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Introduction

This document contains notes taken as personal self-study in Summer 2024 of the book
Calculus on Manifolds, by Michael Spivak. The notes closely follow the structure of Spivak’s

text.



Chapter 1

Euclidean Space

1.1 Vector Properties of Euclidean Space

In this course, we study functions over Euclidean space. We will assume knowledge of
most of the basic properties of the real numbers, and will only briefly introduce the basic
properties of Euclidean space.

Definition 1.1

Euclidean n-space, denoted R"”, is the set of n-tuples
(xl,x27 000 ,xn)

such that z; € R for each i.

Euclidean space is intended to align with the “standard” notions of space. That is, R!
is often referred to as the line, R? as the plane, and R? as space. Moreover, from linear
algebra we can see that R™ can be considered as an n-dimensional vector space over R, with
addition and scalar multiplication defined coordinate-wise, so elements of R™ will alternately
be called points or vectors. In fact, it is the canonical representative of n dimensional vector
spaces over R, further justifying its study. We denote by 0 or 0 the vector (0,0, ...,0).

Moreover, R™ is an example of a normed vector space. Specifically, we have

Definition 1.2

Given a vector x = (z1,...,2,) € R", define the norm of x, denoted |z|, by

|z| = /22 + ...+ 22

Note that for n = 1, the norm aligns with the standard absolute value of real numbers.
Briefly, we can verify that the norm as defined here indeed satisfies the definition of a norm
on a vector space:



Proposition 1.1

Let z,y € R”, and a € R be arbitrary. Then we have:
e |z| >0, with |z| = 0 if and only if 2 = 0.
o | >0 wiyi| < |xlly|, with equality if and only if z, y are linearly dependent.
o |z +y| <z + [yl

o |az| = |alz]

\. J

Beyond being a normed vector space, Euclidean space is also an inner product space.
We can define the inner product as follows:

Definition 1.3

Given two vectors z,y € R™, define the inner product of z and y, denoted (z,y),

as "
<]J, y> = Z TiYi
=1

Similarly, we can verify that this inner product satisfies the definitions of an inner prod-

uct:
Proposition 1.2

Let z,x1,29,y,y1,y2 € R" and a € R be arbitrary. Then we have:
* (z,y) = (y,z) (Symmetric)

° a(z,y) = (az,y) = (z,ay) (Bilinear)
<JI1 + x27y> = <.’I;1,y> + <$2,y>

(T, +y2) = (z,91) + (z,92)

(

o (z,x) >0, with (z,2) =0 if and only if = 0. (Positive definite)

Moreover, given our definitions of the norm and inner product, we can also identify
further properties:

Proposition 1.3

Let =,y € R™ be arbitrary. Then we have:

o (z,y) <|z[ly] (Cauchy-Schwarz Inequality)
° |z| = /(z,z)
o (z,y) = M (Polarization Identity)




Definition 1.4

The standard basis of R” is given by {e1,...,e,}, where (e;); = d;;, so that e; has
a 1 in the ith coordinate and 0 everywhere else.

Definition 1.5

Let T : R™ — R™ be a linear transformation. Then denote by [T] the n X m matrix
such that T'(x) = [T]x for each z € R™. In particular, the ith column of [T] is given
by T(ei).

Ife=(z1,...,2,)R™ and y = (y1,...,yn) € R™, then let us adopt the convention that
(z,y) is the concatenation (x1,...,Tm,y1,--.,yn) € RTT™
1.2 Topology of Euclidean Space

In many results in single variable analysis, we make use of open and closed intervals, denoted
[a,b] and (a,b). The analog of these intervals in R™ is the notion of a rectangle or k-cell.

Definition 1.6

Let A C R™, B C R". Then define the Cartesian product of A and B as A X
B = {(a,b) € R™*"|a € A,b € B}. Since this operation is associative, denote by
Ay X Ay X ... x A; the product of any number of sets.

Definition 1.7

A closed rectangle, closed box, or closed k-cell is a set of the form [a1,b1] X ... X
[an,bn] € RF. An open rectangle, open box, or open k-cell is a set of the form
(al,bl) X ... X (an,bn) - Rk

Then similarly to how we use open intervals to define a topology on R, we can use open
boxes to define a topology on R"™:

Definition 1.8

A set U C R™ is open if, for every point x € U, there is some open box B(z) C U
such that x € B(x). A set C' C R™ is closed if R \ C is open.




Remark

Note that because every open box has an open ball inside, and because every open
ball has an open box inside, the topology defined by open boxes on R" is the same
topology defined by open balls on R™. Thus, for z € R™ and r € R, denote by B,.(z)
the open n-ball with center x and radius r. That is, B,.(z) :={y e R" : |[z—y| < r}.
When the dimension is ambiguous, denote this , B,-(z). Then we can alternately use
open balls and open boxes as the definition of an open set, depending on which is
more convenient.

Definition 1.9

If A C R"™, then the interior of A is the set of points contained in an open rectangle
entirely in A.

int A := {x € R" : there exists an open rectangle B s.t. x € B C A}

Define the exterior of A to be the set of points contained in an open rectangle
entirely in R™ \ A.

ext A := {& € R" : there exists an open rectangle B s.t. z € BCR"\ A

Define the boundary of A to be the set of points where all open rectangles contain
points of both A and R™ \ A.

0A = {x € R" : V open rectangles B,x € B = BNA#@,BNR"\ A +# o}

Proposition 1.4

Every set of finitely many points in R" is closed.

Proof. Let C C R™ be a finite set. Let x € R™\ C be arbitrary. Then for each point y € C,
x # vy, so d(x,y) > 0. Then since there are only finitely many points in C, the quantity
d' = min{d(z,y)|y € C} is defined and greater than 0. So we can define an open ball with
radius d’'/2, which does not contain any points in C. Thus we have an open ball containing
x that is a subset of R™ \ C'. So R™\ C'is open and thus C is closed. O

Definition 1.10

An open cover of a set A is a collection O of open sets such that for any = € A,
x € U for some U € O. A subcover of O is a subcollection of O which is also a
cover for A.

Definition 1.11

A set K is compact if for any open cover O of K, there exists a finite subcover U

of O.




In particular, we can derive certain theorems to identify compact sets.

Theorem 1.5: Heine-Borel Theorem

The closed interval [a, b] is compact.

Proof. Let U be some open cover of [a,b]. Then consider the set
A ={z €a,b] : [a,z] is covered by a finite number of sets in U}

The goal is to prove that b € A. First, consider o« = sup A (since this set is bounded above
and nonempty). We have oo < b, so « € [a,b] and thus a € Uy for some U; € U. Since Uy
is open and « is the supremum of A, there is some a < x < « with x € U;. Then we have
x € A, so some finite number of open sets in U cover [a, z], and U; covers [z, ], so a finite
number of sets cover [a, @] and thus « € A.

Now suppose « < b. Then there is some y € Uy such that o < y < b. But if [a, o] is covered
by a finite number of open sets, then so is [a,y], so y € A, contradicting o = sup A. So we
must have a = b, completing the proof. O

Note that if B € R™ is compact and « € R™, then the set {x} x B is clearly compact.
gMoreover, given any cover of {z} x B, the finite subcovers have a “minimum width”:

Theorem 1.6

If B C R™ is compact and = € R™, then given any open cover U of {x} x B, there
is some open set U € R™ such that U x B is covered by a finite number of sets in U.

Proof. Take some finite subcover U’ of Y. Then we just need to find a set U such that U x B
is covered by U’.

For each y € B, (z,y) is in some open set O € U’, so there is an open box U, x V, such
that (z,y) € U, x V; € O. Then consider the collection (V,)ycp. This set covers B,
which is compact, so we can pick a finite number Vy,...,V,. Let U = (\U;. Then for any
(z1,y1) € U x B, we have y; € V; for some 1 <i <mn, and x1 € U;, so x1 € U; x V; C O for
some O’ € Y’. Thus U’ covers U x B. O

If ACR" and B C R™ are compact, then A x B C R™" is compact.

Proof. Let O be some open cover of A x B. Then for each x € A, O covers {x} x B, so there
is some U, such that a finite subcover O1,..., Ok, covers U, x B and = € U,. Then the
collection (U;)zea covers A, so there is a finite subcover Uy, ,...,U,, that covers A. Then
the sets O14,, ..., Ogays- -+ O1ay5 - -+, Opr; form a finite subcover of O that covers A x B.
So A x B is compact. O



A product A; x ... x Ay is compact if each A; is. A closed rectangle is compact.

Proof. Induct on k using the previous corollary. O

This gives an important result which allows us to work with compactness much more
easily in R™ (though it is not necessarily true for other topological vector spaces).

Theorem 1.7

A set K C R"™ is compact if and only if it is closed and bounded.

Proof. ( =) Suppose K C R™ is compact. The collection of open rectangles (i — 1,4 +
Dx(G—-1,741)...x(k—=1,k+1) for i,j,...,k € Z covers R, so it covers K. Then a finite
number of these boxes covers K, so it is bounded.

( <) Suppose K C R" is closed and bounded. Then there exists a closed rectangle B
with K C B. From the previous corollary, we know that B is compact. Then take some
cover of K, O = {O0x,...}. Now let U consist of all the sets in O, as well as the set R" \ K
(which is open since K is closed). U covers R™, so it covers B. Then we can take a finite
subcollection U’ of U. Then U’ covers B as well as K, and in order to create a subcollection
of O, we simply remove R"™ \ K if it is in U’ to get O’. So K is compact. O

1.3 Functions and Continuity

In this section, we study vector valued functions, which are functions f : R™ — R™, or
more generally, f: A — B for some A C R"™ and B C R™. We briefly list a few definitions
related to these functions that should be familiar to the reader.

Definition 1.12

If f: A— B, then the image of C C A is f(C) = {f(x) : z € C}. The preimage
of DCBis f/1(D)={ye A: f(y) € D}.

Definition 1.13

If f:A— R™and g: B— R" with B C R™, then the composition is defined as
(g0 £)(@) = g(f(x)), with domain AN f~(B).

Definition 1.14

If f : R™ — R™ is one-to-one, then the inverse of f is the function f~1 : f(R") — R"®
which takes z € f(R™) to the unique y € R™ such that f(y) = z.

In addition to studying a vector valued function f, we can also study the component
functions which encode its behavior on each axis individually.



Definition 1.15

If f: A — R™, then f defines m component functions f',f2,...,f™ such
that f(z) = (fY(x),...,f™(x)). Similarly, for any functions gi,...,gm : A — R,
we denote by (g1,-..,9m) the function f : A — R™ which satisfies f(z) =

(gl(x)v ce 7gm(x))'

Note that the above definition implies that we can write f = (f1,..., f™).

Definition 1.16

Let m: R" — R" be the identity function. Then m = (mt,..., 7). Then 7 is called
the i-th projection function, such that 7*(x) gives the ith coordinate of x.

With the above out of the way, we now turn our attention to limits of functions, which
will prove important as we continue our study of multivariate calculus.

Definition 1.17

We write lim,_,, f(z) = b (the functional limit) if, for any ¢ > 0 there exists
d = d(e) > 0 such that whenever 0 < |z — a| < d, we have |f(z) —b| < e.

Just as the above definition is reproduced from single-variable analysis (with the ex-
ception of generalizing the notion of distance in R™), we have an analogous definition of
continuity:

Definition 1.18

A function f: A — R™ is continuous at a point a € A if lim,_,, f(z) = f(a). If f
is continuous at each a € A, we simply say that f is continuous.

Alternatively, we can utilize the topological nature of R™, which we discussed in the last
section, to characterize continuity using the topological definition instead.

Proposition 1.8

A function f: A — R™ for A C R" is continuous if and only if for every open set
U C R™, there is an open set V C R” such that f~1(U) = V N A.

Proof. ( = ) Suppose f is continuous. Then let U C R™. For each point x € f~1(U),
f(z) € U which is open. Thus, there is an open ball B, (f(z)) C U, there is an open ball
Be,(f(x)) € U, and a corresponding open ball Bs, (z) C f~1(B.,(f(z))). Then the set
V' =U,es-1(v) Bs.(x) is an open set.

Moreover, by construction, for any point y € VN A, y € By, (x) for some z, implying that
f(y) € B, (f(x)) C U (which is defined since y € A). So VN A C f~1(U). For any point
z € f~Y(U), z € Bs,(z), so x € V. Moreover, any point in f~1(U) is in the domain of f,



sox € VN A, and thus f~1(U) =V N A.

( <= ) Suppose every open set U C R™ has an associated open set V' C R™ such that
f~YU) =V N A. Then pick a point a € A, and let € > 0 be arbitrary. Then the open ball
B.(f(a)) has an associated open set V. Moreover, a € B.(f(a)) = a € VNA = a €V,
so there exists an open ball Bs(a) C V. Then for any z € A with |[z—a| < J, x € Bs(a) CV,
s02 € f~1(B.(f(a)), and thus f(z) € B.(f(a). So lim, s f(z) = f(a). 0

When A = R", this condition can be phrased as saying “the preimage of every open set
is open.” Analogously, a function f : R™ — R™ is continuous if and only if the preimage of
every closed set is closed. Note that it is not necessarily true that the image of every open
set is open. For instance, the function f(x) = x? maps the open set R to the set [0, 00),
which is not open. However, this condition does imply that for any open set which is not
also closed (the only examples are @ and R™), the image is not closed. Thus, continuity
allows us to infer openness backward through the function.

In contrast, compactness is passed forward through continuous functions, which is another
reason that it is useful for our study.

Theorem 1.9

If f: A— R™ is continuous and A C R"™ is compact, then f(A) is compact.

Proof. Pick an open cover O of f(A). Then by the proposition, for each open set O € O
there exists an open set U € R™ such that U N A = f~1(O). Then the collection U of all
such U covers A, so we pick a finite number Uy, ...,U,. Then the finite cover Oq,...,0,
cover f(A). So f(A) is compact. O

One disadvantage of these definitions of continuity is that they are binary in nature: a
function is either continuous or discontinuous at a certain point. The following definition
allows us to measure how discontinuous a function is at a certain point.

Definition 1.19

Let f: A — R™ with A C R™ bounded, and let a € A. Define
M(f,a,0) =sup{f(z):x € A,|z—a| <0}, m(f,a,6) =inf{f(y) :y € A,|y—al| <4}
Then the oscillation of f at a, denoted o(f,a), is defined as

O(fa CL) = }%[M(f7 a, 5) - m(fa a, 5)]

which always converges since it decreases as § — 0 and is bounded below by 0.

In agreement with the intuition for o(f, a) as measuring the discontinuity of f at a, we
have the following theorem:

10



Theorem 1.10

A function f: A — R™ with A C R™ bounded is continuous at a € A if and only if

o(f,a) =0.

Proof. (=) Suppose f is continuous at a. Let ¢ > 0 be arbitrary. Then there exists § > 0
such that for any x € A with | — a| < §, we have

£@) ~ F@)] <e/2 = fla) ~ & < fa) < f(a) +
Then M(f,a,6)—m(f,a,d) < e. Soo(f,a) < e for every positive e, and of course o( f,a) > 0,

so o(f,a) = 0.

( <= ) Suppose o(f,a) = 0. Then let ¢ > 0 be arbitrary. Since lims_,o[M(f,a,d) —
m(f,a,d)] = 0, we can pick ¢ such that M(f,a,d) — m(f,a,6) < e. Then for any z € A
with |z —a| <4,

flx) < M(f,a,0) <e+m(f,a,d) <e+ f(a)

Similarly, f(x) > f(a) —e. So |f(x) — f(a)| < e. Thus f is continuous at a. O

Proposition 1.11

Let A C R™ be closed, and let f : A — R™ be bounded. For ¢ > 0, the set
O, ={x € A:o(f,x) > e} is closed.

Proof. We wish to show that R™ \ O, is open. Pick a point y € R"\ O.. If y ¢ A, then
y € R™\ A open so there exists an open rectangle B C R™ \ A C R™\ O, such that y € B.

If y € A, then o(f,y) < e. Then there exists Bs(y) with M(f,y,0) — m(f,y,0) < e. 1
claim that any point z € Bs(y) has o(f,2) < e. Pick ¢’ small enough that By (z) C Bs(y).
Then M(faza(sl) < M(f,y,é) and m(f,z,é') > m(f7275)7 S0 M(fwza(;/) - m(f,z,é)' <
M(f,y,0) —m(f,y,0) <e. So o(f,z) < ¢, and thus Bs(y) C R™\ O, so R™\ O; is closed
and O is open. O

11



Chapter 2

Differentiation

2.1 Basic Definitions

We now turn our attention to the first major topic of this book; namely, the generalization
of differentiation to functions of the form f : R™ — R™. To do so, first recall that f : R — R
is differentiable at a € R if there exists a number f’(a) such that

_ flat+h)—fla)
1 =
R F
We cannot directly use this formula to define vector valued differentiation. First, the quo-
tient would not even make sense when dividing vectors, and even if absolute value bars are

taken, it would often be the case that this limit does not exist. However, we can rearrange

this equation as
o S h) = f(@) = f/(@)h

=0
h—0 h

In other words, our new condition is that there is a linear transformation A(h) = f'(a)(h)

such that
L flath) — fla) = A(h)

=0
h—0 h

Conceptually, this is the statement that f is approximated well near a by f(a)+ A. This
interpretation extends nicely to higher dimensions:

Definition 2.1

A function f : R™ — R™ is differentiable at a € R if there exists a linear trans-
formation A : R® — R™ such that

o @t h) = fla) = A(b)

h—0 |h] =0

In this case, A is denoted D f(a) and is called the derivative of f at a.

To justify uniqueness, we prove the following.

12



Proposition 2.1

If f: R™ — R™ is differentiable at a € R™ then there exists a unique linear transfor-
mation A : R™ — R™ such that

1o @t h) = f(a) = A(w)

=0
h—0 |h|

Proof. Existence follows from the definition of differentiability. Suppose that A, i are two
linear transformations which satisfy the above. Then we have

A = p)] A + f(@) = fa+B) = plh) = [(a) + fla+ D)

h—0 |h h—0 |h)
<t L@ ) = F@ = MR I f @t B) — (o) — p(h)]
h—0 |h h—0 |h|
=0

Picking any = # 0 € R", and any ¢ # 0,

Ax) = ()]t [A@) — ()] _ |\(t) — (i)
E il tal

But we just showed that
(A(tz) — p(ta)|

lim =0
t—0 |tx|
and W is constant so it must be 0. Thus
Az) —
RPN .
T

We also are often interested in the matrix form of D f(a), so we give it a special notation.

Definition 2.2

If f: R™ — R™ is differentiable, then the Jacobian matrix of f is the m x n matrix

f'(a) = [Df(a)]

Lastly, we note that although many of the theorems presented in this chapter will assume
that f is defined on all of R™, it is often only necessary that f is defined on an open set
containing a, so we lose little generality.

2.2 Basic Theorems
As in single variable analysis, the ¢ — § definition of continuity is often quite cumbersome

to work with in practice. Thus, we present a number of theorems in this section which will
allow us to easily prove differentiability and calculate derivatives.

13



Theorem 2.2: Chain Rule

Suppose f : R®™ — R™ is differentfiable at a, and suppose g : R™ — RP is differ-
entiable at f(a). Then go f : R™ — RP? is differentiable at a with derivative given
by

D(go f)(a) = Dg(f(a)) o Df(a)

which can also be written

(go f)(a) =¢'(f(a))- f'(a)

When n = m = p = 1, this reduces to the single variable form of the chain rule.

Proof. Here, it will be more convenient to work with the errors of these functions relative
to their derivatives:

p(x) = f(x) = fla) - Df( )(z —a)

U(z) = g(z) —g(f(a)) — ( (a))(z —a)
p(x) = g(f(x)) — g(f(a)) = Dg(f(a))(Df(a)(z — a))
By the definition of the derivatives, we know that
L@l

T—ra ‘x — a|

L )
z— f(a) ‘fE - f(a)\

We want to show that

iy 2
Expanding and using linearity, we have
p(z) = g(f(x)) —g(f(a)) — Dg(f(a))(Df(a)(z — a))
= 9(f(x)) = 9(f(a)) — Dg(f(a))(f(x) — f(a) — ¢(x))
=9(f(x)) —g(f(a)) = Dg(f(a))(f(x) = f(a)) + Dg(f(a))(¢(x))
= ¢(f(x)) + Dy(f(a))(o(z))
Let € > 0 be arbitrary. Then there exists § > 0 such that whenever |f(x) — f(a)| <&,

[(f ()] <elf(z) = f(a)l

Since f is continuous, there exists ¢’ > 0 such that whenever |z —a| < &', |f(z) — f(a)] < 4.
Then whenever |z — a| < ¢,

[W(f(@)| <elf(z) = f(a)l
= elp(x) + Df(a)(z — a)
<elp(@)| +e[Df(a)(z - a)]

14



By there exists M7 such that
[Df(a)(z —a)| < M|z —a

so we have
[W(f(2)] < e(le(z)] + Milz — al)
Thus
o< U@ __le@l ,
|z — al |z — al
SO
0< limM SslimM—i—eMl:aMl
z—a |x — a,| r—a |x — a|

for all € > 0, and thus we have

z—a |x — al

)

For the second term,

i IDIF@) @) Dl @) ()] o)

z=a Jz—al z—a o ()] |z —al
Since Dg(f(a)) is linear, |[Exercise 1-10| tells us that there exists M > 0 such that for any h
D h
Do _

so the first factor is bounded, and the second goes to zero, so we have

o P9 @) (e(@))

=0
z—a |z — al
and thus
@)l
T—a |a; — a|
which implies that
D(go f)(a) = Dg(f(a)) o Df(a) O

15



Theorem 2.3

1. If f:R™ — R™ is a constant function, then
Df(a) =0

2. If f:R™ — R™ is a linear transformation, then
Df(a) = f

3. If f : R™ — R™, then f is differentiable at a € R™ if and only if each component
function f* is, and in this case

Df(a) = (Df'(a),...,Df™(a))
In matrix form, f/(a) is an m x n matrix with (f%)'(a) as its ith row.

4. Let s : R? — R be the sum function, defined by s(z,y) = x +y. Then

Ds(a,b) =s

5. Let p: R? — R be the product function, defined by p(x,y) = xy. Then

Dp(a,b)(z,y) = bx + ay

1. Proof. Suppose f is constant. Let a € R™ be arbitrary. Then

i @) = fl@) =0 _ o

r—a |:L‘ — a| r—a

so Df(a) = 0. O
2. Proof. Suppose f is linear. Let a € R™ be arbitrary. Then
@) = f@) -~ fe—a) S —a) -~ fz - a)]

T—a |{L‘ — CL| T—a |.’L' - a‘|

so Df(a) = f. O

=0

3. Proof. (=) Suppose [ : R® — R™ is differentiable at a € R™. Then any component
function f*:R"™ — R is simply the composition 7 o f, where 7% is the ith projection
function. 7 is linear, so by part 2 of this theorem it is also differentiable, and the
chain rule tells us that f* = 7o f is also differentiable.

( <) Now suppose each component function is differentiable at a € R™, and define

A= (Df'(a),...,Df"(a))
Then the function f(a + h) — f(a) — A(h) has components

(f'(a+h) = fi(a) = Df'(a)(h),.... f™(a+h) = f"(a) = Df™(a)(h))

16



so that

|[fla+h) = f(a) = AR)| < Y |f (a+h) = fi(a) = Df'(a)(h)]

i=1

and thus
g @0 = 5@ =MD (PGt k) = £ = DE@0]
h—0 |h| | h—0 |h‘
so that
Df(a) = (Df'(a),...,Df™(a)) O
4. Proof. s is linear, so this follows from part 2. O
5. Proof. Let A(z,y) = bx + ay. Then
(h,k)—0 |(h, k)| (hk)—0 |(h, k)|
) h? + k?
< lim —
(h,k)—0 \/h2 + k2
= lim VhZ+Ek?
(h,k)—0
=0 L]

Using the sum and product functions, we can now prove the multivariate equivalent of the
sum and product rules from single variable analysis.

Theorem 2.4

If f,g: R™ — R are differentiable at a € R™, then

D(f +g)(a) = Df(a) + Dg(a)

and

D(fg)(a) = g(a)Df(a) + f(a)Dg(a)
If g(a) # 0, then
9(a)Df(a) — f(a)Dg(a)

Proof. Note that we can express sums and products of (R-valued functions) as compositions
of the functions with the functions s, p : R — R from the previous theorem.

Specifically, f + g = so (f,g). Then

D(f +g)(a) = D(s 0 (f,9))(a)
= Ds(f(a),g(a)) o D(f,g)(a)
= so(Df(a),Dg(a))
= Df(a) + Dg(a)

17



Similarly, fg = po (f,g), Then

Finally, let A : R\ {0} — R be defined by = — 1/x. Since we know g(a) # 0, then we have
f/g = f*(hog). We also know from single variable calculus that Dh(x) = —x—12. Using the
product rule we just derived, we have

D(#/g)(a) = D(f * (o g))(0)
= (o g)(@ D (@) + f(@D(h o g)(a)
= PH + @Dh(s(@)Data)
_g@Df(@) _ f@Dy(o)

WP P
_ g@)Di(@) ~ f(@)Dgla)
(e

O

The above theorems allow us, at least in theory, to differentiate vector-valued functions
which have components given by sums, products, and quotients of the input components, as
well as of single-variable differentiable functions and compositions thereof. However, using
the rules above is not always the most convenient in practice.

Example 2.1

Let f: R?2 — R be defined by
f(a,y) = sin(zy?) = sino(x - [7%]?)

Then we have

I
Q
(@]
2]

—
IS
IS

)
—
S
N
[\
Q
=
S~—

= (b cos(ab?), 2ab cos(ab?))
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2.3 Partial Derivatives

Although the results of the previous section are helpful in assuring us of differentiability of
functions, the application of those theorems is often not very efficient, as can be seen in the
example at the end of the previous section. Thus, we instead develop the theory of partial
derivatives, which will allows us to differentiate these functions much more quickly.

Definition 2.3

If f:R* - R and d € R™, then the i-th partial derivative of f at @, if it exists,
is the limit
— —
he;) —
h—0 h

In other words, the ith partial derivative is the single variable derivative of the function
gi(x) = f(a1,...,x,...,a,) which is produced by treating all the variables except the ith
as constant.

Let f(z,y) = sin(zy?). Then by treating y as constant,
D1 f(z,y) = y* sin(zy?)
and treating x as constant,

D f(z,y) = 2zysin(zy?)

Let f(z,y) = z¥. Then treating y as constant,
Dy f(z,y) = ya¥ ™!

Treating x as constant,
Dsf(x,y) =2YInx

Assuming that D; f exists at all points in R™, we obtain another function R” — R, and
thus we can attempt to take another partial derivative of this function. The notation for
repeated partial differentiation is ”inside out,” that is,

Di(Dif)(x) = Di; f(x)

However, the order of mixed partial derivatives is irrelevant for many common functions:
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Theorem 2.5

If D; ;f and D;;f are continuous in an open set containing @, then

D;;f(d)=D;if(Q)

Proof. This proof is O

By repeatedly taking mixed partial derivatives of higher orders, we can continue to apply
this theorem. In particular, if each partial derivative of f of each order is continuous, then
f is said to be C'*°. In this case, the order of partial differentiation is always irrelevant.

Theorem 2.6

Let A CR"™ If f: A — R attains a maximum (or minimum) at a point @ € int A
and D, f(d) exists, then D; f(d) = 0.

Proof. Let g; : R — R be defined by
gi(z) = (a1,...,2,...,an)

Then g; is defined in an open interval around «a;, and attains a maximum there, so g}(a;) = 0,
and thus D; f(@) = g}(a;) = 0. O

As in single variable calculus, the above theorem only gives candidate extremal points.
Moreover, we still have to check boundary points separately. However, when in single
variable calculus this was only a problem of evaluating a function at 2 points, in multivariable
calculus, the boundary may not be discrete at all.

2.4 Derivatives

By computing some partial derivatives of functions and comparing them to their derivatives,
the reader may observe a correspondence between the two. Of course, this correspondence,
which allows for the easy computation of derivatives, was our original motivation for studying
partial derivatives. Thus we are retroactively justified in this study, and this correspondence
can be summarized in the following theorem:

If f:R™ — R™ is differentiable at e R™, then Djfi(ﬁ) exists for 1 <i<m,1<
j <mn,and f/() is the m x n matrix where [f'(@)];; = D, f(a).

Proof. We only need to prove this for the case m = 1, since we already know that the ith
row of f/(d) is given by (f%)(a;).
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Fix j, and let i : R — R” be defined by h(t) = @ + te;. Then D;f(d) = D(f o h)(0). By
the chain rule,
o h)'(0)
(h(0))h'(0)
0

D;f(a@)=(f
=f

- @)
1

The right side of this equation is the jth entry of ]"(7)7 showing that D; f(a) exists. This
extends easily for all m. O

While the converse of this theorem is false, we can add another condition to make it
true.

Definition 2.4

If f:R™ — R™, then f is called continuously differentiable at a if all D;f%(z)
exist in an open set containing a and if each function D; f* is continuous at a.

Theorem 2.8

If f:R™ — R™ is continuously differentiable at a, then D f(a) exists.

Proof. Suppose f is continuously differentiable at d. Then each D; fz(ﬁ) exists. Define
A R™ — R™ by

Mz, .. my) = ZDJf (d)xj, ..,ZDjfm(ﬁ)x]
j=1 j=1
Then we have
— — , — n i
@ @ x| & |F@ R - F@) - S D@ )y

Lim = < Z—1>1m -

h —0 ‘h’ i=1 h —0 ‘h‘
Thus it is sufficient to consider the case m = 1. When h = (hy,...,h,), define [h]F =

(h1,...,hg,0,...,0) € R™. Then we can telescope:

F@+ T~ £@) =3 £ (7 + BF) - £ (@ + (B

k=1



for all j. Fix some j. Then define g; : R — R™ by
9i(x) = flar +his o1+ hjor, a5 + 2,041, an)

_>
Since f is continuously differentiable, we can pick h small enough that D;f exists at

@+ [ﬁ]j_l. Then D, f(d + [ﬁ]j_l) = ¢(0), so we have
|A@ +TRY) 5@+ (R - Dy @y 195(5) — ;(0) — D (@)
lim — = lim m—
h—0 ‘ h ‘

h;—0 |1y
%
< i 19500 = 5O =GO 100y~ Df (@)
= lim [¢}(0) — D ()
J

=0

where the fourth line follows since g; is differentiable at 0, and the last equality because
D;f is continuous at a;. Thus Df(a) = X exists. O

The above theorem, in combination with the Chain Rule, allows us to derive a specific
version of the Chain Rule that allows us to bypass checking for differentiability when the
partial derivatives are known.

Corollary 2.9

Let g1,...,9m : R™ — R be continuously differentiable at a, and let f : R™ — R be
differentiable at (gi(a),...,gm(a)). Let F : R™ — R be defined by

F(a) = f(gl(a)a oo 7gm(a))
Then .
DzF(a) = ZDjf(gl(a)v cee ,gm(a)) . Digj(a)
j=1
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Proof. Define g : R — R™ by g = (¢1,...,9m). Then F = fog. Since g1,...,gm are
continuously differentiable, g is continuously differentiable, so it is differentiable. Thus the
Chain Rule tells us that

F'(a) = (fog)'(a) = ['(9(a))g'(a)
Matrix multiplication tells us that
[F' (@i = Y[ (9(a)hly' (@)
j=1
Moreover, Theorem [2.7] tells us that
[F'(a)l1i = DiF (a)
['(9(a))l1; = D; f(g(a))
l9'(a))ji = Dig’ (a) = Dig;(a)

Thus we conclude that

O

DiF(a) =Y D;f(g1(a),...,gm(a)) - Dig;(a)
j=1

Example 2.4

Let f(x,y,2) = zyz, and let g1(a,b) = asinb, g2(a,b) = bcosa, gz(a,b) = a®h. Then

0

%(f 0g) » = D1(f o g)(a,b)

= le(g(a'7 b))Dlgl (a? b) + DQf(g(a7 b))DIQQ(a’ b) + D3f(g(a7 b))Dlg3(a? b)
4b2 2b2

= a®b? cosasinb — a*b? sinbsina + 3a?b? sinbcosa

\ J

In cases where one or more of the g; do not explicitly depend on all of the variables, the
derivatives with respect to those variables is zero.

Example 2.5

Let f(z,y,2) = xyz, and let g1(a,b) = ab, g2(a) = a, g3(b) = b. Replacing D; with
D, for clarity, we consider

Dag3(b) = 07 DbQQ(a) =0
Thus
Da(f o g)(a,b) = D1f(g(a,b))Dagi(a,b) + D2 f(g(a,b))Dagz(a)
= ab® + ab®
= 2ab?




(This can be formally established by writing g»(a,b) = a, g3(a,b) = b, but this is
generally unnecessary.)

2.5 Inverse Functions

In [Exercise 2-16] we began our study of inverse functions, showing that in the case that
f:R™ = R" is differentiable with a differentiable inverse f=!:R" — R",

(f )@ = [f'(f @)™

However, the requirement that f has an inverse, and that both are differentiable is a rela-
tively stringent condition. Thus, it is of interest to us to identify when the above equality
may be obtained under weaker conditions. In particular, the requirement that f is invertible
is a strong global condition. However, it can be weakened by instead requiring that f is
invertible locally; that is, the restriction of f to a sufficiently small open set is invertible.
Thus, it falls to us to determine the conditions where this occurs.

Consider the case of f : R — R. We would like our conditions to be in terms of the differen-
tiability of f, since that is what we have studied so far. One observation that we can make
is that if f is strictly increasing or decreasing on a small interval, it is 1-1 on that interval.
In other words, if f/(x) > 0 in an interval around a, then f is invertible in that interval,
and similarly if f/(z) < 0. Moreover, if f is continuously differentiable, then f’(a) > 0 is
sufficient to conclude that f(z) > 0 in an interval around a. This leads to our multivariate
generaliziation, but it will take some work to arrive there.

Lemma 2.10

Let A C R" be a rectangle and let f : A — R"™ be continuously differentiable. If
there is a number M > 0 such that |D; fi(x)| < M for all z € int A4, then

f(x) — f(y)] < n*M]z —y|

for all z,y € A.

Proof. First, we have

|f(z) = f(y)| < Z (@) = [ ()

Now, let z = y —  and define hiz(t) = fi(x +tz), so that h2(0) = fi(x) and hi(1) = fi(y).
Since f? is differentiable (this follows from Theorem , we know that the directional

derivative D, fi(z) exists, and moreover that k' (t) = D.fi(z + tz) (see [Exercise 2-35)).

Thus
1 1
|fi(y) = fi(@)] = |h*(0) = h'(1)| = /O hi/(t)dt‘Z /0 szi(m+tZ)dt’

24



We also showed in that D, is linear with respect to direction, so we can expand
this:

‘/01 szi(x—l—tz)dt‘ = /01 iszjfi(x—th)dt

sz iz +tz)dt ‘

§Z|zj| / Djfi(m—ktz)dt‘
j=1 0

< lylM
j=1

<>l
j=1

=nMly — x|
Thus we have A ‘
If'(y) — f'(z)] < nMly — z|

Combining this with our first inequality, we have

[f(z) = f(y)| < Zlfi(m) — ') <Y nMly —z| =n*Mly — | H

i=1

Lemma [2.10] provides the necessary machinery to extend our result about locally invert-
ible functions to the multivariate case:

Theorem 2.11: Inverse Function Theorem

Suppose that f : R™ — R" is continuously differentiable in an open set containing
a, and det f'(a) # 0. Then there is an open set V containing a and an open set W
containing f(a) such that f : V — W has a continuous inverse f~!: W — V which
is differentiable and for all y € W satisfies

'@ =™

Briefly speaking, this theorem says that so long as f’(a) is nonsingular, then we can find
a restriction to a small open set where f is invertible and the derivative condition is met.

Proof. Let A = Df(a). Since det f'(a) # 0, A is invertible. Now suppose that the theorem
is true for A\=! o f. Then letting ¢ = (A" o f)~1, I claim that ¢ o A™! = f~1. To see this,
we check that ¢ o A=! is both a left and right identity:

(poA™of=("of) oA o f)=id
fo(porx™)=fofloror=id
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Moreover, this composition is continuous and differentiable, so if the theorem holds for
A~ 1o f, it holds for f. Thus it suffices to prove the case where X is the identity.

Now we know that
o (@ th) = f(a) = A(0)

h—0 || =0

so we can choose a small closed rectangle U containing a such that

[f(a+h) = fla) = Mh)|

<1
|h

Now suppose for contradiction that there exists € U with f(z) = f(a). Then we would
have

[f(z) = fl@) =Mz —a)| _ Jx—a| _

|z — a |z —a|

which contradicts the inequality we just established for U. So f(x) # f(a) forallx # a € U.

1

Now note that = +— det f/(x) consists of sums and products of continuous functions (each
D;f* exists and is continuous since f is continuously differentiable), so it is continuous.
Thus we can also choose U small enough such that det f'(z) # 0 for x € U.

Lastly, since f is continuously differentiable, we can pick U small enough such that for any
1,7 and x € U we have

i i 1
1D f*(x) = Djf*(a)] < m2
Next, let g(z) = f(x) — 2. Then since D f(a) = id, for any = € int A we have

, , s , , 1

|1Dj9"(2)| = |D; f'(z) — Djid*(z)| = |D; f*(z) = Dif'(a)| < 5
so |Djg'(x)] < M = 1/2n? for all 4,5 and z € U. Thus we may apply Lemma to
conclude that for any =,y € U,

|z — y|

[f(z) =2 = (f(y) —y)| = lg9(z) — g(y)| < n* Mz —y| = 5

Moreover, by the reverse triangle inequality,

lz —yl—[f(z) = fy)| < |f(x) =2 — (f(y) —v)l

so we know that for any x,y € U,

|z =yl <2[f(z) - f(y)l

Since U is a closed rectangle, OU C U, so for any x € U we know f(z) # f(a). Thus
f(a) ¢ f(OU). Moreover, U is compact, so f(9U) is compact and there exists d > 0 such
that |f(a) — f(z)| > d for any x € OU. Then define

W={yr|y—f(a)<;l}
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If y € W and « € OU, then

ly = fla)l <y — f(z)]
Then we show that for any y € W, there exists a unique preimage x € int U with f(z) = y.
To prove this, note that defining g : U — R by

n

g(z) =y — f@)* = (v — fi(2))?

i=1

This function is continuous, so it achieves a minimum on U. But since |y — f(a)| < |y — f(z)|
for x € U, we know that g(a) < g(z). So the minimum cannot be in OU. Thus there exists
x € int U such that g is minimized, which allows us to conclude that D;g(z) = 0 for all j.
Thus

S 2y — Fi(@)D; fi(a) = 0

i=1
Since this holds for every j, we can rewrite this system of equations as
y1 — (@)
f'(@) : =0
Yn — fn(x)
But det f/(z) # 0 so we conclude that y; — fi(x) = 0 for all i. Thus y = f(z). So we know
that a preimage x exists. If another preimage x5 exists, then we have

|z — o] <2[f(x) = fa2)| = 2]y —y| =0

so © = x3. Thus z is unique as well. Thus, we have shown that f is locally invertible.
Letting V = int U N f~1(W), we may write that f : V — W has an inverse f~': W — V.
Moreover, for any y;,y2 € W with o1 = f~!(y1) and 2o = f~*(y2), we have

17 ) = f )| = o1 — 2] < 2| f(21) — fla2)| = 2|y — v2
So f~! is Lipschitz and is thus continuous.

Now we must show that f~! is differentiable. Let z € V, and write u = Df(z). Let
y = f(x) € W. Then we show that f~! is differentiable at y with Df~1(y) = p=!. Let

o(z1) = f(z1) — f(x) — p(z1 — z), such that
flz1) = f(@) + pley — ) + p(z —x)
Moreover, since f is differentiable at = we have

el —a)
z1 |x1—x|

=0

So
p (f(x) = f(@) =21 — x4+ pH(plz — )

w1 =" (f(21) = f(@) + 2 — p7Hp(ar — 2))
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But any y; € W is of the form f(x1) for 21 € V, so without loss of generality we may wriet

SNy =) + e —y) — e o) — fH (W)

and we only need to show that

S T 2 e OV e e (1))

vy ly1 —
By [Exercise 1-10| the linear transformation p~! is irrelevant here and we only need to show
that . .
fim [PV ) = 17N ()))

Yy1—y |y1 — y|

We can apply a trick here, splitting the fraction:
lo(f M y) =T @D e ) = F DL ) = F ()

ly1 — v If=1 () — f~(y)| ly1 — |

Since f~! is continuous, f~(y1) — f~1(y) as y1 — vy, so

o U ) = @ Jeles = o)
W 1) — W e o]

=0

=0

=0

and the second factor is bounded by 2, completing the proof. O

2.6 Implicit Functions

Having now proved our major result concerning local invertibility of functions, we will apply
it to the study of converting implicit function relations into explicit functions.

Let f : R? — R be defined by f(x,y) = 22 +y* — 1. Let C be the set of points (z,y)
with f(z,y) = 0 (this defines a level curve of f). Then this curve is simply a circle
of radius 1 centered at the origin.

To convert this curve into an explicit function, we attempt to answer the following
question: given a point (a,b) € C, do there exist intervals A around a and B around
b such that for any = € A there exists exactly one y € B with (x,y) € C. In the case
that there is, we can then define a function g : A — B which maps each x to that
unique y.

If we choose (z,y) such that x # +1, then we can indeed do so. When y > 0, the
graph of the function g(x) = v/1 — 22 traces out the upper semicircle. When y < 0,
we instead pick h(z) = —+/1 — 22, tracing out the lower circle. In both cases, our
choice of g or h is forced. However, when x = 41, we cannot pick an interval around
x where such a function can be defined.

It is also worth remarking that both g and h are differentiable.
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To generalize the above discussion to multiple variables, we consider functions of the
form f:R®" x R™ — R. If z € R™ and y € R™, then we would like to find neighborhoods
V around x and W around y such that any T € V corresponds to exactly one 5 € W with
f(@,7) =0, which allows us to implicitly define a function g : V' — W, which maps T to 7.

Theorem 2.12: Implicit Function Theorem

Let f: R™” xR™ — R™ be continuously differentiable in an open set aroud (a, b), and
suppose f(a,b) = 0. Let M be an m x m matrix defined by M;; = D, f*(a,b). If
det M # 0, then there is an open set A C R™ containing a and an open set B C R™
containing b, such that for any x € A there is a unique y € B such that f(z,y) = 0.
Moreover, the function g defined by = > y is differentiable.

\. .

Proof. Define F : R™ x R + summ — R™ x R™ by F(x,y) = (z, f(z,y)). Then F'(a,b) is
given by a block matrix

, I O
F'(a,b) = {O M}
so det F'(a,b) = det M # 0. Apply the Inverse Function Theorem to produce open sets
V C R™ x R™ containing (a,b) and W C R™ x R™ containing F(a,b) = (a,0). We can
write V' = A x B (Spivak asserts this but I'm not sure how), and thus the restriction
F : Ax B — W has a differentiable inverse h : W — A x B. Moreover, since F' preserves
the first n coordinates, h must also, so that h(z,y) = (x,k(x,y)) for some differentiable
function k. Then define the projection = : R™ x R™ — R™ by 7(z,y) = y, such that
mo F = f. Thus

f(@ k(z,y)) = foh(z,y) = (moF)oh(x,y) =mo (Foh)(z,y) =7(z,y) =y

Then f(x,k(x,0)) = 0. So for any = € A, we can pick y = k(z,0) € B, and we will have
f(z,y) = 0. Moreover, if there exists another 3’ € B with f(z,y’) = 0, then we would have

F(l‘,y/) = (x,f(x,y')) = (LE,O) = (x,f(:c,y)) = F(:E,y)

But F is invertible so we cannot have y # g’. Thus our choice of y is unique, and the
implicitly defined function k is differentiable. O

Since we know that the implicitly defined g is differentiable, we can calculate its deriva-
tive. For any coordinate i, we have f*(x,g(z)) =0, so

D;f'(x,9(x)) + Y Dntaf'(@,9(x))D;g*(x) =0

which we can then solve for the various D;g*(x) by inverting M (which can be done since
det M # 0).

We can generalize the Implicit Function Theorem as follows:

29



Theorem 2.13

Let f : R™ — RP be continuously differentiable in an open set containing a, where
p <n. If f(a) = 0 and the p x n matrix P with P;; = D; f*(a) has rank p, then there
is an open set A C R™ and a differentiable function h : A — R™ with differentiable
inverse such that h(A) contains a and

foh(z1,...,2n) = (Tn—pt1s---,Tn)

Note: Spivak states that A contains a. This is incorrect.

We can interpret the above theorem by saying that whenever the derivative of f has
rank p, then we can find h such that f o h acts to embed the last p coordinates of 7 into
RP.

Proof. Consider f as a function R"™P x RP — RP. Then if P has rank p, it has p linearly
independent columns. Let g : R® — R™ permute the coordinates such that those linearly
independent columns are the last p columns. Taking f o g, the matrix M as defined in the
Implicit Function Theorem, which is a p X p matrix with M;; = D,,1;(f o g)*(a), has rank
p, and thus has nonzero determinant.

Now, as in the proof of the Implicit Function Theorem, define F' : R*™P x RP — R"P x RP
by F(z,y) = (z,f o g(z,y)). Again, det F'(a,b) = det M # 0, so we apply the Inverse
Function Theorem to produce h which is locally an inverse of F'. As in the previous proof,
we have

(fog)oh(z,y) =y

so taking g o h produces the requested function. O
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Chapter 3

Integration

3.1 Basic Definitions

The following treatment of the basic definitions of integrals over a closed rectangle A C R"
is rapid, as this case is similar to the single variable case of integration over an interval.

Definition 3.1

A partition of a closed interval [a,b] is a finite sequence {to,...,tx}, such that
a=ty<...<t, =0, such that [a,d] is divided into k subintervals.

Definition 3.2

Let A = [a1,b1] X ... X [apn,b,] € R™ be a closed rectangle. A partition of A is a
collection of partitions P = (Py,...,P,), such that P; is a partition of [a;, b;]. If P;
divides [a;, b;] into N; subintervals, then P divides A into Ny X ... x N,, subrect-
angles of P. Using a slight abuse of notation, we will write S € P to denote that S
is a subrectangle of P.

If A C R" is a rectangle, f : A — R is bounded, and P is a partition, then we can define
the maximum and minimum values for each subrectangle S € P:

mg(f) = inf{f(z) : x € S}
Ms(f) = sup{f(x) : © € S}

Let v(S) denote the volume of S, defined as the product of the side lengths (regardless of
whether S is open or closed). Then the lower and upper sums of f with respect to P are

L(f,P) =Y _ ms(f)v(S)

SeP

U(f,P)=>_ Ms(f)v(S)

SeP



Since mg(f) < Mg(f) for any s, we then have L(f, P) < U(f,P).

Definition 3.3

A partition P’ is called a refinement of a partition P if each subrectangle of P’ is
contained in a subrectangle of P.

Lemma 3.1

Let P’ be a refinement of P. Then
L(f,P) < L(f,P")

and

U(f,P) 2 U(f,P)

Proof. Let S be a subrectangle of P. Then it contains subrectangles Si,...,S; € P’ which
are disjoint and cover S, so that » 0, ., v(S;) = v(S). For each S;, mg,(f) > Ms(f). Thus

Z ms, (f)v(Si) > ms(f)v(S)

1<i<k

Since P’ refines P, each subrectangle of P’ is contained in a subrectangle of P. Thus we
have

L(f£,PY =) me(HuS) =D Y ms(H(S) =Y ms(f)v(S) = L(f,P)

S’ eP’ SeP 1<i<k SeP

The proof for the other case is similar. O

In essence, as we refine a given partition, the upper and lower sums will grow closer to
one another, and under the appropriate conditions, they will also converge to one another.
This provides a candidate value for the integral of f over A; however, it is dependent on our
starting partition. Ideally, our integral may be defined independent of a particular choice of
partition; to do so we must prove the following:

If P and P’ are partitions, then L(f,P’) < U(f,P).

To prove this, we first introduce an auxiliary construction:

Definition 3.4

Let P and P’ be partitions of an interval [a,b]. Then their common refinement Q
is the partition PUP’. If P = (Py,...,Pn) and P’ = (P1,...,P,,) be partitions of a
rectangle A C R™. Then the common refinement Q is given by (P1UP;, ..., P,UPL).
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Proof. Let Q be the common refinement of P and P’. Then by Lemma [3.1]
L(f,P) < L(},Q) < U(},Q) < U(/,P) =

Now let U = inf U(f, P), where the infimum is taken over all partitions P of A, and let
L =supL(f,P). By Corollary both U and L exist, and L < U. As mentioned above, if
our continued refinements converge to a single value, then this provides a plausible definition
of the integral. As Corollary shows, this convergence is only possible if U = L, and it
must converge to that common value. Moreover, the values of U and L are independent of
our choice of partition, which allows us to define the integral:

Definition 3.5

Let f : A — R be bounded, with A C R™ a rectangle. Then f is integrable if
U = L. In this case, we denote the integral of f on A by [, f = U = L, which may
alternatively be notated [, f(z1,...,2n)dzy ... dz,.

The following theorem gives us an equivalent criterion for integrability.

A bounded function f : A — R is integrable if and only if, for every ¢ > 0 there
exists a partition P of A such that

U(f,P)— L(f,P)<e

Proof. (=) If f is integrable then U exists, so there exists a partition Py with U(f, P1) <
U + 5. Similarly there exists Py with L(f,P2) > L — §. Let P be the common refinement
of Py, Py. Then

U(f,P) = LU, P) SUP) = L(fP) SU+ 5 — (L—2) =¢

( <= ) By Corollary both U and L exist. Let € > 0 be arbitrary, and let P be the
partition produced by the condition. Then

U-L<U(f,P)—L(f,P)<e

SoU — L < ¢ for all € > 0 and thus U = L. So f is integrable over A. O

Let f: A — R be constant with f(z) = ¢. Then if P is a partition and S € P,
mg(f) = Ms(f) = ¢, so

U(f,P)=) ms(fHo(S)=c ) v(5) = cv(4)

SeP SeP
L(f,P) = cv(A)
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so U =L = cv(A) and f is integrable with [, f = cv(A).

Let f:[0,1] x [0,1] — R be defined by

0, z€Q

f(z,y) = {1 £ ¢ Q

If P is a partition and S € P, by the density of Q in R we have mg(f) = 0, and by
the density of I € R we have Mg(f) = 1. So

U(f,P)=>_ Ms(fHu(S) =Y v(S)=uv(A)

Sep Sep
L(f,P)=0

So f is not integrable over any rectangle A with v(A) > 0.

3.2 Measure Zero and Content Zero

In this section, we discuss the notions of measure and content zero. These quanity the
concept of a set which is small enough to be insignificant in certain contexts. Moreover, in
particular with the case of measure zero, this is a special case of a more general technique
which serves as the formalization of volume in higher dimensions.

Definition 3.6

A subset A C R™ has measure zero if for any € > 0 there exists a cover O of A by
closed rectangles such that )., v(0) <& > 0.

We may also use open rectangles rather than closed rectangles in the above.

Proposition 3.4

If a set A C R" is countable, then it has measure zero.

Proof. Let € > 0. Enumerate the points in A as ai,as,.... Then for each a;, pick a closed
rectangle O; containing a; such that v(O;) < 5. Then O = {O1, O, ...} covers A, and

ZU(O):ZU(OZ')SZ%:EZ%:{;

0e0 i=1 i=1 i=1

so A has measure zero. O
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Importantly, Q is countable, and thus has measure zero.

Let A= Uil A; be a countable union of measure zero sets 4;. Then A has measure
Z€ro.

Proof. Let € > 0. For each A;, pick an open cover O; such that

0e0;

Now let O = |J;=; O;. Then O covers A, and

D w0)=3 Y w0y =¢

0eco i=1 0€0; i=1
so A has measure zero. O

While sets of measure zero are important (and indeed, this notion hints at more im-
portant themes in measure theory), there are times when we would prefer to work with a
finite cover rather than an open cover. This is analogous to our preference for compact sets.
Thus, we have a corresponding notion of measure zero for finite covers:

Definition 3.7

A subset A C R™ has content zero if for any ¢ > 0 there exists a finite cover O of
A by closed rectangles such that

Z v(0) <e

0Oe0

By definition, a set having content zero is a special case of having measure zero.

Theorem 3.6

A nonsingleton interval [a,b] € R does not have content zero. For any finite cover
{O1,...,0,} of [a,b], where each O; is a closed interval,

v(0;) >b—a
1

n

K2

Proof. Let O be a finite cover. We can pick a cover @' = {O; N [a,b],...,0, N [a,b]},
which will be a cover if and only if O is, and which has smaller total length, so without
loss of generality we may consider O'. Let to,...,t; be the endpoints of the O}, with



a=0p <...< 0O, =0b. Then each O} contains at least one interval [t;_1,¢;], and each
interval is contained in at least one Oj. Then

k
S w(0) =D (tj—tj1)=b-a

O'e0’ j=1
O

The reader should note that the above proof also shows that [a, b] does not have measure
zero (as long as a < b).

Theorem 3.7

If A is compact and has measure zero, then it has content zero.

Proof. Let € > 0. There exists an open cover O of A with

Z v(0) <e

0Oeo

Since A is compact, pick a finite subcover O’. Then

Z v(0') < Z v(0) <e

o’'eo’ 0ec0o

so A has content zero. O

Although we pointed out earlier that Q has measure zero, it does not have content
zero. Let O = {[a;,b;]} be a finite cover of Q N [0, 1] by closed intervals. Then by
the density of Q, O must cover [0,1]. But then Y ;" | b; — a; > 1, so QN [0,1] does
not have content zero. It follows that Q does not either.

3.3 Integrable Functions

In this section, we will expand on the theory of which functions may be (Riemann) inte-
grated.

Recall that o(f, z) denotes the oscillation of f at z, defined as

}I‘I;%M(xafaé)im(zvf’é‘)

where

M(z, f,6) = sup{f(y) : |z — y| < J}
m(z, f,0) = inf{f(y) : [z —y| <}
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Let A be a closed rectangle and let f : A — R be a bounded function such that
o(f,z) < e for all x € A. Then there is a partition P of A with

U(f,P)— L(f,P) <e-v(A)

Proof. For each x, because o( f,z) < € we may pick a closed rectangle U, containing x such
that My, (f) — mu,(f) < e. Then the collection of U, covers A compact, so we can pick
a finite subcover Uy, ...,Ui. Then pick a partition P such that each subrectangle of P is
entirely contained within one of the U,. Then for any subrectangle S € P we have

Ms(f) —ms(f) < My, (f) —mu,(f) <e

Then
U(f,P) = L(f,P) = Y _ o(S)[Ms(f) —ms(f)] <e > _ v(S) =ev(A) O

sepP SeP

Let R be a finite collection of closed rectangles Ry,..., Ry C R™. Let A CR™ be a
closed rectangle. Then there exists a partition P of A such that for each S € P and
each R;, exactly one of the following is true: S C R; or SNint R; = .

Proof. Let a;; be the left endpoint of R; in the jth direction and b; ; the right endpoint,
such that
Ri = [a;1,bi1] X ... X [a;n,bin]

Let P; = {a1,,b1,4,---,0k,,bk;} (not necessarily in order). Suppose that when ordered,
P; = {tj1,...,tj2} (note that the j has switched coordinates). Let P = (P1,...,Pn).
Then for each S € P,

S = [t —1,t1,0,] X oo X [tnin—1,tni,]
for appropriately chosen i1,...,4,. Any R; is of the form

Rj=[ti—1,t10] X oo X [tnr —1,tn |
for some other i, ..., i) . Now consider the first coordinate direction. Suppose tin <tii—1-
Then for any € S and y € int R;, we have

y1 <ty <tii-1 <1
so z # y and thus S Nint R; = @. Similarly, if ¢1 ;, <ty 1, then we have
r1 <t <tig-1<h

so x # y and S Nint R; = @. Thus we either immediately conclude that S Nint R; = &, or
we know that

ti >t -1
lig, >t
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This is equivalent to

t1i 2t

t,i—1 2t -1
so we either have SNint R; = @ or
T —1 <tii—1 <t <ty

We can apply this argument to each coordinate direction 1,...,n, so that it is either the
case that S Nint R; = &, or we have

trif—1 < tii—1 <ty Sty

tnir—1 S tni,—1 < tnji, <tnjir
In this case, we have S C R;. O

In particular, the above statement shows that if O is a finite collection of rectangles such
that their interiors cover some set B C A C R™, with A a closed rectangle, then there exists
a partition of A such that each subrectangle is either contained in some O € O or does not
intersect B. Such a collection may be of interest, for instance, if B has content zero.

Theorem 3.10

Let A be a closed rectangle and let f : A — R be a bounded function. Let B = {z :
f is not continuous at x}. Then f is integrable if and only if B is a set of measure
zero.

Proof. (=) Suppose that f is integrable. Define B. : {z : o(f,z) > €}. I claim that B,
has measure zero for each n.

To see this, let P be a partition of A such that
€

Then let S be the collection of subrectangles S € P such that SN B/, # @. Then S covers
Bi/p. Now, for each S € S we know that o( f,z) > % for some x € S, so Ms(f)—ms(f) > %
So

1 <n(Ms(f) —ms(f))
Thus

D o(8) < Y u(S)n(Ms(f) —ms(f) <n Y o(S)[Ms(f) —ms(f)] <e

ses ses Sep
So B:1 has measure zero. Thus B = U;'Lozl By has measure zero.

( <) Suppose that B has measure zero. Now let € > 0. Suppose that |f(x)| < M for all
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x. Define &/ = ¢/2v(A). Define B, = {z : o(f,z) > &'}. We have previously proved that
a set of this form is compact. Then B, is compact and has measure zero, so it has content
zero. Then there exists a finite cover O of B, by the interior of closed rectangles such that

3

0Oeo

Apply Lemma to produce a partition P’ such that the subrectangles which do not
intersect B. may be enumerated as Ry, ..., Rg, and o(f,z) < &’ = ¢/2v(A) for any z in any
of those closed rectangles. Then apply Lemma to each R; to produce a refinement P’
such that for each R;,

> w(9)Ms(f) —ms(f)] < v(R;) = v(R;)

SeP:SCR;

Now, for each subrectangle S’ € P/, S’ C S for exactly one S € P. We either have S C O
for some O € O, or S = R; for some i. Thus either S C O for some O € O or S’ C R;
for some i. Denote by £ the collection of S’ such that S’ C O for O € O and by R the
collection of S’ such that S’ C R; for some i. Then

U(f,P") = L(f,P) = Y o(S)[Ms(f) —ms(f)]

Sep’
= > o(S)[Ms(f) = ms(H)]+ D v(S)[Ms(f) = ms(f)]
SeL SeR

We also have

> w(9)[Ms(f) —ms(£)] < > v(O)[Mo(f) —mo(f)]

SeL 0eO
and .
oS Ms(f) =ms(HN =D > w(S)Ms(f) —ms(f)]
SER i=1 S’€P":S'CR;
so that

k
U(f.P) = L(f.P) < D> v(O)Mo(f) —mo(H+>. Y. vo(S)Ms(f) —ms(f)]

0c0o i=1S"e€P":S'CR;

Since f is bounded by M, we must have Mo (f) — mo(f) < 2M for any O. Thus

k k
>~ w(O)[Mo(f) —mo(H)]+ D U, P) = Lf,Pi) <2M Y v(0) + 5-—= > v(R,)
0€o i=1 0€o v(4) i=1
B
2 2v(4)
=&
So f is integrable. O
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We have thus presented an extremely useful criterion for determining when a function
may be successfully integrated, without requiring the use of partitions to do so.

We will now progress to expanding our theory of integration from integration on rectangles
to arbitrary bounded sets, which we define in terms of integrals on rectangles.

Definition 3.8

Let C C R™. The characteristic function of C' is

(z) = 1, z€C
A 0, z¢C

Definition 3.9

Suppose that C C R™ is bounded by a closed rectangle A, and f : A — R is bounded.
Then the integral of f on C' is defined as

/Cf:/Ach

provided this quantity is defined.

As we can see from the definition, fc f is defined whenever fxc¢ is integrable on A.
As we prove in the product of integrable functions is integrable, so if x¢
and f are both integrable, then fC f is well defined. Since we are mainly concerned with
integrating functions which integrable to begin with, the main task for us is to determined
when y¢ is integrable.

If C C ACR" where A is a closed rectangle, then x¢ : A — R, is integrable if and
only if OC' has measure zero.

Proof. Note that whenever x € 9C', in any neighborhood of x there exists y € C, such that
xc(y) =1, and z ¢ C, such that xc(z) = 0. Thus x¢ is discontinuous on 9C. On the other
hand, if z ¢ OC, then x € int A or x € ext A. In either case, there exists a neighborhood
around x such that yc is constant, so y¢ is continuous on int A and ext A. Thus x¢ is
discontinuous precisely on 9C.

Since x ¢ is integrable if and only if it is discontinuous on a set of measure zero, it is integrable
if and only if 9C has measure zero. O

We should note that since 9C is closed and bounded, it also has content zero.

Definition 3.10

If C' is bounded and dC' has measure zero, then C' is called Jordan-measurable.
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Thus, for any integrable function f, fc f is defined if C is Jordan-measurable. It is
possible for fc f to be defined in other cases (for instance, if f is identically zero), but
this is of little interest to us. This also allows us to extend our definition of volume to
non-rectangle sets.

Definition 3.11

The volume (or content) of a Jordan-measurable set C' is defined as

v(0)=/01

Note that even if C' is bounded and closed, it may not be Jordan-measurable, as we
showed in [Exercise 3-11f Thus, f o J may not be defined even in the case of C' open and f
continuous.

3.4 Fubini’s Theorem

As with our study of differentiation, we have so far been able to integrate on a case-by-case
basis, and now need to produce a general method that will simplify the computation of
integration in a broad class of cases. This section will develop Fubini’s Theorem, which
allows us to simplify computation of integrals into iterated integrals in single variables.

We will first proceed informally in order to develop intuition for the principle behind this
theorem. Consider the case of a "sufficiently nice” function f : [a,b] X [¢,d] — R. Then we
can partition [a, b] by to, ..., tx. For each t;, the area under the graph of f above {t;} x [c, d]
is

/Cdf(ti,y)dy

If f is nice, then we can approximate the volume under the graph of f above [t;_1,t;] X [c, d]

by
d
/ J (- ti) / F(ny) dy
[ti—1,ti]x[c,d] c

for any x; € [t;—1,t;]. Thus we can approximate the overall integral by

k k d
=3 fr Y= t) [ S dy
/[a,b]x[c,d] 1:21 [ti—1,ti]x[e,d] 1:21 c

But if we consider the single variable integral f;(f(d f(z,y)dy) dz, then this would be ap-
proximated by partitions of [a, b] and sums of the form

k d
St —tin) [ Sl dy
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So it seems that for ”sufficiently nice” functions, we should have

/[a,b]x[c,d] f= /ab (/Cdf(x,y) dy) dzx

As it turns out, this indeed is the case, but the classification of which functions are ”suffi-

ciently nice” becomes a difficult problem. For instance, if fcd f(x;,y) dy is not defined, then
the above equation doesn’t even make sense, although f may still be integrable.

Definition 3.12

Let f : A — R be bounded with A C R™ a closed rectangle. Then the lower integral
of fon Ais

L[ 7=swpU(s.P)
A P
and the upper integral is defined similarly as
U/ f = inf L(f, P)
A P
regardless of whether f is integrable on A.

Theorem 3.12: Fubini’s Theorem

Let A C R™ and B C R™ be closed rectangles, and let f: A x B — R be integrable.
For any = € A define g, : B — R by ¢.(y) = f(z,y). Let

H@ZLL%ZLLﬂ%w@
W@=UL%=ULﬂ%w®

Then £ and U are integrable on A and

/AxBf:/A[’:/A<L/Bf(%y)dy) da
AxBf:AUZA(U/Bf(may)dy> da

We refer to integrals of the form [, (L [ f(z,y)dy)dz or [, (U [, f(z,y)dy) dz as
iterated integrals.

Proof. Pick partitions P4 of A and Pg of B. Then P = (P4, Pp) is a partition of A x B.



Moreover, any subrectangle S € P is of the form S4 x Sg for Sy € Pa, Sp € Pr. So

L(f,P) = ms(f)v(S)

SeP

- Z ms,xsp(f)v(Sa x Sp)

SA€PA,SBEPB
= > v(Sa) ( >, msAxSB(f)U(SB)>
SA€EPa SBEPB
For any « € S4 we have mg, xs5(f) < ms,(g.). So for fixed z € Sy,
S s (N(S5) < S mey(g) <L / g0 = L(z)
SBEPB SBEPB B
and thus
L(f,P)= Y v(Sa) ( > mSAxSB(f)U(SB)> < Y ms (L)v(Sa) = L(L,Pa)
SAEPA SBEPB SAEPA

so that

where the third inequality follows because £ < U and the fourth by a similar argument to
what we just proved. Now, f is integrable, which means that

sup L(f,P) = inf U(f, P) :/A Bf

So that
sup L(L,Pa) =infU(L,Pa) = / I

AxB
fie= L
Jit= ]t :

Thus £ is integrable on A and

and similarly U is integrable iwth

Under the same hypotheses,

AXszé(LAf<x,y>dx) dy:/B(U/Af(x,y)dm) dy

Proof. Analogous. O
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The fact that this proof may be repeated in the other order may seem clear based on
simply reading the proof However, the important implication is that, for these sufficiently
nice functions, not only may our integral be replaced with an iterated integral, but the order
of the iterated integral may be changed.

If each g, is integrable, then we may dispense with the functions £ and I/ and simply

wite /AXBf:/A(/Bf(x,y)dy>da::/B(Af($7y)d$>dy

In particular, this is the case if f is continuous.

Alternatively, if all but a finite number of g, are integrable, then we may still write
the same, and arbitrarily define the quantity |, g [(z,y) dy if g, is not integrable (since
changing the value of £ at a finite number of points will not change its integral).

Define f : [0,1] x [0,1] — R by

1, r¢Q
flr,y) =<1, reQuyé¢Q

where z = p/q is assumed to be in lowest terms. Then f is integrable with
f[O,l]X[O,l} f =1 But fol f(z,y)dy = 1 when z € Q and does not exist other-

wise. So we cannot arbitrarily set the value of fol f(z,y) dy wherever the integral
doesn’t exist. For instance, defining this as zero gives Dirichlet’s function, which is
not integrable.

If A=Ja,b1] X ... X [an,by] and f : A — R is "sufficiently nice,” then repeated
application of Fubini’s theorem gives

/Afz/ai" (( aljlf(acl,...,xn)dm)...) i

An application of Fubini’s theorem is to integrate over subsets C' C A x B by appropri-
ately setting bounds on the iterated integrals.
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Example 3.5

Let
C= (L1 x[-L1)\{(z,y) : |(z,y)| <1}

/ f= / -~
C [—1,1])([—1,1]

Assuming that f is integrable, xy¢o f is integrable since C' is Jordan-measurable. So

we may write
1 1
/ xof =/ (/ f@,y)xc(z,y) dy) dx
[—1,1]x[-1,1] -1 —1

Then

‘We have
13 |y|:> Vl —'$2
xc(@,y) = —s
07 |y|S =
o)

1 1 —f =B
/ f(w,y)Xc(x,y)dy=/ f(x,y)dy+/ f(z,y)dy
=1l

1—x -1

and thus

/of:/_11 (/%f(x,y)dy)dx—l—/_ll </_:mf($,y)dy>dx

\. J

In general, the problem of determining bounds for arbitrary C C A x B is harder.
However, one important result of Fubini’s theorem is that these bounds may be set in either
the dy — dx order or the dx — dy order, whichever is easier.

3.5 Partitions of Unity

In this section, we will discussion partitions of unity. These are an important tool that will
help allow us to combine local results into global results, for instance when developing a
theory of integration on manifolds.
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Definition 3.13

Let A C R™. Then a partition of unity for A is a collection ® of C'*° functions ¢
which are defined on an open set containing A, such that

1. Forallz € Aand all p € @, 0 < p(z) < 1.

2. For all x € A there exists an open set V' containing x such that all but finitely
many ¢ € ® are 0 on V.

3. For all z € A it is the case that ) 4 ¢(2) = 1, which is a finite sum by 2).

Definition 3.14

Let ¢ be a partition of unity for some A C R"™, and let @ be an open cover of A.
Then @ is subordinate to O if, for each ¢ € ® there exists an open set O € O such
that ¢ = 0 outside of some compact set contained in O.

Note: Spivak only requires that ¢ = 0 outside of a closed contained in O, but later
he makes assumptions which require this set to be compact.

An important tool in proving the existence of partitions of unity will be the smooth
bump functions that we proved the existence of in [Exercise 2-26] [Exercise 2-26| states that

if O C R™ is open and C C O is compact, then there exists a closed set D C O and a C*°
function which is positive on C' and 0 outside of D.

Let A C R™ and let O be an open cover of A. Then there exists a partition of unity
® for A which is subordinate to O.

Proof. Case 1: A is compact.

Note that any partition of unity subordinate to a subcover of O is also subordinate to
O. Since A is compact, we will simply assume O = {Uj,..., Uy} is finite. Now, we will
construct a corresponding set of compact sets D; C U; such that {int Dy, ...,int Dy} is also
an open cover for A.

To do so, we apply an inductive argument. Let Dy, ..., D,, be compact sets chosen so that
{int D1, ...,int Dy, Upi1, - . ., U} covers A. Then let

m k
Chry1 = A\ (U int Di> ul U
i=1 j=m-+2

Clearly Upy1 covers Ci41, and Clyq is the result of a closed set being finitely intersected
with the complement of open sets, and is thus closed. So Cj41 is compact. Then by [Exercise]
[1-22] there exists a compact set Dy that satisfies

Cry1 Cint D1, D1 C U4
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By construction, the collection of C; will cover A, so the collection of int D; do as well, and
D; C C; C U, so this is our desired set.

Now, by [Exercise 2-26] we can construct a C* "bump” function ; : which is nonnegative
everywhere, strictly positive on D;, and 0 outside of a closed set contained in U;. Now, let

k

i=1

A C U since the int D; cover A. Moreover, for x € U, x is in some D;, and the rest are

nonnegative, so
k
> w0
i=1

on U. So we may define ¢; : U — R by

Yi(z)
SDZ(:'C) = &
Zj:l V()
which is also smooth on U. Then the collection {1, ..., } is a partition of unity. However,

it must be noted that this collection is not necessarily subordinate to O. Indeed, we know
that ; = 0 outside of some closed set K contained in U;. However, it may be the case that
K is not completely contained within U. In this case, ¢, is not even defined on K, let alone
outside of it.

Moreover, it is not necessarily that case that ¢1 goes to zero at the boundary of its support.
For instance, suppose k = 1, so that we have only a single bump function ;. Then 1 goes
to zero, but ¢, is identically 1.

We can remedy this by applying[Exercise 2-26]once more to construct a C* function f : U —
[0, 1] which is 1 on A and 0 outside of a closed set K’ contained in U. Moreover, we can ensure
that K’ is bounded since A is, so K’ is compact. Then the collection ® = {f¢1,..., for}
is still a partition of unity for A (since fy; = ¢; on A), but this time fip; is zero outside of
the compact set K N K’ C U;, so ® is subordinate to O.

Case 2: A=J;2, A;, where A; is compact and A; C int A; 4.
Define B1 = A1 and B7 = Ai \mt Ai—l for all 4 Z 2.

Suppose x € A;. Then z € B; for some j <.

Proof. We prove this by induction. In the base case, x € Ay — x € B; since
A1 = Bl.

Fori>2 ifx € A;thenz € B;or x €int A;_1. ButintA,_1 C A;_1,s0x € A;_;.
By the inductive hypothesis x € B; for some j <7 —1 <. O
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By the claim, we have A C | J B;, and clearly | B; C A, so | B; = A.
Define the open cover O; by

O, — {OﬂintAH_l:OEO}, 1=1,2
" l{ON(int Ajy \Aig):0 €O}, i>3

We will construct a partition of unity for each B; subordinate to O;.

Note that each B; is compact, and that O; covers B;. So by Case 1 there exists a partition
of unity ®; for B; subordinate to O;, where the functions are defined on some open set U;
containing B;. Now let x € A. Then x € B; for some i. Thus z € A;. Moreover, for any
j>i+2, €A CAjss0x ¢ ON(ntAj \ Aj) for any O € O, and thus = ¢ O’ for
any O’ € O;. Since ®; is subordinate to O;, ¢(z) = 0 for any ¢ € ®; with j >i+2. Asa
result, the sum

o i+2
U(JE):Z Z @(I)ZZ Z p(z) 21
=1 ped; J=1lped;

is a finite sum. Now for any ¢ € ®; for any j, define ¢’ : U; — R by

() = p(x)

o(z)

Moreover, the domain may be extended to |JU; by simply setting ¢ = 0 outside of Ul-E|
Then the collection ® = {¢’ : ¢ € ®,,j € N} satisfies conditions 1 and 3 for being a
partition of unity. For condition 2, suppose x € A;. Then for each j < i + 2, there exists
an open set V; containing = such that all but finitely many ¢ € ®; are zero on V. Let
V =V1U...UV,19, which is open. By the argument above, ¢(z) =0if ¢ € &, for j > i+2,
so there are only finitely many nonzero ¢ at x, and thus only finitely many ¢’ are nonzero
at x.

So ® is a partition of unity. Let ¢’ € ®. Then ¢ € ®; for some j. ®; is subordinate to O;,
so there exists O’ = O N (int A1 \ Aj_2) € O, such that ¢ is zero outside of a compact set
contained in O’ C O. Then ¢’ is also zero outside this set (assured since U Cint A;11 C A,
and ¢’ is defined on A C U). So @’ is subordinate to O.

Case 3: A is open.

Let d(x,0A) be the distance from = to 0A as defined in [Exercise 1-21| part a). Define
1
i

-}

For any = € A, |z| < M for some M € N, and d(z,0A) > 3 for some other N € N since

Ais open. So z € A; for some i and thus A = [J;2| A;. So A is of the type considered in
Case 2.

A; Az |z <d,d(x,04) >

Case 4: A is arbitrary.

Let B = Jpecp O- Then apply Case 3 to get a partition of unity ® for B subordinate to O.
Then this is also a partition of unity for A. O

1For details, see my answer here
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Remark 3.1

For any C' C A, if ® is a partition of unity for A, then for z € C, there exists V
open containing x such that only finitely many ¢ are nonzero on V.. Then these V,
are an open cover of C, so by compactness we only need finitely many and thus only
finitely many ¢ are nonzero on C. In particular, if A is compact then we only need
finitely many ¢ (this was already proved in Case 1).

Remark 3.2

Note that our proof shows that we may demand that our partition of unity is count-
able.

Similarly to compactness, partitions of unity will allow us to make local constructions
and combine them into a global result. We will demonstrate this by extending our definition
of the integral to general open sets.

Definition 3.15

Let A C R™ be open and let O be an open cover of A. O is said to be admissible
if O C A for each O € O (equivalently, if (Jycr, O = A).

Let ® be a partition of unity for an open set A C R™ (not necessarily bounded) subor-
dinate to an admissible open cover O. Suppose also that f: A — R is bounded in an open
set around each point of A, and that its set of discontinuities has measure zero. Since ¢ has
compact support, let C, C A be a closed rectangle such that ¢ = 0 outside of C,, (C, C A is
guaranteed since ® is subordinate to O, which is admissible). Since f is bounded in an open
neighborhood around each point, we apply compactness to pick a finite number of them and
conclude f is boudned on C,. |f| is continuous whenever f is, so it is discontinuous on a set
of measure zero and thus |f| is integrable on Cy. ¢ is also continuous, so wa ol f] exists.

Now, by Remark ® is countable. So we may consider the series

Z/walfl

ped

Suppose this series converges. Since 0 < ¢ < 1, ¢|f| = |¢f|, and thus by

|/C¢<pf s/%w:/%m
/waf

converges absolutely. This means it is independent of our ordering of ®. Moreover, we will
show that this value is also independent of our choices of ® and O, allowing us to define

so the series

2.

ped
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this value without reference to any specific cover or partition of unity. Noe that this is only
the case if the series > 4 fcw ¢l f| converges; the convergence of }_ 4 | fc¢ @f| is not a
sufficient condition.

Definition 3.16

Let A C R”™ be open. Suppose f : A — R is bounded in an open set around each
point of A, and its set of discontinuities has measure zero. Let ® be a partition of
unity for A subordinate to an admissible open cover O of A. For each ¢ € @, let
Cy, € A be a closed rectangle such that ¢ = 0 outside of C,,. Then if the series

Z/cff'

pEP

converges, then we say that f is extended integrable relative to ®. Moreover, we
define the extended integral of f on A relative to ® to be

egt/Af=Z/C¢<pf

pEP

Theorem 3.14

Let A C R"™ be open. Suppose f : A — R is bounded in an open set around each
point of A, and its set of discontinuities has measure zero. Let ® be a partition
of unity for A subordinate to an admissible open cover O of A. Let ¥ be another
partition of unity for A subordinate to another admissible open cover O’ of A. If f
is extended integrable relative to ®, then it is extended integrable relative to ¥, and

egt/AfZZ/Cw@fZZ/sz/Jf:e&ft/Af

ped Pew

. J

Proof. For each ¢ € ®, C, is compact, so by Remark only finitely many ¢ € ¥ are
nonzero on C,. Moreover, the finite sum Zwe\p 1 =1on C, C A (the subset follows since
O is admissible), so we have

Z/Cwsoﬂ:% /cﬂ'f'

ped

S :Z/C ZWIfIZZZ/CwWIf

Ppew ped Y pew ped Per
Now, since the left sides series converges by assumption, the right side series does as well.

Since [y f[| = | f],
S5 [ vl

ped Yew



converges absolutely and thus we may switch the order of the sums:
S [ el =X 3 [ eulr
ped pew Y Co YEW ped ¥ Co

Now, since 1 and ¢ are both zero outside of a compact set, if we let R be a rectangle
containing both C, and Cy, we have

/@ so¢|f|/RW|f|/C¢ olf]

ZZ/CV;WW_ZZ/%WV

eV ped YETV D

By the argument we made at the beginning, the sum Z@E@ is finite and equal to 1 on Cy,

so we have
3 Z/wau: Z/wam

YEV D YeT
So we have shown that
> [ e=X [ vl
wed’Co pew /Oy

so the right side converges, and thus f is extended integrable relative to W. Repeating this
argument with f substituted for | f| shows that

egt/Afzg/Cw@fzz/%wzey/Af =

PeY

By Theorem [3.14] our choice of partition is irrelevant when considering extended inte-
grability and the value of the integral, so long as f is extended integrable with respect to
some partition. Thus we may define this without reference to a particular partition.

Definition 3.17

Let A C R”™ be open. Suppose f : A — R is bounded in an open set around each
point of A, and its set of discontinuities has measure zero. Then f is extended
integrable if it is extended integrable relative to some partition of unity ®, and the

extended integral of f on A is
ext / f=ext / f
A 2 Ja

Theorem 3.15

If A C R" is open and bounded, f : A — R is bounded, and its set of discontinuities
is a set of measure zero, then f is extended integrable.




Proof. Let ® = {®1, ¢a,...} be a countable (by Remark partition of unity subordinate
to some admissible cover O. Suppose |f| < M on A. Then let

k
5c=> [ wlf
i=17Ce;

be the kth partial sum of the corresponding infinite series. Since p;|f| > 0,
| wlizo
Co,

for each i, and thus (Sj) is increasing. Let B be some rectangle containing A. Since ® is
subordinate to an admissible cover, C, € A C B, and thus

fe=1.»

k k k
Sk:Z/C %IfISZM/C sz/BZ<pSM/Bl:Mv(B)
=1 P =1 Pi =1

which is constant. So (Sj) is increasing and bounded above, so it is convergent and thus f
is extended integrable. O

and thus

Theorem 3.16

Let A C R™ be open and Jordan-measurable. Let f : A — R be bounded, and
suppose its set of discontinuities has measure zero. Then

Jr=ext| s

Proof. Note that since A is Jordan-measurable, it is bounded and thus f is extended inte-
grable by Theorem [3.15

Let € > 0, and let ® be an arbitrary partition of unity subordinate to an admissible open

cover O. Let M be such that |f| < M. Then by [Exercise 3-22| there exists a compact
Jordan-measurable set C C A such that

/ 1< =
A\C M

By Remark the subpartition ®' of those ¢ € ® which are nonzero on C' is finite. Then

we have
/Af—ext/Af': /Af—z/%sof

pED’
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Since O is admissible, C, C A for each ¢ € ®’ and thus

/jélsof:/(h@f

/waf=‘/Af—/AZ¢f S/Alfl 1= > o

ped’ ped’

so that
/ f a
A ped’

Now, we have

OLEE

ped

on A, so we may write
=)= [ Se- X o) <u [ (Se- v
A ped’ A ped p' e’ A peP ' ed’

Let ¥ be the collection of ¢ € ® such that ¢ ¢ ®’. In other words, ¥ is the collection of ¢
which are zero on C'. Then

M/A Yo—> ¢ :M/AZw

ped @' eP’ PeEW

Since the ¥ € ¥ are zero on C, they are only nonzero on A\ C. Thus

M/AZ¢§M/A Z’(/JSM/A\01<E

YeT \C yew

/Af:ext/Af O

3.6 Change of Variables

So

Consider the ”u-substitution” strategy employed in single variable calculus. If u : [a,b] — R
is a continuously differentiable function and f : R — R is continuous, then let F' be such
that F’ = f. By the chain rule, (F ou)’ = (f ou)u’. Thus

u(b) u(b) b b

[ r= [ = ro) - Fu@) = [ (Fouy = [(foun
u(a) u(a) a a

For instance, this strategy could be used computationally as follows:

3 9
/ 2z sin(z?) dz = / sinudu = cos0 —cos9 =1—cos9
0 0
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Let w : [a,b] — R be continuously differentiable and injective. Let f : R — R be

continuous. Then
[ =] (oww
u(a,b) (a,b)

Proof. Since u is continuous and injective, it is strictly monotone. Suppose it is
strictly increasing. Then |u/| = «’ and u(b) > u(a), so u(a,b) = (u(a),u(b)) and the
claim follows directly from the equality above.

If w is decreasing, then |u'| = —u/, and u(b) < u(a), so that u(a,b) = (u(b),u(a)).

e u(a) u(b) b b
/u(a,,,)f=/u(b) f=—/u(a) f= [ ~rown = [(foul]

This method is invaluable for computational calculus, which motivates the development
of an equivalent technique in multiple dimensions. We will do so by first proving it for linear
transformations.

Lemma 3.17

Let A C R™ be open and let u : A — R"™ be injective and continuously differentiable
with det u/(z) # 0 on A. Suppose there exists an admissible cover O for A such that
for all U € O and f : U — R integrable it is the case that

O

ext f= ext/ (f ow)|detu'|
w(U) U

Then
ext f:ext/(fou)|detu’|
A

u(A)

Proof. The collection U = {u(O)}oeco is an open cover for u(A), so we may pick a partition
of unity ® for u(A) subordinate to U. Suppose that U, € U contains C,, for each ¢. Then

we have
ext [ f= / of
[ =2/,

peP

_ Z/I(U (@ ou)(fou)ldete|

ped U )

= Z/A(gyou)(fou)\detu’|

ped

54



Let ¥ be the partition of unity for A given by {¢ o u},cs. Then ¥ is thus subordinate to
O. Then

Z/ pou)(fou)|ldetu| = Z/q/}fou|detu'|fext/(fou)|detu| O

ped Ppew

Lemma 3.18

Let A C R™ be open and let u : A — R” be linear, with detu(z) # 0 on A. Then if
f:u(A) — R is integrable, we have

ext = ext/ (f ou)|det ul
A

u(A)

Proof. First note that by if f is the constant function 1 and U is an open

rectangle, then
/ 1 =v(u(U)) = |det ulo(U |detu|/ lf/|detu|
u(U)

n m n an us argument for u~ T an n rectan we hav
We can make an analogous a ent fo 1 so for any open rectangle U we have

/ 1:/|detu_1| = /1:/ |det
u=1(U) U U u=1(U)

Now suppose f is arbitrary. Let V' C u(A) be a rectangle, and let P be a partition of V.

SeP

For each S € P, define f|s : S — R to be the constant function f|s(z) = mg(f). Then we

have
f)|detul = / (fls ou)|det u]
Z /u_l(intS) Z L(int V)

SeP SeP

<Z/ (f ow)|det ul

SeP (int S)

g/ ( o w)|det u]
w1(v)
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So fu,l(v) (f ou)|detu| is an upper bound for all L(f,P), but [, f is the least such upper

bound, so we have
/fg/ (f ou)|det ul
Vv u=H(V)

An analogous argument shows the reverse inequality, so we conclude that

/Vf:/u_l(v)(fOUHdetu

Since A is open, and u is a continuous injection, u(A) is open. So for each « € u(A), we
may pick Vo, C u(A) containing u(A). Then the collection V = {V4}acu(a) is an admissible
open cover for u(A), and the hypothesis of Lemma applies. So we conclude that

ext/ f:ext/(fou)|detu| O
u(A) A

We now progress to the general case. To do so, we will need to replace u with «’ (which
are equal in the linear case).

Theorem 3.19

Let A C R™ be open and let u : A — R" be one-to-one and continuously dif-
ferentiable. Moreover, suppose that detu'(x) # 0 on A. Then for any integrable
f:u(A) = R, we have

for every V C u(A) and any f.

ext f:ext/(fou)|detu/|
u(A) A

We first prove one simplifying lemma.

Suppose that the conclusion of Theorem holds for two change-of-variable func-
tions g : A — R™ and h : B — R™. Moreover, assume that g(A) C B. Then the
theorem holds for h o g.

Proof. We have
ext/ f:ext/ (foh)|det h'|
(hog)(A) 9(A)

—ext [ (fohog)deth|ogljdety'
A

—ext [ (o (hog)ldet(ho )| o
A

Returning to the main proof,
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Proof of Theorem[3.19. We induct on n. For the base case n = 1, we can form an admissible
open cover of A by open intervals, and the result follows from the discussion beginning this
section combined with Lemma [3.17

Suppose the theorem is proved for n — 1. Then for n, we will attempt to find an open set
U, C A containing « for each o € A such that

/U(Ua) F= /Ua(f o u)|det u’|

Then the theorem follows from Lemma [3.17 Thus, fix some o € A. Then

(Du(a) tou) (o) = u(a) =1

Note that Lemma implies that the theorem is true for Du(a)~!. If the theorem is true
for (Du(a)~! ou), then it follows from Lemma that it is true for u. So we may assume
that Du(a) = id.

Define the function h: A — R™ by
h(z) = (ur(x), ..., up—1(x),z,)

Then h'(a) = I. h is continuously differentiable, so there exists an open set U" C A
containing « where h is injective and invertible. Then define k : h(U’) — R by

k(z) = (z1,. ., Tn-1,un(h " (z)))

so that u = k o h. Both of these functions only change at most n — 1 variables, so we will
be able to apply the inductive hypothesis. Afterward, we would now like to apply Lemma
however, we cannot be assured that k is injective with &" invertible.

To remedy this, note that

(9" o h™) (@) = (¢")' (W™  (h(a))) [l (h ™" (M()))] ™ = (") (a)[W ()] ™" = (9")'(e)

Inverse Function Thm

So D, (g" o h™1)(h(a)) = Dpg™(a) = 1, and thus &'(h(a)) = I. So we can find an open set
V C h(U) containing h(a)) where k is injective and k' is invertible. We can then restrict h
to U = k=Y(V), and then h, k satisfy the hypotheses of Lemma

We now prove that the theorem applies to h. The proof for k is easier. Pick an open
rectangle W C U, and suppose W = D x [a,,b,], with D C R"~!. Because h does not
change the n-th coordinate, Fubini’s Theorem gives

/ 1:/ (/ ldxl...da:n_1> dz,
h(W) [an,bn] \YR(DXx{zn})

For each x,,, define h,, : D — R"~! by

ha, (1, s Tpn—1) = h(ur(z1, .-, &n), ooy Un—1(T1, ..o, Tn))

57



so that
dethl, (x1,...,2p-1) =deth'(z1,...,2,) #0

Moreover, h,, is injective, so the inductive hypothesis applies. We also have

/ 1df£1...dl‘n_1:/ 1
h(Dx{zn}) he, (D)

Tn

Then using the inductive hypothesis, we have

/ 1:/ / 1dxq...dz,—1 | dxy,
h(W) [an,bn] h(Dx{xn})

-/ ( / ) o
[anabn] ha:n (D)
_ / ( / \det h;"> d,
[anabn] D
:/ (/ |deth’(m1,...,xn)|) dy,
[an,bn] D
- / \det |
w

From the proof for Lemma(3.18] it is sufficient to prove the theorem for the constant function
1. So we conclude that the theorem holds for h. A similar argument holds for k. By Lemma

[3:20] it holds for u. O

We will now prove a simple version of an important theorem.

Theorem 3.21: Sard’s Theorem

Suppose g : A — R™ is continuously differentiable, with A C R™ open. Let B = {z €
A : det ¢’(x) = 0} be the set of critical values of g. Then g(B) has measure zero.

Proof. Suppose that U C A is a closed n-cube with side length ¢. Since U is compact, each
D;g* is uniformly continuous on U. Thus there exists N large enough such that when U is
divided into N™ subcubes, then for any x,y which are both in the same subcube and any

1,7 we have
€

|D;g'(y) — D;g'(z)| < o

Fix some subcube S and some 2 € S. Define f(z) = Dg(z)(z) — g(z), so that its partial
derivatives are bounded:

i i i €
|1D; [*(2)] = IDjg"(z) = Djg"(2)| < —5
Then by Lemma [2.10} for any y € S we have

|Dg(z)(y — x) — g(y) + g(x)| = [f(y) — f(2)] <ely —z| < 5\/5%
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We can repeat this for each z, so this holds whenever z,y are in the same subcube. If
SNB # @, then fix © € SNB. Then we have det ¢’(z) = 0, so Dg(z)(S) is a subset of an n—1
dimensional subspace V of R™. Then every point {g(y) — g(z) : y € S} is contained within
ev/n(f/N) of V, meaning that g(S) is contained within e\/nf/N of V + g(z). Moreover,
each D; g is uniformly continuous on S, so they are boudned by some M. Then by Lemma

[2.10] we have

/
\g(x) —g(y)\ < TL2M|;5 — y‘ < nQM\/ﬁN

Thus ¢(5) lies within a cylinder with height 2e,/nf/N and base given by a n— 1-sphere with
radius n?M/nf/N, which has volume bounded by C(¢/N)"e for an appropriate constant
C. Then the total volume of these cylinders (which covers g(U N B) for each S is C¢"e.
So g(U N B) has measure zero. Now, we can produce a cover of A (countable by
and repeat this process, so g(B) is the countable union of measure zero sets, and thus
measure zero. O

Sard’s Theorem, among many other applications, allows us prove Theorem without

the assumption det'(z) # 0. This is the content of [Exercise 3-39
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Chapter 4

Integration on Chains

4.1 Algebraic Preliminaries

In this chapter, we will begin to develop our theory of integration over objects with richer
structure than pure subsets of R™. This will allow us to define integrals over parameterized
objects, such as line integrals and surface integrals, and we will prove a version of Stokes’
Theorem for this setting. We will also set th egroundwork for the development of a similar
theory for manifolds in Chapter 5.

Definition 4.1

Let V be a real vector space, and let V¥ = V x ... x V k times. A multilinear
function T : V* — R is a function such that, for each 1 < ¢ < k and each v =
(v1,...,v;) € VF the function T! : V — R defined by

Ti(y):T(vl,..., Y yeensUk)

K2

is linear. Such a function is also called a k-tensor on V.

Definition 4.2

The set of all k-tensors on a fixed vector space V is denoted J%(V). J*(V) is a real
vector space if the operations are defined as

(S+T)(v1y...,v) =S(v1,...,08) +T(v1,...,0%)
(aS)(v1,...,vk) = a(S(v1,...,vk))




Definition 4.3

Suppose S € J¥(V) and T € J*(V). Then the tensor product of S and T is a
k + l-tensor S @ T' defined by

(S®T)(v1, .-, Uk, Vkt1s - -+ Utt) = S(v1, -, 0g) - T(Vk41, - - -, Vktt)

Note that the tensor product is clearly not commutative. Because tensors are maps into
R, we may use properties of R to derive similar properties for tensors.

Proposition 4.1

The following are properties of the tensor product:
1. ($1+852)T=5T+5%eT
2. 8T +T)=ST1+85®T,
3. (aS)®@T=5® ((aT)=a(S®T)
4. SeTeU)=SeT)eU

Proof. 1. Let 81,58 € 3¥(V) and T € JY (V). Let v = (vy,...,v54y) € VFFL Let

¥ = (v1,...,v) and v' = (Vgi1,. .., vesr). Then

((S1+ S2) @ T)(v) = (S1 + S2)(v*) - T(v')
= (S1(v*) + Sa(v%)) - T ()
=51(v )' T(v') + Sy(v*) - T(v")
=(S10T)(v) + (2@ T)(v)
= (51 ®T+52®T)( )

2. Let S € 3¥(V) and T, Ty € J'(V). Using the same notation,
(S ® (T1 + T2))(v) = S(v") - (T3 + T2) (v')
= S(*) - (Tv(v") + To(v"))
= S(*) - Ta(v') + (") - Ta(v')
= (Se@T)(v) + (S ®T2)(v)
=(SeT1+S®T)(v)

3. Let a € R, S € 3¥(V), and T € 3'(V). Then
((aS) ® T)(v) = (aS)(v") - T(v")

= a(S(") - T(v")

=a(S®T(v)

—S( ) a(T
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4. Let S € J*(V), T € 34(V), and U € J™(V). Let v = (v1,...,Vk114m), and let

’Uk = (1}1, ey Uk), Ul = (U/C+1, ce ’Uk+l)7 and v™ = (Uk+l+17 . ,’Uk+l+m). Then

STeU)(v)=2=S

O

Since the tensor product is associative, we will drop the parentheses in general. Note
that we already know how to describe J*(V): since it is the set of all linear maps from
V — R, it is precisely the dual space V*. We can use this to help us understand higher

order Jk(V).

Theorem 4.2

©i(vj) = 0;;. Then the set of k-tensors of the form

901'1®"'®901'k

where 1 < 4; < n for each index, is a basis of J*(V).

Let vy1,...,v, be a basis for V. Let ¢1,...,¢, be the natural dual basis given by

Proof. We first show that this collection spans J*(V).
Let T € 3%(V). Suppose that wy,...,wy € V, and w; = Z?Zl a; jvj. Then

n
T(wla B awk) = T(Z ai,j, Vj,, W2, . . 'awk)
ji=1

n
= Z aleT(vjl,wg, .. .,wk)

ji=1

n n
= E E 0,1,]‘1'...'CL]CJ'kT(’Ujl,...,Ujk)
Je=1

ji=1

Now, we have

1
0

) i1:j17"'7ik:jk
Piy ®"'®@ik(vj1""7vjk> :5i1,j1 52k7]k :{
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Since i, ® ... ® @i, € J¥(V), we can use () and (x*) to conclude that

n n
iy @ ... @ @ (W, ..., w) = Z Z 1y e O (P @ @05 ) (Vg e, V)
=1 gr=1
n n
= Z Z Q1,57 * -~ -ak._l,jkflak,ik(goi] ®®(plk)(’l}_ll,,vlk)

Jji=1 Jk—1=1

= Ql4y " - Ak iy,

Substituting into (), we have

n n

T(wr,...,wg) = Z Z T(vjy, .. 05)(p5 @ ... Q @i ) (w1, ..., wk)

Jji=1 Jr=1
So " N
T = Z Z T<vj17""vjk)(90j1 ®"'®50jk)
Je=1

Jji=1
so T is a linear combination of the p;, ®...® p;,.

To show that the ¢;, ® ... ® ¢;, are linearly independent, suppose that

n n
Z Z @iy (01 ® . ® @) =0

=1 =1
Then plugging in some combination of basis vectors (vj,,...,v;,), by (%) we have

n

n
0= Z s Z iy ik (301‘1 ®... @ik)(vjlw - 71}]%) = Qjryeyge

i1=1 k=1

Repeating this with each combination of basis vectors shows that the linear combination is
trivial. So the ¢;, ® ... ® ;, are linearly independent and thus a basis. O

Recall that if T : V — W is a linear transformation, then its adjoint 7" : W* — V* is
the linear operator defined such that for any ® € W* it is the case that T*(®) = ® o T.
Then we can extend this notion to arbitrary J*(V).

Definition 4.4

Let f: V — W be linear. Then define the (k-tensor) pullback of f to be the linear
transformation f* : J¥(W) — J¥(V) by

(D) (w1, -5 vo8) = T(f(v1),-- -, fvr))

where T' € J¥(W) and vy,...,v; € V.
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Proposition 4.3

If Se3h(V)and T € 3 (V), and f: V — W, then

ff(SeT)=f"Se T

Proof. Let v* = (vy,...,v) € VF and v! = (vgi1,...,ve1) € VL. Then

f*(S ® T)(Uka Ul) = (S @ T)(f(vl)a ceey f(vk’)a f(vk+1)7 ceey f(vk’-‘rl))
= S(f(vl)a ey f(vk?)) : T(f(vk"rl)’ R f(vk?-i-l))
= [*S@h) - [T
= (f*S @ f*T)(v" o) O
An example of a k-tensor which is not a linear functional is the dot product on R™, which

is a 2-tensor. We can use this language to make an equivalent definition for arbitrary real
inner products.

Definition 4.5

An inner product on a real vector space V is a 2-tensor T € J2 (V') which satisfies
the following:

o T(v,w) =T (w,v) (symmetric)

o T(v,v)>0ifv#£0 (positive definite)

We can similarly reproduce some theorems from linear algebra.

Definition 4.6

A basis vy, ..., v, for a real vector space V is orthonormal with respect to an inner
product T € J*(V) if T'(v;,v;) = &5

Theorem 4.4

For any inner product 7" on V, there is an orthonormal basis with respect to T'.

O

Proof. Pick a basis and apply Gram-Schmidt.

Corollary 4.5

If T is an inner product on V, then there exists an isomorphism f : R™ — V such
that T'(f(z), f(y)) = = - y, or equivalently so that f*T is the dot product on R™.
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Proof. Let vy,...,v, be an orthonormal basis for 7. Define f by f(e;) = v;. Then if
x=(ay,...,an) and y = (by,...,b,), we have

T(f(2), () = T(}_ aivi, D _bjvy)

= ZzaibjT(vivvj)
i=1j=1
= ZZaibjéij

i=1 j=1

= zn:albl
i=1
—z-y O

Suppose we consider a square n X n matrix as a vector whose entries are column vec-
tors. That is, we will associate M, x,(R) with (R™)™. Then det : M,,x,(R) — R may be
considered as a k-tensor for R™. Recall that one definition of the determinant defines it as
the unique alternating multilinear map with det I = 1. Let us attempt to generalize this
notion.

Definition 4.7

A k-tensor T € 3*(V) is alternating if, for every pair i < j, we have

11(1}17 0ooc ,’Uk) = —T(’Ul, 000 ,’L)i_17vj,’t)i+1, coo ,Uj_l,UZ‘,Uj+1, 000 ,’Uk)

In other words, switching the role of two entries also switches the sign of 7.

Definition 4.8

The set of all alternating k-tensors on V' is denoted Ak(V)E

@Spivak uses the notation A®(V), but writes in the Addenda that QF (V) should be used instead.
This definition, if V is finite dimensional, is naturally isomorphic to A(V*). See here for why neither
of these are quite accurate.

One can quickly verify that A¥(V) is a subspace of J*¥(V). The close relationship of
alternating tensors with signed quantities will help us to define oriented objects. Due to
this, it is of interest to us to investigate how to consistently represent elements of A*(V).

Recall that the sign of a permutation o, denoted sgno, is +1 if o is even (that is, it is
composed of an even number of transpositions), and —1 if it is odd.
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Definition 4.9

Let T € 3*(V). Then Alt(T) € 3*(V) is defined by

1
AW(T) (v, ... v5) = 7 Z sgno - T(Vo(1)s - -« » Vo (k))

g€Sk

We can see Alt as a kind of projection from J*(V) into A*(V):
Let V be a real vector space.

1. If T € 3J*(V), then Alt(T) € A*(V).

2. If w € A¥(V), then Alt(w) = w.

3. If T € 3%(V), then Alt(Alt(T)) = Alt(T).

Proof. 1. Fix 4,7, and let (¢,7) be the transposition of ¢ and j. For each o € Sy, write
o' =0 (i,7). We have Si(4,7) = Sk. So

Al(T)(vq, . .. 3 Vg ee ey Ugyenn ,UE) = Alt(T)(U(iJ)(l), ceey ’U(@j)(@)

1
=21 2 5800 T(Uo(ii) 1) Vo)1)
o€Sk

1
= H Z sgnao - T(”O"(l)? . .,va/(k))
" o€Sy
1
= H Z —sgno/-T(Ual(l),...,vg/(k))
" o'eSk(i,)
1
= Z sgno - T'(Vo(1)s - Vo(k))

" o€eSy

= — Alt(T)(v1,...,vk)
2. Let w be alternating. For a transposition o = (4, j), we have

WV (1)5 -+ Vo(k)) = —w(V1, ..., V%) =sgno - w(vy,...,vx) (%)

For arbitrary permutations o, ¢ can be decomposed into a product of transpositions
014+ Om. Since sgn(o10...00,,) = Sgnoy - ... Sgno,y,, we simply apply (x) m times
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to see that (%) holds when o is arbitrary. Now,

1
Alt(w)(vy, ..., v5) = o Z W(Va(1)s -+ Vo(k))
’ o€Sk

1
= Z sgno -sgno - w(vy,...,v)

o€Sk
1
=7 Z w(vy, ..., vE)
’ o€Sk
= UJ(’Ul,...,Uk)
3. Follows from 1) and 2). O

One way of describing alternating tensors would be to produce a basis of A*(V). Note
that we cannot necessarily apply Theorem This is because if w € A*(V) and n € A*(V),
it is not necessarily the case that w ® 7 is alternating (consider a transposition which swaps
entries in the w and 1 domains). Thus, we will need to define an analogous product which
takes alternating tensors to alternating tensors.

Definition 4.10

Let w € A*(V) and n € AY(V). Then the wedge product of w and 7, denoted
wAn e AF(V), is defined by

(b +1)!
wAn =" Alt(w ® 1)

We can prove properties of A using similar methods as we did for ®.

Proposition 4.7

Let w,wy,ws € A¥(V), n,m1,m2 € AY(V), and a € R. Then
1. (witw)An=wi1 An+wa A7
2. wAMm+m)=wAn +wAn
3. (aw)An=wA (an) = a(w An)

Proof. 1. Let v* = (v1,...,v;) € V¥ and o' = (vig1,...,vep) € VL. Write o(vF,v!) =



(Ud(l)u cee 7Ua'(k;+l))- Then

(or ) A, 0) = B2 i+ ) @ m) 08,01
- E Al @ -+ @ )(0", )
Lk 1 _— I
- (k+z)!(;k gno - (w1 @1 +we @) (o (0", 0))
kDl 1
- k!l!) RCES] g;k o (i @n(o(v',v) +w @n(e(e,v)
(k +1)!

=" (Alt(w, ®@n) + Alt(wa ® 7))

=wi AnN+waAn

2. Analogous.

3. We prove the first and third expressions are equal. The other equality is proved
analogously. Then

((aw) Am) (", 0') = (kkj;!l)! Alt((aw) @ 1) (0%, v)
= B! ps(aw @m0
B (k/:!rz!l)! (& Jlr D! a;k sgno - a(w @n)(o(v*,v"))
B a(kk;!l)! (& Jlr D! agsjk sgno - (w®n)(o(v*,v"))
_ a(kk;!z)! Alt(w © m) (0%, )
= a(w A n) (ko) -

We can also take advantage of the alternating nature of these tensors to prove additional
properties.

Proposition 4.8

Let w € A¥(V) and n € AY(V). Let f : V — V be linear. Then
1. wAnp=(-D*nAw)
2. fr(wAn) = fr(w)Af(m).

Proof. 1. Let v = (v1,...,0541) € VFL Let 0* € Spy; be a permutation which sends
{1,2,...,k+1} to{k+1,1,2,...,k+ 1 — 1}. Note that this can be achieved using
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k+1—1 permutations (as (k+ 1, k+1—1)-(k+1,k+1—2)-...-(k+1,1)). Then (c*)
is the permutation which takes {1,2,....,k+1} to {k+1,...,k+1,1,...,k}, and

sgn(c*)! = (sgn(0™)) = (—)FHN)! = (—1)HH T = (—)H
Then we have

wane = EEE e ne)

(k+0)! 1
TR (kD) Y 5800 (@) (Vo(1)s- - Va(h)s Vot 1)s-- - Va(1))

oESK41
k+0)l 1
= (_l)kl ( L (k + l)' Z SgIl(O') ’ (w ® 77)(%(k+1)a <oy Vo (k1) Vo(1)s - - - ava(k))
1 L
E+D)l 1
~ -yt il ) (k+1)! > 580(0) - (1@ W) (Ug(1)s -+, Vi) Vot 1)s -+ -+ V(1))
k+1)!
= (D iy 0 )

= ()" nAw)(v)

2. This follows from Proposition [£.3}

7w = D @ o)

k41!
= D Aw(rwn o)

=ffwAf'n

We can also prove associativity of the wedge product:
1. Let S € 3%(V), T € 34(V), and suppose Alt(S) = 0. Then
AR(SQRT)=Al(T®S)=0

2. Alt(Alt(w®n) @ 0) = Alt(w ® n ® 0) = Alt(w @ Alt(n ® 0))
3. Ifwe AF(V), n € AYV), and € A™(V), then

kE+1+m)!

Proof. 1. Let G < Sk be the set of all permutations which fix the k-th through k 4 I-th
elements. This is a subgroup of Si.;, so we may consider the set of right cosets Go’

69



for o' € Spy1. Let vF = (vi,...,0) € V¥, ol = (vpy1,...,vp41), and let o(v) =
(Ua(l); o ,Ug(kH)). Then
1

Al(S ® T)(v*,0') = (k+1)!

Z sgno - (S® T)(U(Ukavl))

UGSk+l

1
BRTE] sgn(oo’) - S(ao’ (v*)) - T(o0’ (v"))
(k+1)! ;;G &
1 N ,
BCED] ;Sgn(a )T (0" (v") D _ sen(o) - S(oo’ (v"))

ceG

Write ¢’ (v*) = w¥. Noting that G = S, we have

> sgn(o) - S(oo’ (V7)) = Y sgn(o) - S(o(wk)) = K Alt(S) (w") =0

celG oeSy
So Alt(S ® T) = 0 and similarly Alt(T ® S) = 0.
2. Noting that Alt is linear, we know that
Alt(Alt(w @ n) —w®n) = Alt(Alt(w @ 7)) — Alt(w @ n) = Alt(w®n) — Alt(w®n) =0
Applying part 1),
0=Alt((Alt(w®n) —w®n) ®0) = Alt(Alt(w @ 7) ® ) — Alt(w @ n & 6)

SO
(Alt(w@n) ®@0) = Alt(w® 0 @)

and the other equality is similar.

3. We have
(WA A= WAlt((wAn)@@@)
_ (’(fktrl ;)F':Z')' 1 ((k/;!rul)! Alt(w @ ) ® )
= W Alt(Alt(w ®@n) ® 0)
:WAM(UJQMQM) O

As a result, we will also drop the parentheses when discussing wedge products.

Theorem 4.10

Let V' be a real vector space with basis vy, ..., v,, and let ¢4, ..., v, be the induced
dual basis. Then the collection of all k-tensors of the form

where 1 < iy < ... <1, <n,is a basis for Ak(V).
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Proof. Let w € A¥(V). Then w € J*(V). By Theorem the collection of ¢;, ®@...® @j,
is a basis for 3¥(V') and we have

w = Zajh---,jk(pjl @ ... O pj,

Since w is alternating, we have

w = Alt(w Z Wy, Alb(05; ® ... ® 5, Zah, Jk ‘Ph N Pk

Let ji, ..., be areordering of ji, ..., ji such that ji <... < j;. This may be accomplished
by a series of transpositions, each of which changes only the sign of the wedge product by
Proposition (4.8] E Moreover, if any two of the ¢;; are equal, then the entire wedge product is
zero. So we may assume ji < ... < j;, and we have

(nk)! o
pILT (K" O R AL

So the ¢j; A... A span AR(V).

To show linear independence, suppose we have some linear combination

w= Zah ----- Jk(pjl A P
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Definitions

k-tensor,

admissible,
alternating,

boundary, [6]

Cartesian product, [
characteristic function, [40]
closed,

closed k-cell,

closed rectangle,
common refinement, [32]
compact, [0]

component functions, |§|
composition,

content, 1]

content zero, [39]
continuous, [9]
continuously differentiable,

derivative, [12]
differentiable,

Euclidean n-space, [3]

extended integrable,
exterior, []

functional limit, [9]

image,

inner product, [4] [64]
integrable,
integral,

interior, |§|

inverse,

iterated integrals, [2]
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Jacobian matrix,
Jordan-measurable, [0]

level curve,
lower integral,

measure zero, [34]
multilinear,

norm, [3]

Note:, [46]

opeu, [f

open k-cell,
open cover, [0]
open rectangle,
orthonormal, [64]
oscillation, [I0]

partial derivative,

partition, [3]]
partition of unity, 6]

preimage,
projection function, [9]

pullback,

refinement, [32]

sign, [65]

standard basis,
subcover, [f]
subordinate, [46]
subrectangles, [31]

tensor product,

upper integral, [12]



vector valued functions, wedge product, [67]
volume,
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