.0) = dinlﬂo,y) - d%(—y) — 1

d d
D51 £(0,0) = @DQf(iC,O) =% 1

SO
Dl)gf(0,0) =-1 7é 1= D271f(070)

Exercise 2-25 Define f: R — R by

Show that f is C, and f®(0) = 0 for all .

Proof. For points x # 0, we have

and 6 4
-6 _,-—2 g2
f”(l’) = Fe —+ Ee

Claim: In general, for any i > 0 and = # 0, f)(z) is composed of terms of the form

a -2
o a € Z,be Zx>g

Ze ,
b

We prove this by induction. As shown, we already know this is true for ¢ = 1,2. Now
suppose it is true for 4 = k. Then for k£ + 1, it is sufficient to show that each term of the
above form differentiates into further terms of that form. Differentiating,

iie_xfz _ —ab e_x—z n 2a €_$72

de 2t N b +3
and the two terms are also of the form requested. Thus the claim is proved. This shows
that f()(z) exists for all i when z # 0.

For x = 0, we use L’Hopital’s rule:

—2
efh

f(0) = lim

1
lim -2~
h—0 eh™?

1
o — 5
(LH) = T — =5 s

P 2eh?
=0
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Similarly, for higher derivatives, we can apply the claim proved above to write

n

@) =3 e Zb; € L

xi

Jj=1

for some finite n. Then

h—0 ;—32@}72

n —(bj+1)
(LH) = <aj lim h”)

Thus f()(z) exists for all i, z, so f is C*, and £ (0) = 0 for all 4.
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Exercise 2-26 Let

e~(@E D@D g e (—1,1)
0, z ¢ (-1,1)

(a) Show that f : R — R is a C* function which is positive on (—1,1) and 0
elsewhere.

(b) Show that there is a C*° function s : R — [0, 1] such that s(z) = 0 for 2 < 0
and s(x) =1 for z > .

(c) If a = (aq,...,a,) € R", define g, : R* — R by

r1 —aq

b il

€ €

ga(x) = ga(xla s Zn) = f(
Show that g, is a C°° function which is positive on

(a1 —e,a1+¢€) X ... X (an —€,a, +¢)

(d) If A CR" is open and C C A is compact, show that there is a nonnegative C*°
function h : A — R such that f(z) > 0 for z € C and f = 0 outside of some
closed set contained in A.

(e) Show that we can choose such an h so that h : A — [0,1] and h(z) = 1 for
zeC.

(a) Proof. By definition, f is 0 outside of (—1,1), and it must be positive on (—1, 1) since
each of the exponential factors are positive.

To show that f is C*°, define f1, fa: (—1,1) — R by
fila)=e D™
fa(z) = e~ (@™
We proved in [Exercise 2-25] that both f1, f> are C™, so
f'(@) = fi(@) f5(x) + fi(z) fa(z)

and higher order derivatives will in general be sums of products of fl(l)(a:) and f2(j ) (x),
which all exist and are continuous. Thus f is C*°. O

(b) Proof. Fix € > 0. Then define

1, x> 2
fa-=
5(1’): W7 —e<x <2
0, r< —¢
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By definition, s(z) =0 for < —¢ and s(z) =1 for z > 2e.

On the interval (—¢,0], 1 — £ > 1, s0 f(1 — £) = 0 and thus s = 0. So s = 0 for any
xr <0.

Similarly, for the interval [e,2¢), £ > 1, s0 f(Z) =0 and

So s =1 for any = > ¢.
To prove that s is C'°°, we can obvioulsy ignore the constant regions.

On (0,¢), at least one of f(£), f(1— £) will be positive, so the quotient rule says that
s'(z) exists. In general, we can continue to apply the quotient rule, since the quotient
will never be zero, and f is smooth. Thus s()(z) exists and is continuous for all i and
x € (0,¢), and we conclude that s is C*°. O

Proof. The fact that g, is positive follows from the fact that for each 4,

—
LR !

3

so f(¥=%) > 0. Thus their product g, is positive.

To show that g, is C°°, we need to prove that the mixed partials of all orders exist.
Here, we can actually prove a more general result:

If f1,...,fn : R— R are C*°, then f: R™ — R defined by

flay, .o xy) = fi(z) - .o fu(zn)
is C*°.

Proof. To prove that derivatives of all orders exist and are continuous, pick any index
i. Then define

gi(ai) = filas) [ [ £i())
i
Then g;(x;) is just a constant multiple of f;(x;), so g}(z;) exists. Moreover, f/ is also
C*°, so the function

satisfies the hypotheses of this lemma and we can differentiate it again using the above
method. So derivatives of all orders exist and are continuous. Thus f is C*°. O

We can then apply the above lemma to conclude that g, is C*°. O
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(d) Proof. For each x = (x1,...,x,) € C, there exists €, such that the rectangle
R, = (21 — €z, 21 +6x) X oo X (Ty —€g,Tpn + ;) CTA

In fact, we may choose €, small enough such that the closed rectangle is contained in
A as well. Let O be the collection of R, for x € C. Since C is compact, we pick a
finite subcover O" = {R,,}.",. Then define h: A — R by

hxy, ... zn) = ng(xl,...,xn)
i=1

h is C since it is the product of C* functions (by the lemma in part (d)). For any
y € C, O covers C, so y € R, for some x;. Then g,, > 0, and each other g, is at
least nonnegative, so h(y) > 0.

Now let Rm be the closed rectangle about x;.

B=| R,

s

=1

We showed that we can pick ¢ small enough that Ezi C A. Thus B is a closed set
contained in A. Moreover, if y ¢ B, then y ¢ R, for any ¢, and hence h(y) = 0. So h
is 0 on outside of a closed set contained in A. O

(e) Proof. Since h is C*°, it is continuous, and hence achieves a minimum value on C.
Since h is positive on C, this minimum value € = min,cc h(z) is positive. Let s. :
R — [0,1] be as defined in part (b). Then the function

seoh:R™ —[0,1]

is still C*° (since the composition of C*° functions is C° using repeated applications of
the chain rule, similarly to the lemma in part (c)). Letting B be as defined previously,
if y ¢ B then h(y) = 0, so s.(h(y)) = s-(0) = 0. Thus s. oh is still of the form in part

(d).

Moreover, whenever © € C, h(z) > € so s.(h(z)) = 1. O

Exercise 2-27 Define g,h: {z € R? : [z| <1} — R3 by

g(xay) = (x,y, 1—z2— y2)
h(xvy) = (x,y,— V Il =g _y2)

Let f:{z € R®:|z| = 1} : R. Show that the maximum of f is either the maximum
of f o g or the maximum of foh on {z € R?: |z| < 1}.

Proof. Let Dy = {z € R? : |z| < 1} and C3 = {x € R? : |z| = 1}. Then supposing that
f has a maximum m = max,ep, f(x), then there exists at least one point x = (21,22, z3)
such that f(x) =m. Then we have the cases 5 > 0 and z3 < 0.
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Case 1: Since |z| =1, 22 + 23 + 23 = 1, and hence

2 2

T3 =14/1—2x] — x5

Thus we have g(x1,x2) = x, so (f o g)(z1,22) = m. (f og) certainly cannot achieve a
higher value, or else it would contradict m being the maximum of f, so m is also the
maximum of g.

Case 2: Similar to Case 1, but we use h(z1,22) instead, and we find that (f o h) achieves the
maximum m.

Thus we see that m is the maximum of at least one of fog or foh on D,. O

Exercise 2-28 Find expressions for the partial derivatives of the following functions:
y) = f(g(@)k(y), 9(z) + h(y))

z,y,2) = f(9(x +y), h(y + 2))

z,y,2) = f(a¥,y%, 2%)
y) = [z, 9(x), Mz, y))

(a
(b
(c
(d

) F(a,
) F(
) F(
) F(a,

(a) Let f(x) = f(g(z)k(y),g(x) + h(y)). Using the chain rule for partial derivatives,

D1 F(x,y) = D1f(*)Dy[g(2)k(y)] + D2 f (x) Dz [g(z) + h(y)]

= k(y)g' (x) D1 f(*) + ¢’ (y) D2f (*)

DyF(z,y) = D1f(*)Dylg(2)k(y)] + D2 f (*)Dylg(z) + h(y)]
= g(2)k' (y)D1f(x) + B’ (y) D2 f (%)

(b) Let f(x) = f(g9(z +y),h(y + 2)). Then

D1F(z,y,2) = D1 f(*)Dag(x +y) + Do f(¥) Dsh(y + 2)
=g'(z+y)D1f(x)

DyF(z,y,2) = D1 f(*)Dyg(z +y) + D2 f(x) Dyh(y + 2)
=g'(z+ y)le( )+ h'(y + 2) D2 f (%)

D3F(x,y,2) = D1 f(*)D.g(x + y) + Daf (+) D2h(y + z)
=N'(y + 2)Daf (x)

(¢) Let f(x) = f(x¥,y?, 2%). Omitting zero terms,

DlF(xvya Z) = yl’yille(*) + Zw In ZDSf(*)
DyF(2,y,2) = ¥ InaD1 f(x) + 2y ' Daf(x)
D3F(z,y,2) = y* InyDaf(x) + 22" ' D3 f (%)
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(c) Let £(x) = f(z,g(x), h(z,y)). Then

Dy F(z,y) = D1 f(%) + ¢'(x) D2 f (%) + Dih(z,y) D3 f (*)
DyF(x,y) = Dyh(z,y)Dsf(*)

Exercise 2-29 Let f : R™ — R. For Z € R™, if the limit

o F@ 47— (@)

t—0 t

exists, it is called the directional derivative of f at a in the direction ?, denoted
D—(a).

(a) Show that D, f(a) = D; f(a).
(b) Show that D,z f(a) = tD= f(a).
)

(c) If f is differentiable at a, show that D= f(a) = Df(a)(7) and therefore
D315 f(a) = Dz f(a) + Dy f(a).

(a) Proof. Immediate from the definitions. O
(b) Proof. Fix t € R. Then
fla+s(t)) - f(a)

lii% s =t ggo st
o S 60T~ f(a)
st—0 (st)
=tD=(a) O

(¢) Proof. Since the derivative exists, we know that

h f@+t7) = fla) - Df(@)(tT) _
t7 —0 t|?| B

We can multiply both sides by |7| to clear the denominator, and apply linearity of
Df(a) to see that

o Ha+t7) — f(@) ~ tDF)()
t—0 t

f(aH?)—f(a)

=0

= lim

lim = Df(a)(@)
and thus Df(a)(Z) = D= f(a). Since Df(a) is linear,

D5 f(a)=Df(a)(¥ +7)
—Df( (@) + Df(a)(¥)
=Dz f(a) + Dy f(a) O
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Exercise 2-30 Let f be defined as in Show that D= f(0,0) exists for
all z, but if g # 0, then D5 f(0,0) = D% f(0,0) + D f(0,0) is not true for all
x,y.

Proof. The result of part (a) says that for z € R?, defining h,(t) = f(tz) means
that h, is differentiable at (0,0). This means that D= f(0,0) exists for all 2. Similarly, as
the result in part (b) shows, D., f(0) = D,, f(0) = 0. However, if g is nonzero, then we can
take a directional derivative in some direction which is a linear combination of e; and es,
so the linearity condition fails. O

Exercise 2-31 Let f : R? — R be defined as in Show that D, f(0,0)

exists for all x, even though f is not continuous at (0, 0).

Proof. As we showed in the proof of [Exercise 1-26| part (b), f is 0 in an interval about (0, 0)

in each direction, and is thus differentiable. O]

Exercise 2-32

(a) Let f: R — R be defined by

z?sint, z#0
x) = "
o= {2

Show that f is differentiable at 0 but f’ is not continuous at 0.

(b) Let f:R? — R be defined by

2 2) sin ,  (x, 0
f(m,y)z{( +9°) e (z,y) #
0, (z,y) =

Show that f is differentiable at (0,0) but D;f is not continuous at (0, 0).

(a) Proof. Let ¢ > 0. Then whenver |x — 0| < § = &, we have

’f(x) — f(0) f(z)

T

xrsin—| <e

T

|-

Thus f is differentiable at 0 with f/(0) = 0.

If we differentiate f elsewhere, we find that

2rsint —cost, z#0
") = z z)
e {07 e
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But
. o1 1 . 1
lim 2z sin — — cos — = — lim cos —
r—0 x x x—0 x

which doesn’t exist. Thus f” is not continuous at 0 (it has an oscillating discontinuity).
O

(b) Proof. Let € > 0. Then whenever |(z,y)| = /2% 4+ y? < § = ¢, we have

f(x,y)—f(0,0)’:‘ ‘\/msm S\/m<€

|(z,y)]

VP

x2 Va2 2
Thus 0.0)—0
lim ‘f(xay)_f( ) )_ (xvy)|:O
(2,5)—(0,0) |(2,9)|
so Df(0,0) exists and is the zero transformation. But in the directions ej,eq, f is

simply the single variable case considered in part (a), so we know D f is not continuous
at (0,0). O

Exercise 2-33 Show that the continuity of D; f’ at a may be eliminated from the
hypothesis of Theorem 2-8.

Proof. In the proof of Theorem 2-8, we attempted to prove that

£ (@ +(B) = £ (@ + (RP~) = Dif(@)hy

=0
h —0 ’7‘

for all j. We did this by using the continuity of D, f at a to extend its differentiability nearby.
However, in the case of the first partial derivative D f, the continuous differentiability
condition already shows us that

|f(@ + hier) — f(@) — D1f(@)h|

lim =0
ﬁ—)O ’ﬁ
so we can omit continuity. (Obviously, any other direction would also work.) O

Exercise 2-34 A function f : R™ — R is homogeneous of degree m if f(tz) =
t™ f(x) for all z. If f is also differentiable, show that

Z ' Dif(z) = mf(z)
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Proof. Define g(t) = f(txz). Then D, f(z) = ¢’(1). Moreover, we showed in [Exercise 2-30

that D, is linear, so
n

x) =Y x;D;f(x)
i=1
At the same time, we know that g(t) = f(tz) = t"™ f(x). Differentiating with respect to t,
g'(z) = mt" " f(x)

SO

S wiDif (@) = Dof(x) = /(1) = mf(2)
=1

Exercise 2-35 If f : R” — R is diferentiable and f(0) = 0, prove that there exist
g; : R™ — R such that
= Z z:9i(x)
i=1

Proof. Since f is differentiable, the directional derivative D, f(tzx) exists for all ¢, 2. Define
hy(t) = f(tx). Then hl (t) = D, f(tx). Thus h, is differentiable. Then by the fundamental
theorem of calculus,

f(x) = f(1x) :/0 h'.(t)dt :/0 D, f(tx)dt

Since D, is linear with respect to direction, we then have

:/ szle (tz)dt = Z:cz/ Dy f(tx)d

Then defining g;(x) = fol D1 f(tz)dt, we have found g; satisfying

= Z z;9i(x) 0
i=1

Exercise 2-36 Let A C R™ be an open set and f : A — R™ a continuously differ-
entiable one-to-one function such that det f’(z) # 0 for all . Show that f(A) is an
open set and f~!: f(A) — A is differentiable. Show also that f(B) is open for any
open set B C A.

Proof. Let y € f(A). Then since f is one-to-one, there exists a unique 2 € A such that
f(z) = y. Since f is continuously differentiable at x and det f’(z) # 0, the Inverse Function
Theorem tells us there exist open sets V' C A containing x and W C R™ such that f : V — W
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has an inverse. Thus W C f(A) and y € W, so f(A) is open. Moreover, the Inverse Function
Theorem also says f~! is differentiable at y. But this is true for every y € f(4), so f~!
is differentiable. Lastly, let B C A be open. Then the restriction f : B — R" is also
continuously differentiable and one-to-one, so f(B) is open. O

Exercise 2-37

(a) Let f:R? — R be a continuously differentiable function. Show that f is not
one-to-one.

(b) Generalize this result to the case of a continuously differentiable function f :
R™ — R™ with m < n.

(a) Proof. If Dy f(z,y) =0 for all (x,y) € R?, then f is independent of the first variable
and is not one-to-one. So suppose there exists some (z1,y;) € R? with D f(x1,41) # 0.
Since f is continuously differentiable, there exists an open set A containing (x1,y1)
such that Dy f(z,y) # 0 for any (x,y) € A. Then define g : A — R? by g(x,y) =
(f(z,y),y). Then the derivative is given by

o ay) = [PV PIED ety () = D) £ 0

In particular, det ¢’(z1,41) # 0. Then by the Inverse Function Theorem, there exists
an open set V containing (z1,y1) and an open set W containing (f(x1,y1),y1) such
that ¢ : V — W has a continuous, differentiable inverse g—! : W — V. Then pick
some yo # y1 such that (f(z1,y1),y2) € W. Then we have

9(9_1(f($1ayl)>y2)) = (f($1791)7y2)
but by definition,

9(g ™ (f(@1,91),12)) = (Flg7 (F(@1,01),92)), 92 (f(1,91),92))
So
fiu) = Flo7 (F@, ), v2)

While the = coordinate of g=1(f(z1,y1),y2) is unknown, the y coordinate is certainly
y2. Thus we have

(@1, 91) = f(x,y2)
But we mandated that y; # ya, so (z1,41) # (%,y2). So f is not one-to-one. O

(b) Proof. O

Exercise 2-38

(a) If f: R — R satisfies f'(a) # 0 for all a € R, show that f is one-to-one (on all
of R).

(b) Define f : R? — R? by f(x,y) = (e® cosy, e®siny). Show that det f(z,y) # 0
for all (z,y) but f is not one-to-one.
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(a)

Proof. Suppose without loss of generality that f’(a) > 0 for some a € R. One can
prove in single variable analysis that if g = f’ for some function f, then g satisfies the
intermediate value property. If f'(b) < 0 for some b € R, then there exists ¢ between
a and b such that f/(c) = 0, contradicting the assumption. So we must have f/(z) > 0

for all z. Thus f is strictly increasing (or decreasing), so it is one-to-one.
(b) Proof. The Jacobian matrix is given by

e*cosy e¥siny
—e¥siny  e®cosy

fx,y) =

0
det f'(z,y) = e*(sin® y + cos? y) = e® # 0
But for any (x,y), we have
flz.y) = f(z,y+2m)

so f is not one-to-one.

Exercise 2-39 Use the function f: R — R defined by

Z42sinl, z#£0
— 2 "
- {k 7t

of the Inverse Function Theorem.

To show that continuity of the derivative cannot be eliminated from the hypothesis

First, we verify that f is differentiable at 0. We have

_f)—-f0 .1 1 1 .1 1
i S = fimg Hhsing = o 4 limAsin g =9

and by the formula f is clearly differentiable everywhere else. So f is differentiable in an
open set around 0. However, I claim that for any open set V around 0, f is not injective

onto f(V).
To see this, let V' be an open set aroud 0. Then pick n large enough that
1
= 2mn
Now, we have
f(a) = 1—|—20Lsin1 —cos1 = 1—1 _ 1 <0
2 a a 2 2
Thus there exists b < a with f(b) > f(a) and b > 0. Now, pick m large enough that
1
=—x<b
¢ 2mm
Then we have ¢ a
fley=5<5=1)



So f(e) < f(a) < f(b), and b € [c,a]. Pick some y with f(a) < y < f(b). By the
Intermediate Value Theorem, there exists z1 € (¢,b) with f(z1) = y, and z3 € (b, a) with
f(x2) =y, so f is not one-to-one onto f(V'). Thus the Inverse Function Theorem is false
for f.

Exercise 2-40 Use the implicit function theorem to redo Problem 2-15 (c). For
reference, this problem is reprinted here:

If a;; : R — R are differentiable, let A(t) be the matrix such that A(t);; = a;;(¢). If
det(A(t)) # O for all t and by, ..., b, : R — R are differentiable, let s1,...,5, : R =+ R
be the functions such that s;(t),..., s, (¢) are the solutions of the equations

Show that s; is differentiable and find sj(t).

Proof. Define F': R x R® — R" such that the component functions are given by
Fi(t,l’) = —bi(t) + Zaji(t)xj
j=1
Then F' can alternately be written as
F'= —bjo(n?,...,7") + Z(aﬁ om!)md

Jj=1

which makes it clear that it can be written as sums, products, and compositions of differen-
tiable functions. If we assume that the a;; and b; are additionally continuously differentiable,
then F is also continuously differentiable.

Now, fix t1. Let M(t,z) be the matrix with ijth entry given by D;1F(t,z). To calculate
the matrix of partial derivatives, for k > 2 we have

DkFi(tl,x) = Dk Zaji(tl)a:j
7j=1

n
= Z a;;(t1)e;0ik
j=1
= agi(t1)er

Thus M(t1,z) is simply the matrix [A(t1)]”, where A(t;) has ij-th entry given by a;;(t1).
By assumption, det[A(t1)]7 = det A(t;) # 0, so det M (t1,x) # 0 and the Implicit Function
Theorem applies. Then there exists an open set A C R containing ¢ and a function g : A —
R™ such that

Flt,g(t) = 0
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But this happens precisely when each component function is zero, so for each component
we have

—b;(t) + Z a;i(t)g’ (t) =0 = Z aji(t)g’ (t) = bi(t)

Thus we may let s; = ¢7. Since det A(t) # 0 for all ¢ we are able to ”patch” the local
definitions of g7 into a global function without issue. Moreover, the Implicit Function
Theorem tells us that g is differentiable at ¢;, so each s; is everywhere.

To calculate s}, we know that F(t, s (t)) = 0. Taking partial derivatives on both sides, we
have

D F(t, 5 (t))
DyF'(t, 75 ())s) (t)
D3F'(t, 73 ())sy(t)

0
0
0

Doy (t, 5 (1)s,,(t) = 0

n

which we can combine as

Dy Fi(t, 5 (t)) + Zn: D1 Fi(t, ?(t))s;(t) =0

J=1

Consider the system of equations this forms. We can rewrite it in matrix-vector multiplica-
tion using our definition of M (¢, z) from above as

M(t, 73 (1)s'(t) = —(D1F'(t, 73 (1))

Moreover, the ith coordinate of the vector (DyFi(t, 5 (t))) is given by

—0i(t) + D afi()s; (¢)
j=1
Since M (¢, (t)) is invertible by assumption, we find that

0 (8) = 25y @ (B)s5(1)

() — S0 ()55 (2)
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Exercise 2-41 Let f : RxR — R be differentiable. For each z € R define g, : R — R
by g:(y) = f(z,y). Suppose that for each x there is a unique y with ¢, (y). Then let
¢(x) be this y.

(a) If Do f(z,y) # 0 for all (x,y), show that ¢ is differentiable and

Dy f(x,c(x))

@) = =D, 27, c@)

(b) Show that if ¢/(z) = 0, then for some y we have

Dy f(x,y) =0
D2f(xvy) =0

(¢) Let f(z,y) =2(ylny —y) —ylnz. Find

max min f(z,y)
1<z<2 \ 1<y<1

Note: Spivak does not include this, but we must assume that f is twice continuously
differentiable.

(a) Proof. Note that by our definition, Dy f(x,y) = ¢.(y). So y = c(z) precisely when
Dsf(xz,y) = 0. Note that Dyf is a function R x R — R, and the matrix M =
(Dj41(Daf)i(z,y)) is simply the matrix with sole entry Ds o f(z,y). By assumption,
Do f(x,y) # 0, so det M # 0 and the Implicit Function Theorem applies to Do f, and
we conclude that c is differentiable.

Now, the function = — Dsf(z,c(x)) is a function R — R and is 0 everywhere, so we
can differentiate it:

D1 f(x,c(2)) + D22 f (2, c(x))c () =0
which we can rearrange as

Dy f(x,c(x))

@) = =D, 2 f @ c(0))

O

(b) Proof. Pick y = ¢(z). Then by definition, g/ (c(z)) = 0, and Daf(z,c(x)) = g (c(x)),
so Daf(z,c(x)) = 0. Moreover, from part (a),

Do f(x,c(z)) = = (x)Daaf(z,c(x)) =0

so this choice of y works. O
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(¢) For any fixed z,
min f(z,y) = min g,(y)
3<y<1 T<y<1
We already know that ¢/, (c(z)) = 0, so it is a critical point. If we calculate g7 (y) =
Dy o f(x,y) for any y, we get

Dyf(z,y) =a2z(lny+1—1)—lnz=2lny —Inz

T
D2,2f(=’U7y) = ;

which is strictly positive (as both xz, y must be positive for this function to be defined).
Thus g, is concave upward, and the critical point at ¢(x) is in fact a global minimumﬂ
So if ¢(x) € [4,1], then the minimum is at ¢(x). If ¢(z) < 1, then the minimum is at
%, and if ¢(z) > 1, then the minimum is at 1.

If we explicitly calculate ¢(z), we use the fact that Dsf(x,c(z)) = 0 to find

Inzx na
Ine(z) = — = cla)=e* =z
x
and the derivative of this is positive, so ¢ is strictly increasing. Thus there exists a
unique a with ¢(a) = %, and 2 < o = c(z) < . Similarly, z > 1 = ¢(z) > 1.
So we can explicitly find the minimum of g,:

fla,5), z<a
min g, (y) = § f(z,c(@)), a<z<1
3<y<1
f(z, 1), z>1
1
1:(11133 —%)71‘%, <«
= qz(yz22 — ¢z)— Yalnz, a<z<1
—z —Inx, z>1
—xlnS;w—lnw’ < o
=4 —z¥x, a<z<l1
—z —Inx, z>1
Call the above function h(z). Then
—n3=1 _ L 5 cg
W(z)=qL(—2c(z), a<z<l
e i, z>1
—n3=1_ L pcg
=4 —c(z)—zd(x), a<z<l
-1-1 x>1

1Credit for work past this part to the solution presented here
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Now, since Dy o f(x,y) # 0 for all z,y, part a) applies and

1 Inz—1
o) = ~Reafwe@) | e oy BER e
Dy f(x,c(x)) (@) c(x) v
Thus
sl L r<a
W) = —ela)=Hsls o <a<l
—1-1 z>1

T
Note that z > Inz, so £H=IE > 0 and c(z) > 0, so #'(z) is negative everywhere
(except possibly the boundary points «, 1, but it is continuous there). Thus the
minimum of h on [%, 2] is given when x = % To check whether % < «, simply note

that ¢(1) =+ < 1, s0 7 < o. Thus

1 ~In3-1-2Ini m3-1
max (min f(amy)) :h<2>: - G s R n46

1<y<2

A.3 Chapter 3 Exercises

Exercise 3-1 Let f :[0,1] x [0,1] — R be defined by

flz,y) = {O’ z€[0:3)

]

=)
—_ N

1, z€]

)

N[

Show that f is integrable and [iy 1y, o1 f = i

.

Proof. Let ¢ > 0. Choose a partition P with subrectangles given by

SR
A= 053 % [0, 1]
1 1 ¢
B = |:2—272+2:| X[O,].]
C= é+§,1_ % [0,1]
Then
ma(f) =Ma(f)=0
mp(f) =0,Mp(f) =1
me(f) = Mc(f) =
and

v(B)=¢



So

U(f,P) = L(f,P) = v(B)(Mp(f) — mp(f))
=v(B)=¢

So f is integrable by the alternate criterion for integrability. Moreover,

1 ¢
U(f,P) = v(A)Ma(f) +v(B)Mp(f) + v(C)Mc(f) =v(BUC) = 5 + 5
and similarly
L(f.P) =55
22
SoL>1and U < 1, but we know that U =L so [, f = 1. O

Exercise 3-2 Let f : A — R be integrable and let ¢ = f except at finitely many
points. Show that g is integrable and [, f = [, g.

Proof. Refer to Its proof does not depend on this problem, and we will use
the fact that [, f+g= [, f+ [, 9 when f,g are integrable.

Let € > 0 be arbitrary. We aim to show that g — f is integrable with [, g — f = 0. Since
g # [ at only finitely many points, it is bounded. Let y = max{|f — g|}. Let p1,...,pr be
those points where g — f # 0. Let Si,..., Sk be the subrectangles they are in for a given
partition (pick them small enough that they are distinct). Then choose P such that

Z ’U(SZ) <e€

Then

Ulg—f,P)—Llg—1,P) =Y [Ms(g — f) —ms(g — [)]o(S)

SeP

k
= > [Ms,(g— f)—ms,(g— f)]v(S)

%

v(Si)

So g — f is integrable and a similar argument shows [, g—f=0.So [,9= [,9—f+[f=
Jag—f+ [ f=[Af O
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Exercise 3-3 Let f,g: A — R be integrable.

(a) For any partition P of A and subrectangle S € P, show that

ms(f) +ms(g) <ms(f +9)

and
Ms(f +9) < Ms(f) + Ms(g)
so that
L(f,P) + L(g,P) < L(f + 9, P)
and

U(f+9,P)<U(f,P)+Ul(g,P)

(b) Show that f + g is integrable and [, f+g= [, f+ [, 9-

(¢) For any constant ¢, show that [, cf =c¢ [, f.

(a) Proof. Let S € P. Then for any point = € S, we have

(f +9)(z) = f(z) + g(z) = ms(f) +ms(g)
Thus
ms(f) +ms(g) < ms(f+g)

Similarly,
Ms(f+9) < Ms(f) + Ms(g)

Thus we have

L(f,P)+ L(g,P) = 3 o(S)ms () + ms(g)]

SeP

<3 w(S)ms(f +9)
SeP
= L(f + 9773)

Similarly,
U(f+9,P) <U(f,P)+Ulg,P)

(b) Proof. Let € > 0 be arbitrary. Pick Py, Py such that

U(f1,P1) — L(f1,P1) <

[NCTRON RO

U(f2;P2) — L(f2,P2) <
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Let O be the common refinement of P1, Py. Then

U(fi+ f2,Q) = L(fi + f2,Q) = D v(S)[Ms(fr + f2) = ms(f1 + fo)]

SeQ

< D o(S)Ms(f1) + Ms(f2) = ms(fr) = ms(f2)]

SeQ
=U(f1,Q) +U(f2, Q) — L(f1,Q) — L(f2, Q)
< U(f1,P1) — L(f1,P1) + U(f2, Pa) — L(f2,P2)
<e
So f1 + f2 is integrable and a similar argument shows [, fi + fo= [, fi+ [, fo. O

(¢) Proof. Let P be a partition and let S € P. Since S is a closed rectangle, it is
compact, so there exists © € S with f(z) = Ms(f). Then (c¢f)(x) = ecMg(f) so
Mgs(cf) > eMg(f). But for any y € S, we also have (c¢f)(y) = cf(y) < eMg(f) so
Ms(cf) = cMg(f). Similarly, mg(cf) = ems(f).

Now, let € > 0. Then there exists a partition P with
€
U(f,P) - L(f?P) < E
Then we have

Ulcf,P) = L(cf, P) = > _ v(S)[Ms(cf) — ms(cf)]

SeP

= cw(9)[Ms(f) — ms(f)]
SepP

= c[U(f,P) — L(f,P)]

<e€

So that cf is integrable. Now, let € > 0 be arbitrary. Then there exists a partition P
such that

virpy < [ 145

Then we have

Ulef,P) SC/ +e

A

SofAcf:cfAf. O

Exercise 3-4 Let f : A — R and let P be a partition of A. Show that f is integrable
if and only if, for each subrectangle S € P the restriction f|g of f to S is integrable,

and in this case [, f => g [q fls-
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Proof. (=) Suppose that f is integrable on A, and let P be given. Let € > 0. Then there
exists a partition P’ of A with

U(fvpl) 7L(f77),) <eg

Now let Q be the common refinement of P and P’. Then each subrectangle of Q is entirely
contained within a subrectangle of P. In other words, for any S € P, we may enumerate
S1,...,5; € Qsuch that S;U...US, = S, which means that S = {S1, ..., Sk} is a partition
of S. Thus

U(fls,S) = L(fls,8) = D> v(8")[Ms:(fls) — ms:(fls)]
S'es
v(9)[Ms(f) —ms(f)]
< Y (9 [Msn (f) = msn(f)]

S"ep

<e€

So f|s is integrable on S.

(<) Let P be given, and suppose each f|g is integrable on the resepctive S. Let ¢ > 0.
Then let N be the number of subrectangles in the partition P. For each .S, pick a partition
P such that .

U(fls,P5) — L(fls, P) <

Now, suppose that P° = (P, ..., PS). Then

is a partition of [a1,b1]. Let Q = (Qy,...,Qy). Then Q is a refinement of P, and moreover,
for any S € P, Q° (which is the collection of subrectangles in Q which are contained in S)
is a refinement of P°. Thus

U(,Q) = L(f,Q) = > v(S)[Ms (f) — mg:(f)]

S'eQ

=2 2 S )Mer(f) = ms ()]
SeP §1eQs

<D0 D w9 [Msn(f) — msn ()]
SEP sreps

= > [U(fls,P%) = L(f]s,P?)]
SeP

<> <

N

SeP

=

So f is integrable on A. A similar argument shows that [, f = > ¢ [q fls- O
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Exercise 3-5 Let f,g : A — R be integrable and suppose f < g. Show that
Jaf < Jas

Proof. Let P be a partition of A. Then for any S € P, Ms(f) < Ms(g). Thus

U(f.P) =Y v(S)Ms(f) < D v(S)Ms(g) = U(g, P)

SeP SeP

Since we know f and g are integrable, we conclude that

/f:infU(f,P)SinfU(g,”P):/g O
A A

Exercise 3-6 If f : A — R is integrable, show that |f| is integrable and | [, f| <
Jalf1-

Proof. Let € > 0. Let P be a partition such that
U(f,P) 7L(fylp) <e

Let S € P. If Ms(f) > ms(f) > 0, then Mg(|f]) = Ms(f) and mg(|f]) = ms(f). If
ms(f) < Ms(f) <0, then Ms(|f[) = —ms(f) and ms(|f]) = —Ms(f). If Ms(f) > 0 and
mg(f) <0, then I claim that Mg(|f]) < max{|Ms(f)|,|ms(f)|}

To see this, note that for any « € S, if f(z) < 0 then |f(z)| = —f(z) < —ms(f) = |ms(f)|.

If f(z) > 0, then [ f(z)| = f(x) < Ms(f) = [Ms(f)]. So Ms(|f]) < max{|Ms(f)], |ms(f)[}-
Using the fact that mg(|f]) > 0, we have

Ms(|f]) —ms(If]) < Ms(|f])
< max{[Ms(f)], |ms(f)[}

_ {Msm, |Ms(f)| > [ms(f)]
—mg(f), |ms(f)| > |Ms(f)]

< Ms(f) —ms(f)

As a result, we have the following:

Ms(f) —ms(f), Ms(f) =2 ms(f) =0
Ms([f) = ms(|f]) < § —ms(f) = (=Ms(f)), ms(f) < Ms(f) <0
Ms(f) —ms(f), Ms(f) > 0,ms(f) <0

= Ms(f) —ms(f)
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Thus, we have

U(If,P) = LUfLP) = D v(S)[Ms(If]) —ms(|f])]

SeP

<> u(S)[Ms(f) —ms(f)]
SeP

::U(ﬂ7n'_L(ﬁ1”

<e

So |f] is integrable.

For any partition P, and any S € P, we showed that Mg(|f|) < max{|M;(f)|,|ms(f)|}-
However, we can make a stronger statement, that Mg(|f|) = max{|Ms(f)|,|ms(f)|}. In-
deed, since S is compact there exists z,y € S with f(x) = Mg(f) and f(y) = ms(f). Then
[f1(z) = [Ms(f)] and [f|(y) = [ms(f)| so [f] attains the value of max{|Ms(f)], |ms(f)[}-
Thus [Ms(f)] < Ms(|f]). So

‘/f'<Uf, =] u(s

SeP
So for any partition P, U(|f|,P) > | [, fl so [, |fI =1 [, fl O

< w(S)Ms(H) <D v(S)Ms(f]) = U(f],P)

SeP SeP

Exercise 3-7 Let f : [0,1] x [0,1] — R be defined by

)0, z¢Qory¢Q
f(x,y)‘f {1 T E<@,y:= g E(Q

q’

where we assume that y = % is given in lowest terms. Show that f is integrable and

f[o,1]x[0,1] f=0

Proof. First, note that for any partition P the density of Q implies that L(f,P) =0. So it
suffices to show that U = 0.

Let € > 0. Pick a partition P as follows: Choose N large enough that
1 5

N 2

Then there are finitely many y = p/q € Q such that ¢ < N. Denote them by y1,. .., y.
Then pick intervals Iy, ..., I; about each such that the total length of the intervals is less
than €/2 (and such that the I; are disjoint). Let Py be the partition of [0, 1] given by these
intervals, with the gaps filled in appropriately.

Let P; be the single partition {0,1}. Then P = (P1, P2) consists of subrectangles of the
form [0, 1] x I, where [ is either one of the I; we defined previously, or it is not (in this case,
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it is a gap between them). Let £ denote the set of all subrectangles of the form [0, 1] x I;,
and let R denote the set of all other subrectangles. Then

U(f,P) =Y v(S)Ms(f) =D v(S)Ms(f) + > v(S)Ms(f)
SeP SeLl SER

Now, if S € L, then f attains a value of at most 1 on S, so Mg(f) < 1. But if Ms(f) € R,
then by construction there is no point (z,y) € S with y = p/q and ¢ < N. Thus

1 1 €
f($7y)—6<ﬁ<§
so Ms(f) < §. Thus
€ e €
o(S)Ms(f) + D v(S)Ms(f) < Y w(S)+5 D w(S) < S+ ==
sec SeR sec SeR
Thus U = 0. So f is integrable and f[o X [0.1] f=0. 0
Exercise 3-8 Prove that A = [a1,b1] X ... X [ap,b,] does not have content zero if

a; < b; for each 1.

Proof. Let O be a finite cover of A by closed rectangles. Without loss of generality we may
assume that each rectangle is contained within A. Then let T; = {t{,... ,t}'ci} be the set of
endpoints of the rectangles in the ith direction (that is, if O = {[c1,d1] X ... X [cn,dn]} € O,
then ¢1,dy € Ty and ¢;,d; € T; for any ¢). Without loss of generality we may order them so
that a; = t§ < ... <t} =b;. Then each v(0;) for O; € O is the sum of v(A4;) for A; of the

form [t} ), 5] > ... x [t} _;,t% ]. Moreover, each of those rectangles is contained within
some O;. So
n k1 X -kn n
> w0 = Y w(A) =[]0 —ay)
i=1 j=1 j=1
So A does not have content zero. O

Exercise 3-9
(a) Show that an unbounded set cannot have content zero.

(b) Give an example of a closed set of measure zero which does not have content
zero.

(a) Proof. Let A be an unboudned set and O a finite cover of A by closed rectangles.
Then there exists a closed rectangle M such that

Jocwm
0o

But since A is unbounded it contains points outside M. So O cannot be a cover of
A, contradiction. Thus A is in fact not covered by any finite set of closed (or open)
rectangles, so it cannot have content zero. O
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(b) Proof. Qis closed and has measure zero (this follows from the fact that it is countable).
However, it is unbounded, and thus does not have content zero by part a). O

Exercise 3-10
(a) If C is a set of content zero, show that the boundary of C' has content zero.

(b) Give an example of a bounded set C' of measure zero such that the boundary
of C does not have measure zero.

(a) Proof. Let O be a finite cover of C by closed rectangles. I claim that O contains 9C.
To see this, suppose that there exists a point 2 € 9C such that = ¢ O for each O € O.
Then

k

i=1
But since each O; is closed, R™ \ O; is open, and this is a finite intersection of open
sets, which is open. Then since x € 9C, there exists a point y € C' with

k
ye[R"\O;
i=1
But this contradicts the assumption that O is a cover of C. Thus O covers 0C. So
any closed cover of C' is a cover of C. Then let € > 0. We may produce a finite cover
of C by closed rectangles with total volume less than €. This cover works for 0C as
well. Thus OC' has content zero. O

(b) Pick QN [0,1]. This is a bounded set of measure zero. But 9(QN [0, 1]) = [0, 1], which

does not have measure zero.

Exercise 3-11 Let A be the union of open intervals (a;, b;) such that each rational

number in (0, 1) is contained in some (a;,b;), as in [Exercise 1-18] If

o0

Zbifai<1

i=1

show that A does not have measure zero.

Proof. Suppose that A has measure zero. Pick a cover O of A by open intervals such that

ZU<O)<1_ibi_a/i

0eo

which we rewrite as

1> Z+ibl—al

(011 i=1
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From [Exercise 1-18] we know that A = [0,1] \ A. So the collection of intervals in O
combined with the open intervals which make up A form a cover of [0, 1] by open intervals.
Call this cover (. Then we know

But we also have

IRCESSENED 3t

0€o 0€o’
So
1> (0 +Zb—alzz
0€o o€’
and we conclude that 1 > 1, contradiction. So A does not have measure zero. O

Exercise 3-12 Let f : [a,b] — R be an increasing function. Show that {z :
f is discontinuous at z} has measure zero.

Proof. 1 claim that for any n, there are at most n(f(b) — f(a)) points with o(f,z) > +.

To prove this, suppose there are more than n(f(b) — f(a)) such points, x1,...,x,. Then
we may pick yo,...,yx With a = yg < 1 < y1 < ... < x < yr = b. Then because f is
increasing, for each x; we have

o(fyzi) < f(yi) — f(yi-1)

Then by a telescoping argument,

k
S o(f.a) < flye) — Fwo) = £(b) — ()
i=1
But we also have

k k
Moy =3 L= B UOZIO) _ po) g
=1 i=1

contradiction. Thus there are at most n(f(b) — f(a)) such points. Recall that f is discon-
tinuous at z precisely when o(f,z) > 0. But

{z:o(f,z) >0} = U{x:o(f,x) > %}
n=1

So {x : f is discontinuous at z} is the countable union of finite sets and thus has measure
Zero. O
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Exercise 3-13

(a) Show that the collection of all rectangles [a1,b1] X ... X [an, b,] with all a; and
b; rational can be arranged in a sequence.

(b) If A C R™ is any set and O is an open cover of A, show that there is a sequence
01,0, ... of members of O which also cover A.

(a) Proof. This collection may be placed in bijection with Q" which is a finite Cartesian
product of countable sets, so it is countable. O

(b) Proof. For each point zz € A, x € O for some O € O, and O is open, so there exists an
open rectangle R, C O containing x. Moreover, we demand that each endpoint of R,
is rational. Then the set of R = {R, : x € A} is a subset of the set of all rectangles
with rational endpoints, which we showed is countable. Thus R is countable, so we
may order its elements as Ri, Ra, .. ..

We then pick a countable subcover @' of O by picking O} such that Ry C Of, and
so on. We may skip terms if R; is already contained in a previously chosen open set.

This gives a countable subcover of R, and R covers A, so this is a countable subcover
of A. 0

Exercise 3-14 Show that if f,g: A — R are integrable, then fg is as well.

Proof. Since f and g are both integrable, they are discontinuous on sets C1,Cy C A of
measure zero. For any x such that z ¢ Cy and x ¢ Cs, f, g are both continuous at x so fg
is continuous at x. Thus Cj, the set of points where fg is continuous, is a subset of C; U Cy
and has measure zero. So fg is integrable. O

Exercise 3-15 Show that if C' has content zero, then C' C A for some closed rectangle
A and C is Jordan measurable with [, x¢ =0

Proof. We showed in part a) that any unbounded set does not have content
zero. So C' C A for a closed rectangle A. We showed in [Exercise 3-10| part a) that 0C has

content zero whenever C' has content zero. So C is Jordan-measurable.

Now pick a partition P of A. For every subrectangle S of P, we cannot have S C C, since
otherwise C' would not have content zero. So mgs(xc) = 0 for each S and thus L(f,P) = 0.
This is true for all partitions P, so

A

Exercise 3-16 Give an example of a bounded set C' of measure zero such that f A XC
does not exist.
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Set C' =QnNJ0,1]. Then x¢ is the Dirichlet function, which is discontinuous on [0, 1] (since
both irrationals and rationals are dense in [0,1]). So x¢ is not discontinuous on a set of
measure zero, so [, x¢ does not exist.

Exercise 3-17 If C' is a bounded set of measure zero and [ 4 Xc exists, show that
Jixe=0.

Proof. See the second paragraph of the argument from O

Exercise 3-18 If f : A — R is nonnegative and fA f =0, show that {z : f(x) # 0}
has measure zero.

Proof. Consider the set B, = {z : f(z) > 1} for any n. I claim that B,, has content zero.
Suppose it does not. Then there exists ¢ > 0 such that any cover of B, has total volume
no less than €. Then let P be any partition. If S is the collection of subrectangles which
intersect B,,, then Mg(f) > % for any S € S. So

U(LP) = 3 o(S)Ms(f) > 3 o(S)Ms(f) >+ 5 u(s) >

SeP Ses Ses

9
n

So U > £ > 0, but this contradicts the assumption that fA f =0. So B, has content zero.
Thus

{w: f(@)#0} = | B,

n=1

has measure zero. O

Exercise 3-19 Let U be the union of open intervals (a;, b;) such that each rational
number in (0, 1) is contained in some (a;, b;), and

o0

Zbi—ai<1

p=il

as in Show that if f = yy except on a set of measure zero, then f is
not integrable on [0, 1].

Proof. In |[Exercise 3-11| we showed that OU = [0,1] \ U does not have measure zero. xy is

discontinuous on 9U, so it is discontinuous on a set that is not of measure zero, and thus
not integrable. Then we need to show that f is also discontinuous on a set not of measure
Zero.

Let x € U, and suppose that f(z) = xy(x). Suppose for contradiction, suppose that f is
continuous at x. Since z € OU and U = [0,1]\ U, = ¢ U. Thus f(z) = xu(z) = 0. If
f is continuous at x, then for any € > 0 there exists a neighborhood around x such that
|f(y)] < e for y in the neighborhood. We will show that this is not the case.

141



Let € = % Let V be any neighborhood around z contained in [0,1]. Then there exists
a rational ¢ € V. ¢ € U which is open, so there exists an open rectangle R containing ¢
contained in U NV. So xy = 1 on an open rectangle within V. So if |f(y)| < e for any
y € V, we must have f # yy on R. But R is not a set of measure zero, so this contradicts

the assumption that f = xy on a set of measure zero. So f is not continuous at .

We have shown that for any « € U such that f(z) = xu(z), f is discontinuous at z. Then
we must show that the set of x € OU with f(x) = xy(z) does not have measure zero.

Suppose that it does. Let € > 0. Then there exists a cover U of {x € U : f(x) = xu(z)} by
open intervals with total length less than £/2. We also know that { € [0,1] : f(x) # xv(z)}
has measure zero by assumption, so {x € U : f(x) # xv(z)} also has measure zero and we
may cover it by an open cover O with total length less than /2.

Now for any « € 9U, we must have f(z) = xu(z) or f(z) # xv(z), so U U O covers OU.
Now we have

Z d; —¢; < Z d; —¢; + Z di —c; <e

(¢i,d; ) EUVO (es,ds)EU (¢;,d; ) EO

So OU has measure zero. But in [Exercise 3-11] we showed that this is not the case. So the
assumption that {z € U : f(z) = xv(x)} has measure zero is incorrect. But we showed
that f is discontinuous on this set, and it does not have measure zero, so f is not integrable
on [0,1]. O

Exercise 3-20 Show that an increasing function f : [a,b] — R is integrable on [a, b].

Proof. In we showed that f is discontinuous on a set of measure zero. So it is
integrable on [a, b]. O

Exercise 3-21 If A is a closed rectangle, show that C' C A is Jordan-measurable if
and only if for every € > 0 there is a partition P of A such that

S wS) = > w(S)<e
SES: SES,

where S; consists of all subrectangles intersecting C' and Ss all subrectangles con-
tained in C.

We first prove the following fact:

If ACR" and « € int A, y € ext A, then there exists z =tz + (1 —¢)y with0 <t <1
such that z € JA. (Intuitively, this z lies along the line segment between x and y).
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Proof. To see this, first note for sufficiently small ¢ > 0, tz + (1 — t)y € A since x € int A.
Thus the set {0 <t <1:tx+ (1—t)y € A} is nonempty. Moreover, it is clearly bounded.
Then let

t'=sup{0<t<1l:tx+(1—-t)ye A}

Now, first note that ¢’ < 1. This is because y € ext A, so there exists a ball around y entirely
contained in R™ \ A.

I claim that z = t'x 4+ (1 — t/)y € OA. To see this, let B,.(z) be any open ball around z.
B,.(z) contains a point in A, as we can simply pick tz+ (1 —t)y for ¢t < ¢’ such that ¢/ —t < r.
Then we need to show that B,.(z) contains a point in R™ \ A.

Let 2/ = (t' +e)z+ (1 =t — )y, where ¢ < r and t' + ¢ < 1 (possible because ¢’ < 1). Then
|z —2|=e<r,s02 € B.(z). Bt/ +e >t/ ,sot' +e ¢ {0<t<1:tx+ (1 —-t)y € A}.
Since we provided that ¢’ 4+ ¢ < 1, we conclude that 2’ ¢ A. So z € JA. O

Now, continuing to the main proof:

Proof. ( = ) Suppose that C C A is Jordan-measurable. JC has measure zero, and is
compact, so we may pick a finite collection of closed rectangles O whose interiors cover 9C
with total volume is less than €. Then apply Lemma to pick a partition P such that
every subrectangle S € P is either contained in some O € O or does not intersect 9C. If
S € P and S intersects C' but is not contained in C, I claim that there exists z € S with
z € 0C.

Indeed, we can pick x,y € S such that x € C and y ¢ C. Then if either of these points is
in 9C, then we are done. Otherwise, z € int C' and y € ext C. By the Lemma, there exists
z=tx+ (1 —t)y with 0 < ¢ < 1 such that z € 9C. Since S is convex, z € S. So the claim
is proved. Then S intersects 9C, so we must have S C O for some O € O. Thus

duS) =D S <> w0)<e

SeS SeS2 0oe0O

( <= ) Suppose that C C A satisfies the condition that for every € > 0 there is a partition

P such that

S w(S) = > w(S)<e

SeS SeSs
I claim that 81\ Sa covers OC. To see this, let « € 9C. Then x € S for some S € P. Then
SeS orS¢S;. But if S ¢ Sy, then there exists an open rectangle (S) around x entirely
contained in ext C, contradicting x € 9C. So S € S§;. But similarly, if S € S; then that
contradicts € 9C. So S € &1\ Sa.

Thus S; \ Sz covers C, and by assumption it can be made as small as required. So 9C has
measure zero and C' is Jordan-measurable. O]

Exercise 3-22 If A is Jordan-measurable and € > 0, show that there exists a compact
Jordan-measurable set C C A such that fA\C l1<e.
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Proof. Let A be Jordan-measurable and let € > 0. Then by we may pick a

partition P such that
Z v(S) — Z v(S) <e
SES SES>

where Sy is the collection of subrectangles intersecting A and Ss is the collection of subrect-
angles contained in A. Then C = [J S, is a union of finite closed rectangles and thus closed.
Moreover, C C A. Since A is bounded, C is also bounded and thus compact. So we need
to show that it is Jordan-measurable.

I claim that 0C C [Jgeg, S5. Let x € 9C. Then consider the sequence of open balls (B,,),
where B,, = By /(7). Then for each B, there exists some point y, € C. Each y, € S for
some S € Sy, but there are only finitely many such S, so there is some S’ such that y,, € S’
for infinitely many n. Moreover, each B,, contains a point not contained in C', which is thus
also not contained in S’. So z € S’. Thus the claim is proved.

We take without proof the fact that a rectangle is Jordan-measurable. Then 0.S has measure
zero for each S € Sz, so the finite union (Jgc s, 95 also has measure zero, and thus 9C has
measure zero and C' is Jordan measurable

Now, because C' C A, we have fA\C 1=[,1— [, 1. Moreover, S; covers A. So

[<f
A USI

/,4\01:/,41_/01§/U511_/01:ZU(S)—ZU(S)<5 O

Ses, SeS>

and thus

Exercise 3-23 Let A C R™ and B C R™. Let C C A x B be a set of n + m-
dimensional content zero. Let A’ C A be the set of all x € A such that {y €
B : (z,y) € C} is not of m-dimensional content zero. Show that A’ is a set of
n-dimensional measure zero.

Proof. First, because C has content zero, 9C has content zero so x¢ is integrable on A x B
and [, pxc =0. Let U(x) = U [, xc(z,y)dy. Then by Fubini’s Theorem,

/ XC:/Z/IZO
AxB A

Now, fix some x € A, and let P be a partition of B.

If © € A, then there exists some €, > 0 such that any finite cover of {y € B : (z,y) € C} by
closed rectangles has total length at least ,. Let S; be the collection of subrectangles S in
P that intersect {y € B : (z,y) € C}. Because & is a finite cover of {y € B : (z,y) € C},

Ulxe,P) = Y Ms(xc)u(S) = Y v(S) > e,

SES SES
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Then U(z) = U [, xc > €,

Now, U is clearly nonnegative, and we know that [, & = 0. So by [Exercise 3-18, {x : U(x) #
0} has measure zero. But we just showed that A’ C {z : U(x) # 0}, so A" has measure
Zero. O

Exercise 3-24 Let C' C [0,1] x [0, 1] be the union of all {p/q} x [0,1/q], where p/q
is a rational in [0,1] in lowest terms. Show that it is not true that the set A’ in

[Exercise 3-23 has content zero.

Proof. First we show that C' has content zero. Let € > 0. Then let
R =[0.1] x [0, ]

Then there a finite number of rationals p/q such that {p/q} x [0,1/¢] is not contained in
Ry. Call these r1,...,7x =p1/q1,---,Pk/qk. Then for 1 <i <k, let

| pi 4i€ Di qi€ 1
m - g b gin] <o)

Letting R = {Ry, R1, ..., R}, R is a finite cover of C by closed rectangles with

+ Z giil =
i=1

k

k
D v(R) = o(Ro)+ 3 o(R) = 5+ 3o <
i=1

RER i=1

+

=&

| ™
DO ™
| ™

So C has content zero.

But for each rational p/q € [0, 1], the set {y € [0,1] : (p/q,y) € C} is simply the set [0,1/¢],
which does not have content zero. So A’ = QN [0, 1], which does not have content zero. [

Exercise 3-25 Use induction on n to show that [a1,b1] X ... X [an,b,] is not a set
of measure zero (or content zero) if a; < b;.

Proof. In the base case, n = 1, let U be a cover of [a, b1] by open intervals. Since [a1, b1] is
compact, we can assume U is finite. From here the base case proceeds as in

Now suppose the theorem is true for n, and we will prove it for n + 1. Then [aj,b] X
o fant1, bng1] = ([a1,b1] X oo X [@n, bn)) X [ant1,bnt1]- Let A =[ag,b1] X ... X [an, by] and
B = [an+1,bn+1]- By Fubini’s Theore

Joot = LU= (o) (/)

2Credit for work past this point to https://hidenori-shinohara.github.io/2019/12/23/measure-zero-ex-3-
25.html
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Now, the constant function 1 is a nonnegative function, and shows that if
fA 1dx = 0, then 1 is nonzero on a set of measure zero. But 1 is nonzero on A, which is not
a set of measure zero by the inductive hypothesis. So

/1dx>0
A

/1dy>0
B

/ 1>0
AXxXB

Now A x B is bounded. If it has measure zero, then [Exercise 3-18|says that foB XAxB =

foB 1 = 0. But this is not the case, so A x B does not have measure zero. O]

and similarly

SO

Exercise 3-26 Let f : [a,b] — R be integrable and nonnegative and let Ay =
{(z,y) :a <z <b,0<y< f(x)}. Show that As is Jordan-measurable and has area

5.

Proof. Since f : [a,b] — R is integrable and nonnegative, there exists M > 0 such that
M > f(x) for any x.

Let

B = (la,0] x {0})
C={(z,f(z)): = € [a,b]}
D = {a} x [0, M]
E = {b} x [0, M]
F={

x : f is discontinuous at x} x [0, M]

Then
0Ay CBUCUDUEUF

To prove this, note that any (z,y) satisfies exactly one of the following conditionsﬂ

1. (z,y) ¢ [a,].
2. x=a.
3. x=0.

3Strictly speaking, conditions 5 and 8 are both filled by (x,0) for x : f(x) = 0, but this does not detract
from the overall argument.
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T, a,b),y <O0.
x, a,b),y=0.
z, a,b),0 <y < f(x), f is continuous at x.
0 <y < f(x), f is not continuous at x.

el oo ~ (=2} ot N
~ o~ o~ o~ o~ o~
&
< S < < < < <
N
m m M m m m m

10.

11. (z,y) € (a,b),y > M, f is not continuous at x.

For cases 2, 3, 5, 7, 8, 10, (z,y) € BUCUDUEUPF. Thus we must show that (z,y) ¢ 0Ay
whenever conditions 1, 4, 6, 9, or 11 are met.

Case 1: We can pick an open rectangle R containing (z,y) such that (z1,y1) € R =
x1 ¢ [a,b]. So (x,y) € ext Ay.

Case 4: We can pick an open rectangle R containing (x,y) such that (z1,y1) € R =
y1 < 0. So (z,y) € ext Ay.

Case 6: Since f is continuous at x, there exists an interval (z — §,x +0) such that f(x1) >
y + & whenever x; € (x — 0,z + §), for € > 0 sufficiently small (where § is chosen small
enough that this makes sense). Then the rectangle R = (x —d,2 + d) x (0, +¢) is an open
rectangle containing (z,y) which is contained in Ay. So (z,y) € int Ay.

Case 9: Similarly to Case 4, since f is continuous at x, there exists an interval (z — 9,z +9)
such that f(x1) < y — e whenever 1 € (x — d,x + J) for € > 0 sufliciently small. Then the
rectangle R = (x — 0,2 + 0) X (y — €, M) shows that (x,y) € ext A.

Case 11: Similarly to Case 2, we may pick an open rectangle R containing (z,y) such that
(z1,y1) ER = y1 > M = (x1,y1) ¢ As. So (z,y) € ext Ay.

Thus Claim 1 is proved.

The sets B, C, D, E, F each have measure zero.

The line interval [a,b] x {0} has measure zero, as for any € > 0 we cover it by

£ 5
(b—a) 2(b—a)

R. =[a,b] x {—2
which has v(R.) = €. So B has measure zero. A similar proof holds for the line segments
D and E.

The set {x : f is discontinuous at xz} has measure zero since f is integrable. Let ¢ > 0.
Then we may pick a cover Z of {x : f is discontinuous at x} by open intervals such that

€
Z d—c< —
(¢,d)eT AM
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Then the collection U of rectangles of the form (c,d) x (—&, 32L) for (c,d) € T forms a

cover of {x : f is discontinuous at z} x [0, M], Moreover, consider the remaining set

S=lab]\ | JI

IcZ

Since each I is open, S is closed. It is also bounded, so it is compact. Moreover, f is
continuous at each z € S. Since f is continuous on S compact, it is uniformly continuous.
Thus we may pick § > 0 such that

9
4(b—a)

Moreover, pick d such that md = b — a for some m € N. Now let §; = [a + (¢ — 1)d, a + id].
Then the collection {d;}/; partitions the interval [a, b]. Now for each 4, define the rectangle
P; as follows: if SN§; = @, then let P, = §; x {0}. Otherwise, pick z; € SN ;. Then let

z,y €S, |r—y|<d = [f(z) - fly)| <

3 3

Bi= 0ok |16 = g gy S0 + gy

Let P ={Pi,...,P,}, and let Y = {U : U € U}. I claim that PUUUU is a cover of CUF.
Indeed, we already showed that U covers F', so U does as well.

Now, for any z € [a,b], either z € Sorx ¢ S. If z ¢ S, then x € I for some I € Z and thus
(z, f(x)) € U for some U € U. On the other hand, if x € S, then x € §; for some ¢ (this
does not require z € S, just « € [a,b]). Then |z — z;| < d;, so

[f(z) = fzi)] <

£
4(b—a)

so (x, f(x)) € P;. Thus P UU is a cover of C' U F by closed rectangles. Lastly, we have
M 3M €
;_ o) = > ol((e,d) x (-5 ) =2M Y d-c< 5
Ucld veu (c,d)eT (c,d)eT

and
m

i € € €
;U(B) :25' 2(b—a) - 2(b—a)m6: 2

=1

so the total volume of P U is less than e. Thus C' U F has measure zero, and C' and F
each do.

Thus Claim 2 is proved.

Now, by Claim 2, each of B, C, D, E, F' has measure zero. So BUCUDU FEU F has measure
zero, and by Claim 1 04y C BUCUDUEUF, so 0A; has measure zero. It is also bounded,
so Ay is Jordan-measurable.

The last part of the proof is to show that v(Ay) = f; f. Since Ay is Jordan-measurable,
X4, is integrable on [a, b] x [0, M]. So by Fubini’s Theorem,

b M
v(Ay) :/ XAy :/ (L/ xa,; (z,y) dy> dz
[a,b] x[0,M] a 0
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For each fixed = € [a,b], g» = x4,(,-) is integrable as it is only discontinuous at f(x).
Thus

M M
L/ xa,; () dy:/ XA, (z,y)dy
0 0
Moreover,

M f
/O XAf(%y)dy:/o (r)1dy = f(x)

vm»<[<ﬁﬂhww@>MKﬂMM—Lﬂ w

Exercise 3-27 If f : [a,b] X [a,b] — R is continuous, show that

flﬁmwmw—févww@m

Proof. Define C = {(z,y) € [a,b] : y > x}. Then C has boundary 9C = ({a} X [a,b]) U
([a,b] x {b}) U{(z,x) : © € [a,b]} which are all line segments, and thus have measure zero.
So C' is Jordan-measurable and x¢ f is integrable on [a,b] X [a,b]. By Fubini’s Theorem,
since f is continuous,

/[a,b]x[a,b] xcf = /ab /ab xe (@ y)f(z,y)dyde = /ab /:f(w,y) dy dz

But applying it in the opposite order,

/[a,b]x[a,b} ch:/:/abxc(%y)f(%y) dzdy = /ab/ay f(z,y)dedy O

Exercise 3-28 Use Fubini’s theorem to prove that D; >f = Dy, f if both are con-
tinuous.

So we have

Proof. Suppose that D; o f and Dy ; both exist and are continuous. Then D; o f — Do f is
continuous. Suppose there exists a such that D; o f(a) — Dz 1f(a) > 0 (for the case < 0 the
proof is analogous). Then there exists a rectangle A = [a,b] X [c,d] containing a such that

Diaf(x) = Doy f(x) > €

for any € A and € > 0 smaller than Dy 2 f(a)— D21 f(a). Since Dy o f —Da 1 f is continuous,
it is integrable on A. So

/ADLQf—DszZ/Aszs/Al:511(A)>O
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But by Fubini’s Theorem,

/ADl’Qf: /ab /cd Dy f(z,y)dyde
=K([i§mﬂ%w®)m

b
= / D, f(xz,d) — D1 f(z,c)dx

a

:f(bvd)*f(bvc)*f(avd)‘i’f(aﬂc)

Similarly,
d b
[ Dast= [ [ Dossiean
-/ " Daf(b.0) — Dafany)dy
— J(b.d) — fla.d) — f(b,) + Fla,0)
So

/AD172f—D271f:f(b,d)—f(b,c)—f(a,d)+f(a,c)—f(b,d)+f(a,d)—|—f(b,c)—f(a,c)
=0

contradiction. Thus Dy of — D21 f =0and Dyof = Do f. O]

Exercise 3-29 Use Fubini’s theorem to derive an expression for the volume of a
set of R? obtained by revolving a Jordan-measurable set in the yz-plane about the
z-axis.

Exercise 3-30 Let C' C [0,1] x [0, 1] contain at most one point on each horizontal

and each vertical line, with 9C = [0, 1] x [0, 1], as in [Exercise 1-17] Show that

/ (/ Xc(ﬂ:,y)dx>dy—/ (/ XC(fv,y)dy)dﬂc
[0,1] [0,1] [0,1] [0,1]

/ Xc

[0,1]x[0,1]

Proof. Fix some y € [0,1]. Then A intersects [0,1] x {y} at at most one point, so hy(z) =
xc(x,y) is zero everywhere except possibly one point. Thus it is nonzero at a finite number

but

does not exist.
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of points, so

/ xc(z,y)dz =0
[0,1]

/ (/ xC(x,y)dw> dy=0
[0,1] [0,1]

Similarly, for any « € [0, 1], A intersects {z} x [0, 1] at at most one point, so g.(y) = xc(z,y)
is nonzero at a finite number of points, so

SO

/ xc(z,y)dy =0
[0,1]

/ </ XC(xvy)dy> dw:/ </ XC(w,y)dx> dy=0
[0,1] [0,1] [0,1] [0,1]

On the other hand, 94 = [0,1] x [0,1] by assumption, which does not have measure zero
and thus x¢ is not integrable on [0, 1] x [0, 1]. O

and

Exercise 3-31 If A = [a1,b1] X ... X [an,b,] and f : A — R is continuous, define

F:A—Rby
Fo) = | f
la1,z1] X .. X [an,2p]

What is D;F(x) for « € int A?

Define G; : R — R by

Gl(y):F(y,xg,...,mn):/ f
la1,y]X...X[an,zn]

and g1 : R — R by
gl(y) :f(y75527-~~,$n)

Since f is continuous, we may apply Fubini’s theorem to write

Yy
aw=[ [/ Fpat, .. a") do | dy
a laz,za] X... X [@n,Txn]

(where 2% represents a variable being integrated against, as opposed to x; which is the ith
component of z). So by the Fundamental Theorem of Calculus,

G&(y):(/[ ] [ ]f(y,m2,...,x")dx>:/ / fly, 22, ... 2™ da™ ... da?
a2,T2|X...X|0n,Tn az an

We can make a similar argument for g; for any ¢, so that

T B T ) )
DiF(x):gg(y):/ // flt o at y a  a) da . day . da?
ai a; an
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where the strikethroughs indicate that the ith variables is not integrated against (that is,
we integrate against all other variables but hold x; constant).

Exercise 3-32 Let f : [a,b] X [¢,d] — R be continuous and suppose D5 f is continu-
ous. Define F(y) = fab f(z,y) da. Prove Leibnitz’s rule:

F'(y) =/ Dy f(x,y) dzx

Proof. Define g.(y) : [¢,d] = R by

gm(y) = f(xvy)

Then by definition,
9:(y) = Daf(2,y)

Since Ds f is continuous, by the Fundamental Theorem of Calculus,

£e9) = 0a) = 02(0) + [ Yty de = f o)+ / " Dof(a.tydt

F(y)—/ab (f(m,c)+/cyD2f(x,t)dt> dx—/abf(x,c)der/ab/cyDgf(:c,t)dtdx

Now, by Fubini’s Theorem we have

/:/cyD2f(37»t)dtd!E=/Cy/angf(x,t)dxdt

b ry y b b
F/(y):diy/ / Dgf(x,t)dtdx:diy/ / Dgf(:mt)dxdt:/ Dsof(z,y)dz O

So

SO

Exercise 3-33 If f : [a,b] X [¢,d] — R is continuous and Dy f is continuous, define

F(z,y) =/ ft,y)dt
(a) Find D1 F and Dy F.

(b) It G(z) = [77) f(t,x)dt, find G ().

(a) Define hy(z) = f(z,y). Let Fy(z) = F(z,y), so that D1 F(x,y) = Fy(z). Then
Fy(z) = F(z,y) = /w ft,y)dt = /w hy(t) dt
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so
d

DiF(e) = Fy(@) = a- [y dt = by o) = )

Now, define H,(y) = F(z,y) = [ f(t,y) dt, so that DoF(z,y) = H,(y). By Leibnitz’s
rule from [Exercise 3-32

DaF(a,y) = Holw) = [ Daft.y)t
(b) Here we have G(z) = F(g(x), ). By the Chain Rule,

G'(z) = D1F(g(x),2)g'(z) + D2F(g(x),z) = f(g(x),z)g'(z) + /z Do f(t,x) dt

Exercise 3-34 Let g1,¢92 : R2 — R be continuously differentiable and suppose

D1gs = D2g1. As in[Exercise 2-21] let
xZ Yy
fiery) = / g1(t,0) dt + / ga(w, 8) dt
0 0

Show that Dy f(x,y) = g1(z,y).

Proof. Differentiating term by term, the Fundamental Theorem of Calculus gives us

d x
— t,0)dt =
& | ood=n@o

Now, since gy is continuously differentiable, it is also continuous, so by Leibnitz’s Rule
(considering D; rather than Ds),

= [ i [ D
— | g2(x,t dt:/ Digo(x,t)dt
dx J, 0

By assumption, D1gs = Dagi, S0

y y
/ Dyga(w,t)dt = / Dagy (z,t) dt
0 0

Then by the Fundamental Theorem of Calculus,

d

d z Yy Yy
Difes) = 3 [ a0 atg [ dt = @0 [ Dt = ley) O
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Exercise 3-35

(a) Let g : R™ — R™ be a linear transformation of one of the following types:

{g(ei) =e, 1#]

g(e;) = aej,
g(ei) = e, i#
g(ej) = e; +ex,
gler) =ex, k#i,k#j
glei) = e;
glej) = e;

If U is a rectangle, show that v(g(U)) = |det g|v(U).

(b) Prove that v(g(U)) = |det g|v(U) for any linear transformation g : R — R"™.

.

(a) Proof. First note that the scaling factor of g is scale invariant, for any of the above
cases. For instance, let U = [a1,b1] X ... X [an,by]. Let x = (a1,...,a,). Then let
y € U. Since g is linear,

9(y) =9y —x+x) =gy — x) + g(x)

So g(U) = g(U — x) + g(x), and thus ¢g(U) is a translated version of g(U — x), which
has the same volume. Thus we may assume that U = [0,b1] X ... X [0, by].

Let 71» = b;e;, so that 71, .. .77n are the edges of U. Then ¢(U) is the rectangle
with edges given by 9(71), . 7g(?,l).

Case 1: We have

9(V i) = big(e:) = {bi% Z f]
abie;, i=17
so g(U) =[0,b1] x ... x [0,ab;] x ... x [0,b,]. Then
v(g(U)) =brba...abj...b, =a(by...b,) = av(U)

Now, the matrix of g is

1 0 0
0

9] = a
: . . .0
o ... ... 0 1]

$0
detg =det[g] = a
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Case 2: Since g is linear, it is continuous. Assume without loss of generality that
j=1land k=2. Then g(U) =V x [0,bs] x ... x [0,b,], where

V§R2:{(x,y):nggbl,xgygx—&—bg}

is a thombus. Then by Fubini’s Theorem, (letting M be any rectangle bounding g(U))

v(g(U)) = /M o)

b] l+b2 b3 bn
:/ / (/ / dxn...dx;g)dydx
0 Jzx 0 0
b] x+b2
:bg...bn/ / dy dx
0 T
b

=by...0p [ Do

0
=by...by
=v(U)

(1 0 0]
0 1

l9] = a
Do e )
o ... ... 0 1]

(where the off-diagonal 1 is an arbitrary off-diagonal location), which has determinant
1.

Case 3: We have

g(U)=10,b1] x ... x [0,b;] x...x [0,b;] x...x][0,by]
——— ——
ith position jth position

which has v(g(U)) = by ...b, = v(U). The matrix of g is simply the identity matrix
with two columns switched, so det g = —1 and |det g| = 1. O

(b) Proof. If detg = 0, then ¢g(U) has volume zero for any U. If detg # 0, then
RREF([g]) = I,. Moreover, note that the elementary row operations correspond

155



to the following matrices:

o -

a , scaling of a row
L 1_
L -

0 1

, TOW swap

1 0
L 1_
1

1 a

, addition of rows
1

The first two ERO matrices directly correspond to Cases 1 and 3, respectively.

For the third matrix, suppose the ERO in question sends R; to R; 4+ aR;. Then this
ERO matrix may be written as [g1][g2][g3], where g3 scales R; by a (Case 1), g2 is a
Case 2 transformation which sends e; to e; + e;, and g1 scales R; by 1/a (Case 1).

Thus any invertible transformation has a matrix which may be written as

9] = [g1] .- - [9x] RREF([g]) = [1] - - - [9k]

where each of the g is of one of the three types considered above. By the property of
the determinant,

det[g] = det([g1] - .- [gx]) = det([ga]) . . . det([gx])
By applying part a), we have

v(g(U)) = v(g1(-- - (9x(V))))
= ldet galo(ga(. .- (g6 (U))))
= |det g1]. .. |det gx|v(U)
= |det gy ...det g |v(U)
= |det g|v(U) O
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Exercise 3-36 (Cavalieri’s Principle) Let A and B be Jordan-measurable subsets of
R3. Let A. = {(z,v) : (z,y,¢) € A} and define B, similarly. Suppose each A. and
B, are Jordan-measurable and have the same area. Show that A and B have the
same volume.

Proof. Let M = [a1,b1] X a2, ba] X [ag, b3] be a closed rectangle which bounds both A and B.
Since A is Jordan-measurable, x 4 is integrable on M, and so is xg. By Fubini’s Theorem,

b3
/ XA:/ </ XA(x7y)dx>dy
M as [a1,b1]x [az,b2]

where our use of the integral sign is justified since A. is Jordan measurable. Then we may

write
/ xa(r,y)dr = / XA,
la1,b1] % [az,b2] la1,b1] % [az,b2]

This is precisely the area of A,, which by assumption is the area of B,. So

b3
/ XA:/ (/ XA(x,y)dx)dy
M as [a1,b1]x [az,b2]
b3
L ()
as [a1,b1]x[az,b2]

b3

v(4y)

3
b3

(By)

b3
/ dy
[a1,b1] ><[a2,b2]

b3
S )
[a1,b1] ><[a2,b2]

XB

I
\\\g\
S

I
g\

so v(A4) = v(B). O
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Exercise 3-37

(a)

Suppose that f:(0,1) — R is a nonnegative continuous function. Show that

ext f
(0,1)
exists if and only if
l1—e
I
sir(r)l‘*' = f
exists.
Define
1 1
e [1%1%1}

Suppose that f: R — R satisfies

(=D"

J1="%

and f = 0 outside of | J;=, A;. Suppose also that f does not change sign on the
interiors of any of the A,,. Show that

ext f
(0,1)

does not exist, but

lim ext/ f=—-In2
e—0t (e,1—¢)

Note: The hypothesis that f does not change sign is not included in Spivak’s
original exercise. Spivak’s exercise is incorrect as written, but this is not the
only possible hypothesis to rectify the issue.

(a) Proof. (=) Suppose that

exists. Let ® be some partition of unity subordinate to an admissible open cover O of
(0,1). Now, let € > 0. Then let ®. be the finite collection of ¢ € ® which are nonzero

ext f
(0,1)

on [g,1 —¢g]. Then we have

/:_Ef:/:_gf CEDS /:_Ecpf

ped, e,
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Now, since f is nonnegative, we have
1—¢
S [ s [ersX [ or-eaf g
e Cy, ped C, (0,1)

ped, pED,
1—¢ . . . .
So fs f is bounded above. Moreover, let ¢’ < . Since f is nonnegative, we have

/:Efé/;slf

SO

l—e
lim
e—=0t /. !
exists.
( <= Suppose that
l1—e
lim
e—=0t J f

exists. For any n € N| let

1 1 1 1
A, = |:2n+172n:| @] |:1_2n’1_2n+1:|

By there exists a C*° function ¢, such that ¢, > 0 on A, but ¢, =0
outside of some closed set contained in

1 1 1 1 1 1
2n+2’ on—1 U - 271—17 - on+2

which can be smoothly extended to have domain (—1,2). Now, (0,1) = J;=; 4;, so
for any « € (0,1) at least one ¢,, is nonzero at x. Moreover, it is clear that only
finitely many are nonzero at x. So

and we may define the C* function ¢, : (—1,2) — R by
on(T)
Un(2) = ==
" > im1 pilT)

Then ¥ = {41,1)9,...} is a partition of unity subordinate to the open cover

0= 1 1 P >
- 2n+2’ 27171 U - 2n71’ - 2n+2 I

Now, let Sk be the partial sum
k k
Sk::Z/ @n|f‘:Z/ @n|f|
n=1 C*Pn n=1 C‘Pn
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For each ¢; we have

SO
1
ps 1=e

2
f< lim f

e—=0t /.

k 1——L1 1——L_ k
k2 2kF2
Sk:Z/l (,01']0:/1 ZsDifS/
n=1"Y 3k+2 i=1

1—
1
PYE=] kT2 kT2

where the last inequality follows since f is nonnegative. Moreover, since f is nonneg-

ative we have
/ wif 20
c

Pi
so we have an increasing, bounded above series which thus converges. So f is extended
integrable on (0, 1). O

Proof. To show that

ext f
(0,1)

does not exist, we will exhibit a partition of unity ® subordinate to an admissible open

cover O of (0,1) such that
ext / f= / elfl
® Jo Z C,

ped

does not converge. Define

1 1 1 1
On = <2n+2’ Qn—l) U <1 - 2n—1’1 - 2n+2>

for each n, and let O = {O,,}nen be our open cover. By [Exercise 2-26| pick 1, so

that v,, > 0 on A,, but v¥,, = 0 outside of some closed set contained in O,,. Then only
finitely many (but at least one) 1; are nonzero at any given point = € (0,1), so write

- U ()
#n(®) = 5 S @

® = {p1, 2, ...} is our desired partition of unity subordinate to O.
Since [J;2, Ai = [1/2,1) and f = 0 outside of |J;—, A;, we have

1 1
supp(nl 1) € (1 g1~ s

/@n|f|=/supwnfl<pnf|=/A 1<pn|f|+/A @n|f+/An+lsOn|f|

en n— n

so that

J.
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(for n = 1 the first term is omitted). Letting

k
Sk:Z/ @il f
i=17Ce;

we have

Z/ @il f] = Sk
i=17Ce;
k

)3 (/ et [ e [ m)
k— k+1

— /A,%H|f|+z/ %lfl—kZ/ i 1| f|
S +Z/Ai il +Z/A cialf

R‘“

i=1

/ |f1(p2 + 1) +Z</ | F1(pit1 + @i + i 1)>+/ | fI(or + er-1)

; Ay
> [ 1flteat o) +Z(/_|f )

Note that by construction, ¢; and @2 are the only nonzero ¢ on Ay, and @;_1, @;, Yit1
are the only nonzero ¢ on A; for ¢ > 2. Thus this simplifies to

so (Sk) is the sequence of partial sums of the harmonic series, which diverges. Thus
exte f(o 1y f does not exist.

But in contrast, we have

ext/ f= / f+/
(e,1—¢) Z A; 1-1/2M 1— a)

where M is the largest integer such that 1 —1/2M < 1 —e¢. If M is even then we have

M-—1 M
f<ext / ;< / f
; /;17 (e,1—¢) ; A;

and if M is odd then

M-l M
;/Aif>eXt/(571_5)f>;/Aif
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SO

limext/ f= / f= —— = —1In2 O
e—0 (e,1—¢) ; Aq ; ¢

Exercise 3-38 Let A,, be a closed set contained in (n,n+1). Suppose that f : R — R

satisfies (1)
1)

‘/ f=—

A; ¢

and f = 0 outside of |J;2, A;. Find two partitions of unity @, ¥ for R such that

Z/waf

and

S| wf

»ew 7 Cv

both converge absolutely, but to different values.

Proof. First, pick C* functions g1, ga,... : R — [0,1] such that ¢; = 1 on A; and ¢; = 0
outside of a closed set contained in (i,i+1). Now, let ©,, = gan—1+ g2n. Then the collection
® = {1, ¥2,...}, together with appropriately chosen functions, forms a partition of unity
for R. We have

1 1

-1
N e R R e
/Cwn Coar s Cra Agn Aa, 2n—1  2n 4n? — 2n

Thus

o0 o0 1

If we instead pick ¥ = g1 and v, = gon + gon+1, then ¥ = {41, 19, ...} (with appropriately
chosen functions) forms a partition of unity and we similarly have

- > 1 1
t = + + =—1+) ————=——-—-In2
v /Rf Alf ; (/Af /A+ f ) ;4n2+2n 6

Both of the series indicated converge absolutely since they converge, and do not change
sign. O

Exercise 3-39 Prove Theorem without the assumption detw'(xz) # 0 using
Sard’s Theorem.

Proof. Suppose u : A — R"™ is injective and continuously differentiable, with A open. Let
C be the set of points © € A such that detw'(z) = 0. detw(z) is composed of products
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and sums of the partial derivatives, which are continuous, so x — det u/(z) is continuous.
So C' is a closed set in A, which means that A\ C is open in A and thus in R”. Then the
restriction of u to A\ C is an injective, continuously differentiable function defined on an
open set with detw'(z) # 0 for z € A\ C. By Theorem we have

ext/ f:ext/ (f ou)|detu|
u(A\C) A\C
Since u is injective, u(A\ C) = u(A) \ u(C). By Sard’s Theorem, u(C) has measure zero so

ext f= ext/ f+ext f= ext/ f
u(A) u(A)N\u(C) u(C) u(A)N\u(C)

Now, since (f o u)|detv’| = 0 on C, and

ext/ |det /| :ext/|detu’|
A\C A

By Sard’s Theorem, u(C) has measure zero. So we have

ext/ 1= ext/ 1= ext/ 1= ext/ |det | = ext/ |det u/|
u(A) u(A)\u(C) u(A\C) A\C A

Exercise 3-40

(a) If g : R™ — R" is continuously differentiable and det ¢’(a) # 0, prove that in
some open set containing a we can write g =T og, o...0 g1, where g; is of the
form

gl(x) = ($1, ©oog fl(x)v °ooo 77"71)
for some f; : R™ — R, and where T is a linear transformation.

Note: Spivak failed to require that g be C*.

(b) Show that if f; does not depend on x;,i # j, then we can take T' = I if and
only if ¢’(a) is diagonal.

Note: Spivak’s original question does not include the stipulation that f; does
not depend on the other variables, but it is incorrect as stated.

. .

(a) Proof. First note that it suffices to prove the case g’(a) = I. In the general case, we
would consider (Dg(a))~!og, and then g may be written as Dg(a) composed with the
representation produced in the identity case.

Recursively define the following:

gl(x) = (gl(x),xg,...,zn)
g2 (@) = (x1,9%(97 ' (2)), 23, .., 20)

gn(@) = (21, 21,997 (- (95 11(2)))))
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The fact that each g, 1 exists is by the Inverse Function Theorem, since each has
gi(a) = I and thus there is an open set around a where all g; are invertible. It follows
that

g:g"O...Ogl

(=) Suppose T' = I. Then if j # i, we have

Djgi(a) = Dj(g' o (97" o...0g;)(a))
=Djg'(g; " o...0g ) (a) Dj(g10...0gi-1)(a)
=0

=0

so ¢'(a) is diagonal.

( <) Suppose
a1

g'(a) =

where each a; is nonzero. Then g o [Dg(a)]~! satisfies

(90 [Dg(a)]™) (a) = ¢'(Dg(a)™ (a)lg' ([Dg(a)] " (a))] 7" =1

So we have g = g, 0...0g1 0 Dg(a). Since Dg(a) is of the form

Dg(a>:flo~-~ofn

we can write
g=gno...0g10fro...0f,
Since f; only depends on and changes the ith coordinate, and the same is true for g;,

we can freely interchange them so long as the relative order of g;, f; is preserved for
each i. So this becomes

g=(gnofn)o...o(g10 f1)

164



Define f: {r:r > 0} x (0,27) — R? by f(r,0) = (rcosf,rsin6).

(a) Show that f is injective, compute f’(r,6), and show that det f'(r,8) # 0 for all
(r,0). Show that f({r:r > 0}x(0,27))is theset A = {x <0 or z > 0,y # 0},
as in [Exercise 2-23i

(b) If P = f~1, show that P(x,y) = (r(z,y),0(x,y)), where

r(e,y) = Va4 1P

arctan £, x>0,y >0
m4arctan ¥,z <0
O(z,y) = ¢ 2r +arctan 4, >0,y <0
I z=0,y >0
37”, z=0,y <0

Find P’'(x,y). P is called the polar coordinate system on A.

(¢c) Let C C A be the region between the circles of radius r; and 7o and the half-
lines through 0 which make angles of #; and 6, with the z-axis. If h: C — R
is integrable and h(z,y) = g(r(z,y),0(x,y)), show that

ry 02
/ h = / / rg(r,0)dodr
C T1 91

If B, = {(z,y) : * + y* < r?}, show that

T 27
/ h= / / rg(r,0)do dr
B o Jo

(¢) If C, = [—r, 7] X [=r, 7], show that

/ e~ @) dz dy = (1l — e_Tz)
B,

r 2
/ e—(w2+y2) dzdy = </ e_gg2 dx)
C. —r

and

(e) Prove that

lim e~ @+ qy dy = lim e~ @+ 4y dy
r—00 Br r—00 Cr

[

— 00

and conclude that
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(a)

Proof. Suppose r1 cosfy = rocosfs and 71 sinf; = rosinfy. Then
72 = r2(cos® 0 + sin” 0;) = 13 (cos? Oy + sin? fy) = r2

S0 11 = T9. So sinfy = sinfy and cosf; = cosfs, and we conclude that 6; = 6. We

have
cosf —rsinf

sinf  rcosf

detf’(r,@):det[ ]:r00529+rsin29=r>0

f(r,0) € R?\ A only if y = 0 and 2 > 0, which implies sinf = 0 and cosf > 0 and

thus § = 0, or sinf = cos@ = 0 which is impossible. So f({r : r > 0} x (0,27)) C A.
Let A = (z,y). Then take

r =22+ y>?

arctan £, x>0,y >0
m4arctan 4,z <0
0 =q2r+arctan?, x>0,y <0
T rz=0,y >0
s =0,y <0
So AC f({r:r >0} x(0,27m)) and we have equality. O

Proof. Tt suffices to check that »(f(r,0)) = r and 6(f(r,0)) = 0. The first equality is
easy:

r(f(r,@))z\/r200529+r25in29:r
For the second:

0<f<§ = cos >0,sinf >0

7<0< ” = cosf <0

2 <9<2ﬂ' = cosf > 0,sinf < 0

=% = costl =0,sinf >0

0:37” = cosf =0,sinf <0

Since r > 0, all of the following remain true when cos 6 is replaced by f; and sin@ by
f2. So we have

0<0<% = 0(f(r,0)) = arctantan = ¢
7<9< 3 — 60(f(r,0)) = 7 + arctantant = ¢
3 <9<27T = 0(f(r,0)) =27 + arctantanf = 6
0=35 = 0(/(r ))23—9

0="5 = 0(f(r,0) =
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We have

x
v a? + y?
Y
\x2 + 92

1 ] ]
2 _ _ P L A
D) = Dibe) = (-12) =~

Dlpl(xay) = D1T($,y) =

Dy P! (z,y) = Dar(z,y) =

=8

1
2

Dy P?(z,y) = Dof(z,y) = (1;% ’
’ T =

x
= i z#0

SO

z Y
wa=[ﬁﬁf W?f
T

O

(c) Proof. Let C" = P(C) = (r1,72) % (0, 27), so that C = P~1C. Note also that h = goP.
P~ is continuously differentiable by the Inverse Function Theorem, so by the Change
of Variables theorem,

1 1
—_ P—l P—l / :/ P—l :/
/Ch //(ho )|det( )| Cl(ho )|detP/| c/g|detP,|

We can calculate,

z? 492 _ 1 1

NN

Lo oo™
’ (r1,r2)x(0,27)

By Fubini’s Theorem, this becomes

To 27
/h:/ / rg(r,0)dodr
C T1 0

Similarly, let Bl. = P(B,) = (0,7) x (0,27). By similar logic,

1 r 27
h:/ hoP~1 :/ gr:/ gr:/ / rg(r,6)dfdr O
/B,,, ,c( )|detP’\ ’ (0,r)% (0,2) o Jo (r.6)

(d) Proof. Using the result from part c),

T 2m T
/ e~ @+ 40 dy = / / re”" d0dr = / orre™ dr = —me " b= 71'(1—6_7"2)
B, 0o Jo 0
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det P'(z,y) =




By Fubini’s Theorem,

/Cre_(”’z”z)dxd /(/ e~ eV dy)d
[ ([ o )
-(L.

e ” dx) O

(e) Proof. The quantity e~ @ +v%) ig positive everywhere. So for any 7, there exists ' > r
such that C, C B,-, giving

/ e_(m2+y2)dxdy S/ e_(£2+y2)dxdy
Cr

ol

But we can also pick 7" so that B, C C,~ so that the other direction is true. This
shows that
lim e~ @) 4 dy = lim e~ @) 4y dy

r—00 Br r—00 C'r

Then we have

o0 9 ‘s 2
/ e % dr = lim e " dx

s r—oo [_.

= lim \// e~y dr dy
T—>00
= \/hm/ e~y dr dy
T—00

hm/ e+ dx dy

r—00

r2
=g e

=7 ]
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Definitions

k-tensor,

admissible,
alternating,
angle preserving, [76]

boundary, [6]

Cartesian product,
Cavalieri’s Principle,
characteristic function, 0]
closed,

closed k-cell, [f]

closed rectangle,
common refinement,
compact, [0]

component functions, |§|
composition,

content, 1]

content zero, [39]
continuous, [9]
continuously differentiable,

derivative,
differentiable,
directional derivative, [120)

Euclidean n-space,

extended integrable,
exterior, [0]

functional limit, [0]

image,

inner product, [} [64]

inner product preserving,
integrable, [33]
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integral,

interior, [6]

inverse,

iterated integrals, [A2]

Jacobian matrix, [I3]
Jordan-measurable,

Leibnitz’s rule,
level curve, 2§
lower integral,

measure zero, [34]

multilinear,

norm, [3]
norm preserving, [75]

Note:, [46]

opet, [

open k-cell,
open cover, [6]
open rectangle,
orthogonal,
orthonormal, [64]
oscillation,

partial derivative, [19]
partition, [3]]

partition of unity,

polar coordinate system, |165
preimage,

projection function, 9]

pullback, [63]
Pythagorean Identity,

refinement, [32]



sign, [65]

standard basis,
subcover, [f]
subordinate, [46]
subrectangles, [31]

Taylor polynomial,
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tensor product,

upper integral,

vector valued functions,
volume, [1]

wedge product, [67]
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