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Introduction

This document contains notes taken for the class MAT 425: Integration Theory and Hilbert
Spaces at Princeton University, taken in the Spring 2025 semester. These notes are primarily
based on lectures by Professor Jacob Shapiro. Other references used in these notes include
Real Analysis by Elias Stein and Rami Shakarchi, Real and Complex Analysis by Walter
Rudin, Real Analysis (2nd Edition) by Halsey Royden, The Elements of Integration and
Lebesgue Measure by Robert Bartle, Measure Theory by Paul Halmos, and Real Analysis:
Modern Techinques and Their Applications by Gerald Folland. Since these notes were
primarily taken live, they may contains typos or errors.



Chapter 1

Introductory Measure Theory

1.1 Motivations

The formal study of measure theory is motivated historically by the insufficiency of the
Riemann integral as a complete tool for describing integration. Considering some bounded
function f : [a,b] — R, there are many desirable properties that we might expect from an
integral.

1. We might ask that the integral produces the average value of the function f on [a,b],

as 1 b
7:b_a/af

2. Geometrically, we can interpret the integral as the signed area between the graph of

f and the z-axis:
b
A= / f
a

3. We also think of integrals as the continuous generalization of summation.

Recall that the Riemann integral of f over [a,b] is defined by considering, for fixed N € N,
the upper and lower sums Ly, Uy defined by

Ln(f) = bz_va Zinf{f(x);xea+[n,n+1]b]_va}
7=0
N-1

UN(f):bia sup{f(x):zeaJr[n,nJrl]bNa}

N <
7=0

We say that f is Riemann integrable with integral I = f: feRiflim Ly,lim Uy both exist
and are equal to 1.

From our previous studies, Lebesgue’s criterion gave a convenient characterization of Rie-
mann integrable functions.



Definition 1.1

A set S C R has measure zero if for any ¢ > 0 there exists a collection {U, },, oy of
open intervals such that S C |JU,, and Y |U,| < €, where |U,| is the length of U,,.

The Cantor set C has measure zero. This is a consequence of the fact that at each
iterative step in the construction of the Cantor set, we have a collection of open

intervals covering the Cantor set, and the total length at step k is given by (%)k —0.

Theorem 1.1: Lebesgue’s Theorem

A bounded function f : [a,b] — R is Riemann integrable if and only if the set of
discontinuities of f has measure zero.

In particular, continuous functions are always Riemann integrable. The indicator func-
tion ¢ of the Cantor set is Riemann integrable, since its discontinuities are of measure zero.
However, xg (restricted to some compact interval) is not, since it is discontinuous at every
point (this is precisely Dirichlet’s function).

One can define a Riemann integral for unbounded functions or on unbounded domains by
considering appropriate limits of Riemann integrals on compact intervals.

The improper integral fol ﬁ dz is computed as

1 1 2
—dz = li —dz = lim 2z} = lim |2—- —=|=2
/Mﬁ B e g T i :20[ ﬁ]

This method may be naturally extended to functions with a finite number of ”integrable”
discontinuities, or sometimes countable discontinuities. However, the following example
shows that it fails in the general case.

Let {n, }nen be an enumeration of the set (0,1) N Q. Define f, : [0,1] = R by

1 5
fnimes Q VETIS =
0: z <y

Then define -
Fl@i= D0 2pf(a)
n=1



By density, f is unbounded in every open subinterval of [0,1]. As a result, there is
no limit of intervals increasing to [0, 1] which we could use to define the integral of
f over [0, 1], in the sense used in the previous example.

To try to figure out a way around this, note that our work in the previous example
shows that

fn =2y1-— Mn
[0,1]

Now, consider the (unjustified) interchange of the integral and sum:

oo [eS) [e%S)
/ f: ZQ—nanZQ_n/ fn:ZQ_n2M<OO
(0,1] (0,1] n=1 n=1 (0,1] n=1

As the above example demonstrates, an important question in analysis is which opera-
tions respect the limiting process. In particular, we know that uniform convergence respects
the limit:

Let fy : [a,b] — R be a sequence of bounded Riemann integrable functions which
converge uniformly to f. Then f is Riemann integrable and lim f[a o fn = f[a 0!

However, it is desirable to us to apply this interchange under weaker hypotheses than
uniform convergence, so that we can develop a more powerful and general theory of inte-
gration.

Consider again the enumeration {1, }»en of (0,1) N Q. Define

frn = X{n;iienn)y

In words, f,(z) =1 if z = n; for some j < n and 0 otherwise. f[O,l] frn = 0 for all
n, so we would like to assign the value 0 to f[o 1] lim f. However, observe that f,
converges pointwise to Dirichlet’s function, which is not Riemann integrable.

The development of the Lebesgue integral, which solves many issues with the Riemann
integral, will be accomplished by first discussing the general theory of measure and integra-
tion, and following the construction of the Lebesgue measure and integral.

1.2 Abstract Measure Theory

The development of a measure space structure on a set is accomplished by defining a col-
lection of ”measurable” subsets, not unlike a topology, which satisfies particular structural
constraints.



Definition 1.2

Let X be a set, and consider a collection of subsets M C P(X). We say that M is
a o-algebra on X if

1. X eM,
2. If Ae M then X\ A €M,
3. If {A, }nen is a countable collection of elements of M, then | J 4,, € M.

If M is a o-algebra on X, then (X, M) is called a measurable space. An element
of M is called a measurable set. If the o-algebra on X is understood by context,
then Meas(X) denotes the set of measurable subsets of X (that it, it denotes the
implied o-algebra).

Notice that while a topology is required to be closed under arbitrary unions, a o-algebra
is only required to be closed under countable unions. Moreover, the following follows directly
from the axioms of o-algebras:

Proposition 1.3

@ € Meas(X) and Meas(X) is clsoed under countable intersections.

For comparison, recall the following definition of a topology:

Definition 1.3

Let X be a set, and consider a collection of subsets T C P(X). We say that T is a
topology on X if

1. X,9eT,
2. ﬂgzl V,, € T whenever each V,, € T,

3. Uaea Vo € T whenever V,, € T for an arbitrary indexing set A.

By direct comparison, a topology is not automatically a o-algebra, since it may not be
closed under complements.

Again in analogy to topology, recall that continuous functions are the morphisms of topo-
logical spaces. Thus, we can ask which functions can be considered to be the morphisms of
measurable spaces. Indeed, just as continuous functions are topologically characterized by
preserving open sets under preimages, we define measurable space morphisms similarly:

Definition 1.4

A function f : X — Y for measurable spaces X,Y is said to be a measurable
function if f~!(A) € Meas(X) whenever A € Meas(Y).




It follows immediately that the composition of measurable functions is measurable.

As with topologies, any set automatically comes equipped with two o-algebras: the power
set P(X) and {&, X}. These are the largest and smallest o-algebras on X, respectively.

Let X ={1,2,3,4}. Then the following is a nontrivial o-algebra:

M = {®7X7{172}7{3>4}}

Generalizing the above, for any A C X, the o-algebra {&, X, A, X \ A} is the smallest
o-algebra containing A.

Remark 1.1

The arbitrary intersection of o-algebras on a common set is again a o-algebra, but
not necessarily unions.

Definition 1.5

Let f: X — Y, where X is an arbitrary set and Y is a measurable space. Then the
o-algebra o(f) generated by f is

o(f) ={f"(A): A€ Meas(Y)}

Essentially, o(f) is generated by pulling back the measurable structure of Y through f.
It is straightforward to verify that o(f) is actually a o-algebra, and it follows that o(f) is
the smallest o-algebra on X such that f is measurable. In other words, if M is a o-algebra
on X, then f is measurable with respect to (X, M),Y if and only if o(f) C M.

We can generalize the construction of ”smallest o-algebra” type constructions to find the
smallest o-algebra containing a certain collection of subsets. It is somewhat nonobvious
that such an algebra exists or is unique.

Theorem 1.4

Let F C P(X). Then there exists a unique minimal o-algebra o(F) on X such that
F Co(F).

Proof. Let € be the set of collection of all o-algebras on X which contain F. € is nonempty
since P(X) C Q. Define

o(F) = ﬂ M

MeQ

Since the arbitrary intersection of o-algebras is a o-algebra, o(F) is indeed a c-algebra.
Moreover, by construction o(F) is contained in any element of 2, and it is thus minimal. [



As we remarked above, a topology is not in general a o-algebra. The two notions are
linked by considering the Borel o-algebra, which is generated by the open sets on a space.

Definition 1.6

Let X be a topological space with topology 7. Then the Borel o-algebra on X is
given by Z(X) = o(T).

Note that since o-algebras are closed under complements, by definition the closed sets on
X are in #(X). It is also the case that countable intersections of open sets and countable
unions of closed sets are contained in Z(X), when this is not necessarily true in 7. Elements
of a Borel g-algebra are called Borel sets. In general, when we refer to topological spaces
without specifying a o-algebra, the Borel algebra is implicitly taken.

Under Hausdorft’s terminology, sets which are the countable union of closed sets are denoted
F, sets. Analogously, sets which are the countable intersection of open sets are denoted Gy
sets.

To make more precise the connection between topologies and measurable spaces through
the Borel o-algebra, we make the following claim:

Proposition 1.5

Let f: X — Y be a mapping between topological spaces such that f=(V) € Z(X)
for any open set V' C Y. Then f is measurable with respect to B(X), B(Y).

Proof. Define the collection
M={AePY): f1(A) € BX)}

It can be verified that M is a g-algebra on Y. Then, by assumption the open sets in Y
are contained in M. Moreover, by definition Z(Y") is the smallest o-algebra containing the
open sets. Therefore we have Open(Y) C AB(Y) C M. Since #(Y) is contained in M it
follows by definition that f is measurable with respect to Z(X), Z(Y). O

Note that the above proposition implies that any continuous mapping between topo-
logical spaces is measurable with respect to their Borel algebras. We prove the following
statement, which will aid our understanding of complex measurable functions:

Proposition 1.6

Let X be a measurable space and Y a topological space. Let u,v : X — R be
measurable and ¢ : R? — Y be continuous. Then h : X — Y defined by

hz) = p(u(z), v(z))

is measurable with respect to Meas(X), Z(Y).




Proof. From the previous proposition, ¢ is measurable with respect to %Z(R?) and A(Y).
Let f: X — R? be x — (u(x),v(z)). Then h = ¢ o f, and the composition of mea-
surable functions is measurable. So it suffices to show f is measurable with respect to
Meas(X), B(R).

Take some rectangle R = I x I, for intervals I, Ir. Then f~*(R) = v~ (I;)Nv*(lz). f~1(R)
is then a measurable set since both u, v are measurable functions. Now, let V € Open(R?).
Then V' can be written as the countable union of rectangles. So we have

fHvy=f7" (U Rn> = U f~YR,) € Meas(X)

From the previous proposition it follows that f is measurable. O

We can now use this fact to produce measurable functions from other measurable func-
tions.

Theorem 1.7

Let X be a measurable space. Then:
1. If u,v : X — R are measurable, then so is u + v : X — C.
2. If f: X — C is measurable, then so are Re(f),Im(f), |f]|.

If f,g: X — C are measurable then f + g and fg are both measurable.

- W

If A € Meas(X) then x4 : X — R is measurable as well.

5. If f: X — C is measurable then there exists o : X — C measurable such that

f=alfl.

It is often of interest to us to work in the extended real line, so that we can consider
functions or measures which assign infinite values to some points or sets. This is also helpful
since the extended real line is compact.

Definition 1.7

The extended real line is denoted [—o00, 00| or R, and consists of the set RU{=+c0},
together with the topology that contains open sets in R and countable unions of sets
of the form (a, oo] and [—o0, a).

Theorem 1.8
Let f: X — R with X a measurable space. If
71 ((a,00]) € Meas(X)

for all a € R, then f is measurable.




Proof. The point is to show that any open set in R may be constructed countably from sets
of the form (a, c0].

First we consider sets of the form [—o0,a). Let {a,} — a be a sequence of points with
an < a for all a,. Then

[—o0,a) = [ J [~o0,an] = | J (an. 0]

1 n=1

s

so f71([~00,a)) € Meas(X). We can similarly write
(a,b) = [—00,b) N (a, 0]

so that f~'((a,b)) € Meas(X) as well. Now it follows that any open set in the topology on
R has a preimage in Meas(X), so it follows that f is measurable with respect to the Borel
algebra on R. O

Theorem 1.9

Let f, : X — R be a sequence of measurable functions. Then the functions
sup fn,limsup f,,inf f,,liminf f,, which are defined pointwise, are all measurable.

Proof. By the previous theorem, it suffices to check that (sup f,)~ " ((a,0]) is measurable
for all a € R, which we will do by expressing these sets as countable unions of preimages
through the individual f,,.

We claim that -
(sup fu) ™" ((a,00]) = [ £ " ((a,00])
n=1
While this is not true in general, it holds for the half-open infinite intervals. We show double
inclusion.

(C) Let € (sup f,) " ((a,00]). Then sup f,(x) > a. Thus there exists n such that
fn(x) > sup f,, — € for € sufficiently small that sup f, — & > a. So x € f,, *(a, 00].

(2) Similarly, if z € ;—, f, *((a,]), then there exists n with f,(z) > a, which then
implies that sup f,,(z) > a as well.

By hypothesis, f,1((a,c]) € Meas(X) for all n. Thus sup f,, is measurable. Of course this
is true for inf as well.

To show that lim sup is measurable as well, we simply use the representation of limsup as
limsup a,, = inf <sup am)
n>1 m>n

Thus limsup f,, and liminf f,, are both measurable as well. O

10



Corollary 1.10

If lim f,, exists and each f, : X — R is measurable, then so is lim f,.

Proof. If the limit exists then it is equal to both the lim sup and lim inf. O

Corollary 1.11

If f,g: X — R are measurable then so is max{f, g} and min{f, g}.

Proof. Define fi = f and f, = g for all n > 2. O

The following theorem, which is a direct result of the above, is useful for considering an
arbitrary function in terms of two nonnegative functions, which are easier to work with.

Proposition 1.12

For any f : X — R, we can decompose it into positive and negative parts as f =
fr— f~, with

T = max{f,0}
f~ == —min{f,0}

If f is measurable then so are f*, f~.

Proof. Based on the previous theorems, we just need to show that the constant zero function
is measurable. But this is clear since the preimage of any subset of R will be all of X if the
subset contains 0, and & otherwise. O

1.3 Measures and Integration

Our next goal is to define integration of measurable functions. To do so, we will first consider
simple functions, which will be the smallest building blocks that we define an integral on.

Definition 1.8

A function s : X — C is a simple function if it has finite image. A simple
nonnegative function is a simple function s : X — [0, 00).

Because a simple function s assumes only finitely many values, we can always express it
as the weighted sum of characteristic functions:

n
s = § QX A;
=1

where the «; are the values in the image, and the A; are their preimages.

11



Proposition 1.13

A simple function expressed as

n
s = E QiXA;
i=1

is measurable if and only if each A; is measurable.

Proposition 1.14

Products and sums of simple functions are simple.

Proof. Clearly there are only finitely many values in the image. O

The utility of simple functions is that we may use them to approximate arbitrary mea-
surable functions. Thus, so long as our integral operator interchanges with limits, we will
be free to define integrals solely over simple functions.

Theorem 1.15

Let f: X — [0,00] be measurable. Then there exists a sequence of simple nonnega-
tive measurable functions s, : X — [0, 00) such that:

00§81§82SS]C

e s, — f pointwise.

Proof. We first provide an approximation for the identity, and then compose this with our
function f. This approximation is made easier since we only need a pointwise limit. Thus we
can consider a step function which both has finer steps (in order to approach the identity),
and approximates the identity on a larger range (so that at there are always finite points in
the range). Thus, we define

27m|2"t], 0<t<n

pn(t) =

n, t>n

n is simple since it has ~ 27" values in its image. Additionally its preimages are half-open
intervals so ¢, is measurable.

Now, we need to show that ¢, < ¢,11 and ¢, converges to the identity pointwise. To
show this, we prove that t — 27" < ¢, (t) <t for all t. Then it is clear that as n — oo, @,
approaches the identity.

Now, the conclusion to the proof is to set s, == @, o f. s, is simple since we factor through
the simple function ,,, and it is measurable as the composition of measurable functions. [



Now, we have established the technical background to define integration of simple func-
tions. To do this, we essentially just assign each possible preimage of the simple functions
a weight (which must be additive). Such a weight is a generalization of the notions of area,
volume, mass, and so on, and is called a measure. We make two slightly different definitions
for real and complex measures.

Definition 1.9

A complex measure on X is a function p : Meas(X) — C which is countably
additive, meaning that whenever {A,} is a countable sequence of pairwise disjoint
measurable sets, we have

12 ( An) = ZN(AH)

n=

Definition 1.10

A nonnegative measure on X is a map p : Meas(X) — [0, oo] which is countably
additive, and such that there is at least one set A € Meas(X) with finite measure.
A measure space is a triple (X, M, ) where (X, M) is a mesaurable space and
is a measure on (X, M).

Note it follows that p(2) = 0, which would not be true in the nonnegative case if we did
not require the existence of a finite measure set.

Proposition 1.16

If i is a nonnegative meausre on X, then:
1. u(@)=0.
2. p is finitely additive.
3. If AC B then p(A) < u(B).

4. If A; C A5 C ... is a countable sequence of measurable sets, then
lim pu(A,) = p (U An)

5. If Ay D Ay D ... is a countable sequence of measurable sets and at least one
A, has finite measure, then

lim p(A,) = p (m An)

Roughly speaking, (4) and (5) tell us that measures may be approximated from either
inside or outside.



Proof. 1. Take A measurable with finite measure, and consider the sequence A; = A,
A, = @ For n > 2. Then

oo > p(A) = (JAn) =D wlAn) = ul(4) + 3 u(2)
which implies that we must have u(@) = 0.
2. Follows from countable additivity now that we know u(@) = 0.
3. We write B =AU (B\ A) and apply (2).

4. Define By = Ay, By = A\ A1, and B,, = A, \ A,,—1 for n > 2. Then apply countable
additivity.

5. Suppose p(An) < oo. Then we have

ﬂAn:AN\ (U AN\AN+,,>

neN

so by the previous item,

o (ﬂ An> = u(An) — p (ﬂ AN\ AN+n> = lim p(An) = p(An \ An4n)

neN n=1

= lim p(Anin) O

n— oo

The most important example of a nonnegative measure is the Lebesgue measure. Because
it is harder to define, we start by defining a few simpler measures.

Definition 1.11

Let X be a measurable space with Meas(X) = P(X). The counting measure is
defined as ¢ : Meas(X) — [0, 00] such that ¢(A) is the cardinality of A (possibly
infinite).

Definition 1.12

Let X be a measurable space with Meas(X) = {&, X, {zo}, X \ {zo}} for some
distinguished point zg. Then the Dirac delta measure at x( is defined by

S s 1, zg€ S
0, $0¢S

We can now define the integral of a positive function against a measure. We will do so
by first defining the integral of simple functions, then passing to the limit.



Definition 1.13

Let p : Meas(X) — [0,00] be a nonnegative measure. Let s = >, a;xa, be a
simple measurable function, and let E € Meas(X). Then we define the Lebesgue
integral of s over F with respect to p to be

/ sdp = Zai,u(Ai NnE)
2 i=1

By convention, if a; = 0 on a set of infinte measure, the entire term is considered to
be zero.

Definition 1.14

Let f: X — [0,00] be measurable, and let u : Meas(X) — [0, 00] be a nonnegative
measure. Let E € Meas(X). Then the Lebesgue integral of f over E with respect

to u is
/fdu:: sup /sdu
E 0<s<fJE

where the supremum is taken over all nonnegative simple measurable functions which
satisfy 0 < s < f.

Note that the second definition agrees with the first since the supremum is attained by

f.

Set X = N, Meas(X) = P(X), and ¢ to be the counting measure on X. Then
[ 1ae=¥ 1@
A T€A

when A C N. This is clear for finite A but requires limit theorems for countable A.
Thus we have represented the sum as an integral against the counting measurable,
meaning that our integral theorems will apply to sums as well.

1.4 Limit Theorems

We now turn to the question of interchanging the limit operator and integral, which is a
major motivation for the definition of the integral in this way. We begin first with a few

elementary properties.



Proposition 1.17

Let 0 < f < g be nonnegative measurable functions. Then:
L ff<)g
2. f ACBthen [, f< [, f
If0<c¢<oo, then [ef =c [ f.

= w

If f =0 then [ g [ = 0 for any measurable F, even if £ has infinite measure.
5. If E is measurable with u(E) = 0, then [, f =0.
6. For E measurable, [, f = [x&/f.

Theorem 1.18

Let s,t > 0 be nonnegative simple functions and y a measure. Define

¢s(E) Z/Esdu

Then ¢, is a measure, and p,1 = s + ;.

Proof. Let E =| | E; be the disjoint countable union of some FE;. By definition,

0s(B) =Y au(ENA) = aiy p(E;NAy)

i=1 i=1 Jj=1

Because s is simple we can interchange the finite sum:

oo n

ZaZZuE NA;) ZZ@W (E;NE;) Z(ps(E])
j=1

i=1  j=1 j=1i=1

Thus ¢, is a measure. Linearity follows since we are only adding two simple functions, and
so there are at most finitely many sets to work with. O

To give an example of a sequence where the limit and integral cannot be interchanged,
define f,, = nx(0,1/n)- Then [ fn = 1for all n, but the pointwise limit is 0 everywhere.

We now prove our first limit theorem:



Theorem 1.19: Monotone Convergence Theorem

Let 0 < f,, /' f < o0 be a sequence of nonnegative measurable functions. Then f is

measurable and
JERTEi

Proof. First note that the sequence [ f, is monotone increasing, so it has a limit (in the

extended reals). Thus we have
L = lim / £ < / f

Pick a simple function s < f and € < 1. We want to show that L > ¢ f s, which will then
prove the result by taking e — 1 and s — f.

For each n, define
By ={o: fulz) > esla)}
For any point z € X, we have f,(z) — f(z) > es(z), so

UEn:X
[Eness[EnfnS/XfﬁL

/ Es—>/ss
E, X
/ssgL

[r=t
so we have both inequalities and thus

[r=t=tm[1, ~

Then for each n we have

We also have

SO

foralle < 1,s < f. Thus

Corollary 1.20

If f,g are nonnegative and measurable then [ f+g= [f+ [g.

Proof. Take two sequences of simple functions s;  f and t; /' g. The monotone conver-
gence theorem gives the result. O

17



Corollary 1.21

If f, > 0 is a sequence of nonnegative measurable functions then

/inmi/mm

Proof. Combine the monotone convergence theorem with the previous corollary. O

Corollary 1.22

If a;; is a sequence of nonnegative numbers then

(o ] o0
DI Z 2
=1 j=1 =il =il
Proof. We write one of the sums as an integral with the counting measure. O

Lemma 1.23: Fatou’s Lemma

Let f, > 0 be a sequence of nonnegative measurable functions. Then

/lim inf f,, <lim inf/fn

Proof. Define g,,(z) = inf,,>y, fm (). Then by definition, g,, / liminf f,. Also [ g, < [ fn
for each n. So by monotone convergence we have

/lim inf f,, = lim/gn = lim inf/gn < lim inf/fn O

Having established limit theorems for nonnegative functions, we now make our definition
of arbitrary integrals.

Definition 1.15

Let f: X — R be a measurable function. Writing f = f* — f~, we define

Jr=fr- s
For a complex measurable function F' = u + iv : X — C, we define

/F:/u+i/v

Clearly this definition agrees with our previous one. However, there is a slight subtlety,
which is that our definition may end up with an expression like co — ico. As such, we

18



restrict this definition to those f which make the integral absolutely convergent (meaning
J1f] < o). In this case our new integral inherits the properties we have shown for integrals
of nonnegative functions.

Definition 1.16

Let 1 be a measure on X. Then we define the L! space to be

i ={r:x ¢ fifldn<oo]

Occasionally we will also specify the domain and codomain as L'(X — C, 1), or just
the domain or codomain as appropriate when the other is implied.

Proposition 1.24

For f € L'(X — C, ) measurable such that |f| is integrable,

TEENL

Proof. For f real valued, we write

=l forlelfrlel )= o fo=fn o

A similar proof shows the result for complex functions.

Proposition 1.25

Let f,g € L*(X — C, ). Then

/f+g=/f+/g

Proof. We have already proved this for nonnegative functions. Suppose f, g are real valued.
Set h = f + g. Then f, g, h admit decompositions into nonnegative functions as

f=hH-Fr
g=91 — 92
h=hy— hs
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Now, applying the result for nonnegative functions and rearranging, we have

hi—ho=fi—fo+g1—92
hi+fo+ga=ha+ fa+ 9o

/h1+/f2+/92=/h2+6tf2+/92
/f+9:/h1—h2:/f1—f2+/91—92:/f+/9

The proof proceeds similarly for complex valued functions. O

Theorem 1.26: Dominated Convergence Theorem

If f, — f and there exists g € L! such that |f,| < g, then:
o fu, feL,
e lim [|f — f,| = 0 (equivalently, f, — f in L),

e lim [ f, = [ f (weak convergence)

Proof. First note that we have
lfnl <9 —1fl<g

s0 fn, f € L*. Moreover, we have
|fn - f| <2g

so the differences are in L! as well. Moreover, we have 29— | f,, — f| > 0. Thus we can apply
Fatou’s lemma:

[29= [tmg =17 - gul) = [tmint 29~ |7 - 1)

gnminf/(gg_ If = fal) = /Qg+liminf/—|f—fn|
Because [ 2g < oo, we can subtract it from both sides to see that

0 < lim inf (—/|f—fn|> = limsup/|f—fn| <0

Since the RHS is nonnegative we conclude that lim [|f — f,| exists and is equal to zero. To
demonstrate weak convergence, we have

Jo Jol o= f :
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Example 1.8

Consider f, = nX(0,1/n2)- These functions are bounded by g(z) = % € L'. More-

lim/fnzlimlzoz/OZ/limfn
n

over, we have
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Chapter 2

The Lebesgue Measure

To this point we have defined integrals in a way that allows us to interchange them with
limit operators in various settings. We have also defined an appropriate o-algebra, (R),
on R, which we can use to work with this integral. Now we have to define a measure on
% (R) that extends the Riemann integral. To make this definition we will essentially present
an existence and uniqueness proof.

More precisely we show that there exists a unique positive, translation invariant meausre
A: B(R) — [0, 00] such that A(]0,1]) = 1.

In this search it will also turn out that the measurable sets under A is larger than the Borel
algebra.

Definition 2.1

For a set S C R and = € R, we define translation by
S+z={s+z:5€ S}

A measure p is called translation invariant if p(S) = p(S + ) for all z, S.

Our work will involve first developing theorems about how to construct measures out of
more primitive objects. Applying this to R with some geometric intuition will give us the
Lebesgue measure.

2.1 Premeasures and Outer Measures
Consider some nonempty set X, and let p : E — [0, 0o] be a map which is initially defined on

some subset E of P(X), with p(@) = 0. We do not assume that E is a o-algebra; however
it will generate the o-algebra that is used by the final measure.
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Definition 2.2

If X is nonempty, an outer measure on X is a map ¢ : P(X) — [0, oo] such that
L ¢(@) =0,
2. p(A4) < ¢(B) whenever A C B,
3. o (UAn) <> 9(A,) for any countable collection of sets A,,.

Note that an outer measure is not a measure.

We now define an outer measure ¢, : P(X) — [0, 0o] using the data from p.

Proposition 2.1

Let X be nonempty, p : E — [0, 00] for E C P(X) containing {&, X}, and p(&) = 0.
Then the function ¢, : P(X) — [0, co] defined by

#p(A) = inf { 3" p(En) : {En}nen € B, A C | JEn}

is an outer measure. Here the infimum is over all countable covers of A with elements
of E. If no such cover exists then by definition the infimum is co.

Proof. 1t is clear that ¢,(@) = 0 since we can take the cover to be F,, = @. To show
monotonicity, if A C B then any cover of B covers A, so p,(A) < ¢,(B) (this still holds
when one or both sets admit no covers).

If A=JA,, then for any € > 0 we can pick covers {E, ;}; for each n such that

> IS
Zp(En,i) < @p(An) + 27
=1

Then the collection {E,, ;},; is a countable cover of A, and we have

> (B = 303 p(Ens) < 3 (0(An) + 57 ) = Do enlAn) +

n

Taking ¢ — 0 and taking the infimum, we conclude that

Pp <U An) < Z @p(An)

O

Taking E to be the set of intervals and letting p((a,b)) = b — a, we generate the
Lebesgue outer measure.



So far we have placed no assumptions on p. In order to get outer measures and measures
which we can work with nicely, it is helpful to impose a few conditions. To see this, we ex-
amine some possible difficulties with pathological p. For instance, if p itself is not countably
additive, then ¢, could fail to coincide with p on FE.

Definition 2.3

If ¢ is an outer measure on X, a set A C X is called p-measurable if for all
Q € P(X),
P(Q) = p(@NA) +p(QN A%

The set of p-measurable sets is denoted .27,.

Essentially, a ¢-measurable set splits with respect to measure. It is not a priori obvious
that nonmeasurable sets should exist under this definition, but we will see later that they
do. Note that we always have

P(Q) < P(QNA)+p(QN A

by countable subadditivity of ¢. Thus in general we can check p-measurability just by
verifying that
e(Q) =2 p(@NA) +p(QN A%

Moreover, when ¢(Q) = oo this is automatically true.

A natural question is then to ask whether ¢ ,-measurable sets form a o-algebra. The answer
to this question is yes; moreover the restriction theorem that we prove shows that ¢, is also
a measure when restricted to these sets.

Theorem 2.2: Caratheodory’s Restriction Theorem

Let X be a nonempty set and ¢ an outer measure on X. Then 7, is a o-algebra,
and p, = @|o, is a measure.

Proof. Take @. By the remark above, it suffices to show that for any @ € X,

p(Q) = p(QN3) +(QNZ°)

But this is clear since the right hand side is just

0(2) + ¢(Q) = »(Q)

It is also obvious that &7, is closed under complements since the definition treats A, A¢
symmetrically.

To show closure under countable unions, we first show finite unions. For A, B € 4/,, and
pick Q € P(X) with ¢(Q) < oo (recall from above that we can assume finite outer measure).
Then

P(Q) = p(@NA) +p(QN A%
=p(@NANB)+p(@NANBY)+(@NA°NB)+¢(QNA°N B°)
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We have the identity
AUB=(ANB)U(ANB°)U(A°NB)

Since ¢ is an outer measure, it follows that
Y(AUB) < p(ANB)+ p(ANB°) + p(A°N B)
So we have

P(Q) = (QN(AUB))+9(Q@QNANB°) =¢p(QN(AUB)) + QN (AU B))

Now we extend this to countable unions |J A,. It suffices to assume that the A,, are pairwise

disjoint by picking
n—1
An \ < U AnL>

Then A), are in @/, by our work showing that complements and finite unions were closed.
Now take @ with ¢(Q) < co. Then for any N, UN A, € 4. Therefore we can write

oo (§) ()
(o (On) oo (on (On) o) oo (on (1)
- cianme(on(U ) oo (on (02))

N C
Z (QNA,) +<p<Qﬁ<UA>>
Now, we have J 4,, 2 UN Ay, so we have

o(en(Un) )= (an(0a) )

Taking N — oo, we have

@=anno(on ()

Since ¢ is countably subadditive,

D p(@NA,) > (Qﬁ (Um))
n=1
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Thus

(@) = (Q N <[j An>> +¢ (Q N (Loj w(An)>C>

showing that (J™ A,, € o7,. Thus &, is a o-algebra.

We know there is a set with finite measure since p, (@) = 0. To demonstrate finite additivity,
pick A, B € «#/, disjoint. Then

te(AUB) = (AUB) = o((AUB)NA) + o((AUB)NA?) = o(A) +¢(B) = iy (A) + iy (B)
The proof for countable additivity is the same. O

It is also worth noting that the measure produced by the restriction theorem has the
property of being a “complete” measure.

Definition 2.4

A measure p : Meas(X) — [0, o0] is said to be complete if for any M C N with N
measurable and p(N) = 0, M is measurable.

In short, any subset of a measure zero set is measurable. (We already know that any such
measurable set has measure zero, but a priori it is not clear that such sets are measurable
in the first place).

Proposition 2.3

Given X and ¢ an outer measure on X, the measure i, as defined in Caratheodory’s
Restriction Theorem is complete.

Proof. Pick B € 4, with p,(B) = 0, and take A C B. Take some @ C X with ¢(Q) < co.
Then we have

QNACQNBCB = ¢p(QNA)<p(B)=py(B)=0
Also we have
RQNACQ = p(QNA%) <p(Q)
o)
P(Q) > p(Q@NA)+p(QnN A
and thus A € ,. O

Proposition 2.4

Given any measure y : M — [0, 0], there exists a unique complete measure [ :
M — [0, 0], where M O M is another o-algebra on X and |y = p.

We have thus illustrated a method to pass from a primitive function p : E — [0, 00] to
a full measure p,, on &,,. To that end it is worth investigating the relationship between
o(E) and #,,. In order to properly do this it is best to impose additional conditions on p.
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Definition 2.5

An algebra on a set X is a collection &7 C P(X) which contains X, is closed under
complements, and closed under finite unions.

Note the only difference between a o-algebra and an algebra is we require o-algebras to
be closed under countable unions as well.

Definition 2.6

Let o7 C P(X) be an algebra. Then a function p : & — [0, o0] is called a premea-
sure if:

L. p(@) =0,

2. If {4,,} C & is a countable collection of pairwise disjoint sets, and if in addition

UA, € o, then
p(U4n) =Y (4n).

Proposition 2.5

If p: & — [0,00] is a premeasure, then for A C B with A, B € &7, p(A4) < p(B).

Proof. B\ A € &/, so by countable additivity
p(B) = p(A) + p(B\ A) > p(A) O

Adding the condition that p is a premeasure ensures that our extended constructions
are proper extensions, in the sense that they are consistent with our original data.

Proposition 2.6

Suppose p : &/ — [0,00] is a premeasure. Then ¢,| = p. Moreover, &/ C 7, .

Proof. Note that clearly ¢,|o < p, since any set in o7 is a cover for itself.

For the reverse inequality, pick @ € &/ and a countable cover {E,} C «. Note that by
monotonicity we can assume the F,, are disjoint (call the disjoint parts {F},}), and we can
also assume that @) = UF,; that is the F,, do not overcover ). Then we have

oo

p(Q) = p(UpLiFn) =Y p(Fn) <Y p(En)

n=1
So p < ¢pler as well and thus ¢,|s = p.
To show that &/ C &, , pick A € & and Q C X. Then by the definition of ¢,, we can pick
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a countable cover {E,} C & with

> Z p(En) -
n=1

Since each E,, € o and A € o, we have p(E,) = p(E, N A) 4+ p(E, N A°). Thus we have

+e>) p(En) Z (BnNA)+ p(En N A°) =) 0,(En N A) + ,(En N A)

n=1

Since QN A C | E,, N A, by countable subadditivity of ¢ we have
QN A) Z (E, N A)

and similarly for the A¢ term. Thus we have

‘Pp(Q) +e 2> ‘Pp(Q N A) + (Pp(Q N AC)
Taking ¢ — 0, we see that A is p,-measurable and thus & C o, . O

Thus, since we can now properly use premeasures to build outer measures, we can apply
the restriction theorem to actually extend premeasures.

Theorem 2.7: Caratheodory’s Extension Theorem

Let p: &/ — [0,00] be a premeasure and ¢,, %,,, iy, be as defined above. Then:
1. o() C A,,;

2. Ifv:o(e/) — [0,00] is any other measure such that v|, = p, then v < p,,, on
o(&/), and moreover for any E € o(&/) with u,, (E) < 0o, v(E) = gy, (E);

3. If X is o-finite with respect to p, meaning that there is a countable collection
{A,} € & with p(A,) < oo and X = |J Ap, then p,, is the unique extension
of p to o(&).

Proof. 1. This is clear since o/ C o/, with </, a o-algebra. Then by definition o (%)
is the smallest o-algebra containing < so o (%) C &7,

2. Let E € o(«/) and pick a cover {E,} C &/. Then we have subadditivity (note the E,
are not necessarily disjoint):

V(E) <Y v(Ed) =) p(Ey)

Taking the infimum, we have v(E) < p,, (E).
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Note that in general, by approximation from inside, if we pick a sequence of sets
{E,} C &, then

v (}_Jl En> = nh_{rolo v(E, )—nh_?gC trp, (En)

Suppose i, (E) < oo. By the infimum property, for ¢ > 0 we can pick a cover
{E,} C & such that

Lo, (G En> <y, (E)+e = py, <(G En) \E) <e

Then we have

e (0] ) v

3. If X is o-finite with respect to p, then pick a pairwise disjoint countable collection
{A,} C o with p(A,) < oo and X =JA,,. Then we have

N(E)Zi (ENA,) il/EﬂA v(E) O

n=1 n=1

2.2 The Lebesgue Premeasure

Having now developed a theory of how to define measures on simpler sets, we apply this to
construct the Lebesgue measure.

To do this, we first need to consider the simpler sets on which we will define a premeasure.
For the case of the Levesgue measure, we will take the collection of half open intervals:

oy ={2}U{(a,b] : a € [-00,00),a < b} U{(a,00) :a € [—00,00)} C P(R)

This is the set of all intervals which are open on the left and closed on the right, with
appropriate consideration of infinite endpoints.

Definition 2.7

An elementary family on X is a collection .# C P(X) such that
1. geZ,

2. % is closed under finite intersections,
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3. For any F € %, X \ E is a finite disjoint union of elements of .7.

Proposition 2.8

a7 is an elementary family on R.

Proof. 1 is true by definition.

For intersections, in general we have

%)
(@8N (Y] = @], a<a <V <b

Here we do not show all of the cases but it is true in general. Complements are similar:

2° =R
(aa b]c = (700, a] U (bﬂ OO)

O
Proposition 2.9

If £ is an elementary family then the collection 7 of finite disjoint unions of elements
of £ is an algebra.

Proposition 2.10

o(o) = B(R), where « is the algebra given by the collection of finite disjoint unions
of elements of the half open intervals 7.

Proof. We can write half open intervals as countable intersections of open intervals:

=) (m )

n=1

so o(e) € ZA(R). In the other direction, we have

=) (w-2)

Here we have handwaved some of the cases away but it is nevertheless true that Z(R) C
() as well. O



Now, we have developed an suitable algebra to define a premeasure on. (Note that we
would have liked to simply define our premeasure on intervals. However this is not an algebra
and so not sufficient to define a premeasure on. Nevertheless we can define essentially the
same premeasure on disjoint unions thereof; with extra work to verify that it is well-defined.)

Definition 2.8

We define the Lebesgue premeasure p : &/ — [0, 0] by

p| @00 | =D bi—a;
j=1 j=1
p(@) =0

To check that it is well defined, note that alternate representations like (0,1] = (0,1/2]U
(1/2,1] must “telescope” and hence since they are disjoint unions this is well defined.

p is well defined, and it is a premeasure on <.

Note that R is o-finite with respect to p since it is the union of [n,n + 1] for n € Z.

Definition 2.9

The Lebesgue measure on R is the unique measure A = i, produced by applying
Caratheodory’s extension theorem to the Lebesgue premeasure p. Elements of the
associated o-algebra &/, are called Lebesgue measurable subsets of R.

Caratheodory’s extension theorem assures us that A is the unique extension of p to
Z(R). However, we need to remove the arbitrary choice of p for full generality of A\. This is
accomplished by showing that A satisfies another uniqueness condition.

There exists a unique measure A : Z(R) — [0,00] such that A([0,1]) = 1 and A is
translation invariant.

Proof. Existence is satisfied by the Lebesgue measure we just showed. It is translation
invariant since the premeasure it is defined on is, and it is not hard to verify that [0, 1] has
Lebesgue measure 1.

For uniqueness, pick another measure A PB(R) — [0,00] obeying the hypotheses of the
theorem. To show that A = A, we will need some regularity properties of Borel measures.
We will delay the proofs of these properties, but essentially the statement is that measures
on sufficiently nice Borel algebras may be approximated from the outside by open sets and
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from the inside from compact sets. More formally, for any p : Z(R) — [0, 00] and S € Z(R),

w(S) =1inf {p(U) : S C U € Open(R)}
w(S) =sup{p(K):S 2 K € Compact(R)}
In particular it suffices to show that A, A agree on open sets. Moreover since any open set in

R is the countable disjoint union of open intervals, we can just show this for open intervals,
and by translation invariance we just need to show that for a > 0,

A((0,a)) = A((0, a))

In essence, since we already know A([0,1]) = 1, we need to prove a scaling property of
translation invariant measures.

To show that the endpoints of intervals will not be a problem, we show that singletons
have measure zero in both A\, A. If we pick N distinct points z1,...,zy in [0,1], then by
translation invariance we have

NA({0}) = A U{xj} < A([0,1]) =

Taking N — oo, we conclude A({0}) = 0, and similarly for X.

Claim: ) ([0, %]) = % This is clear since [0, 1] is formed of n translated copies:

:A<[0,1]>:A<;I;|If,kzl>u{n D ZA([MHD_"AQO’;D

Similar work shows that A, X obey a rational scaling factor:

(o) -2

To show that this is the case for real endpoints, we can use approximation from inside or
outside for arbitrary measures to conclude that for b > 0 and r,, b,

A([0,0]) = lim A([0, 7)) = lim7, = b

Thus we conclude that A = X on the open intervals and hence all open sets, so that \ = A
on #B(R) (pending the regularity conditions for Borel measures). O

2.3 Regularity of Borel Measures

The argument outlined by Prof. Shapiro in this chapter during lecture used a flawed
argument. The statements which are correct have been left here, but a proper proof
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of Borel regularity uses the Kakutani-Markov-Riesz theorem (here see Folland 7.7).

In this section we discuss regularity properties connecting topological and measure spaces
over arbitrary sets with sufficiently nice properties. These proofs are taken from Bogachev’s
Measure Theory.

Definition 2.10

Given a topological space X, a Borel measure is a measure on %Z(X).

Definition 2.11

Let p: B(X) — [0, 00] be a Borel measure on X. A set A € #(X) is called py-outer
regular if
pu(A) =inf {u(U) : ACU € Open(X)}

and similarly it is y-inner regular if either A is open or u(A) < oo, and also
p(A) =sup{u(K): A D K € Compact(X)NAB(X)}

We say that p is regular if every Borel set is py-inner and p-outer regular.

Definition 2.12

A topological space X is a Hausdorff space if for any =,y € X there exist open
sets x € U and y € V with U,V disjoint.

Note that in a Hausdorff space, every compact set is closed and hence Borel, so there is
no need to check measurability.

This leads us to the natural question of what assumptions must be placed on our topological
space X such that every Borel measure is regular. The first is a requirement that essentially
ensures the topological operations are compatible with the Borel algebra operations:

Definition 2.13

A topological space X is called second countable if there exists a countable basis
for its topology.

Definition 2.14

A topological space X is called o-compact if there exists a countable collection of
compact sets { K, }°2; € Compact(X) such that X = J K.

33



Definition 2.15

A measure p: B(X) — [0,00] is locally finite if for any z € X there exists U > x
open with u(U) < oco.

Proposition 2.13

If p: B(X) — [0,00] is locally finite and X is Hausdorff, then p(K) < oo for any K
compact.

. J

Proof. (Note that since X is Hausdorff, K is closed and hence Borel, so it is actually
measurable). For each z € K take U, > x of finite measure. Then K C |J . x U,. Picking
a finite subcover, we establish that p(K) < oco. O

We state the following without proof, which connects the criterion we just established
with p-regular sets. This is proved with monotonicity and approximation.

Theorem 2.14

Let X be a topological space and u : #(X) — [0,00] a Borel measure. A set
A € B(X) of finite measure is p-regular if and only if for all € > 0 there exists U
open and K, € #(X) compact with K, C A C U, and (U, \ K.) < e.

Definition 2.16

A topological space X is called locally compact if for any z € X there exists U > z
open with U compact.

Theorem 2.15

Let X be locally compact, o-compact, and Hausdorff with p : #(X) — [0,00] a
o-finite and locally finite Borel measure. The:

1. For any e > 0, A € B(X), there exists U, open and F; closed with p(U.\ F:) <
e with F. C A C U..

2. p is regular.

3. For any A € #(X) there exists F € F, and G € G5 with F C A C G and
w(G\ F)=0.

In particular, any Borel set may be written as the countable union of closed sets (F € F,)
and a measure zero set.
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2.4 Product Measures

So far we have only defined a Lebesgue measure on R, but we would like to extend this
naturally to R™. Under sufficient assumptions we can ensure uniqueness of a Borel measure
on R"™; however showing existence may be done in two ways. One way to do so is to rerun
the Lebesgue construction on R", with rectangles in place of intervals. To do this more
abstractly, we can define what it means to construct measures on product spaces more
generally.

Definition 2.17

Let {Xo}taca be a collection of measurable spaces with associated oc-algebras
{Mqs}aca. Then the product space is the Cartesian product of the X,,:

X:HXQ:{f:A% UXa:f(a)eXa}
a€EA acA

For § € A, let mg : X — X3 denote the canonical projection map. We endow X
with the product o-algebra

M=o0o ({ﬂ';l(Ea) ca€ A E, € Ma}) =0 ({Wa}aeA)

We notate this product as M = @ c4 Ma-

Proposition 2.16

If the index set is countable then M is generated by the "rectangular sets”:

M=o ({QGHAEQ:EQ eMQ}>

Proof. Homework. O

Having defined product spaces, we can now define the natural way to define a product
measure. Here we will restrict ourselves to the case of finite products.

Definition 2.18

A rectangular subset of [[,., X, is a set of the form [] . 4, B where Eg C Xp.

Proposition 2.17

Let X = H?Il X be a finite product space with associated nonnegative measures
{pj : M — [0, 0] };.l:l. We write o to denote the measurable rectangular sets in
X. Then & is an elementary family.
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Proof. Clearly @, X € 4. Intersections are closed since
n n n
[TE ]l F=]]EnE)
j=1 k=1 j=1
Also since our index set is finite, the complement of rectangular sets are finite disjoint unions

of rectangular sets. O

As a result it follows then that the collection 7 of finite disjoint unions of elements in
o is an algebra. Note that because A is finite, M = @’_; M; = o(#). Since M is by
definition the smallest o-algebra containing <% and < C &/ C o(&/), we conclude that
(o) =M.

As in the case of the Lebesgue measure, we now define a premeasure on & by

The fact that this is well defined essentially follows from additivity of each p;.

Proposition 2.18

p is a premeasure.

Proof. p(@) = 0 since each p; is a measure. Also it is essentially clear by definition that p
is finitely additive. If a countable union |J,., A,, € &7, then since & is composed of finite

. oo k
unions, we must have {J,_, A, = | |;_, B;. Then we have

k n
Frj=) [[ne(Fey)
1 j=10=1

Prof. Shapiro did not make it clear how to finish this argument. O

Now that we have a premeasure, we can run the Caratheodory construction to generate
a complete measure j : .o, — [0,00] where u|l,s = p and o7, is a o-algebra containing
o(o) =M.

Thus we have to note that in general, the product o-algebra is not the algebra on which the
product measure is complete.

In particular we define the Lebesgue measure on R™ to be the n-fold product measure of
the Lebesgue measure on R. The domain of this completed measure is the set of Lebesgue
measurable sets on R™. Note that this is strictly larger than simply the product o-algebra:

LDLR..QL

For instance A x B C R? is measurable when A is not measurable but B has measure zero.
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2.5 Fubini-Tonelli

Here we develop results on iterated integrals with respect to measures. In multivariable
analysis we noted that for sufficiently nice functions, the relation

(NATNVEO R AVRD

holds. Proving this for arbitrary measures is particularly helpful since it allows us to extend
these results to, say, double sums and combinations of sums and integrals. In the language
of measure theory we would like to prove that given a sufficiently nice measurable function
f: X xY — C, we have

Joagraor= [ (o) ([ gon) e

The Fubini and Tonelli theorems provide two conditions for this to hold. In short the Tonelli
theorem applies to nonnegative product measurable functions while Fubini’s applies to L'
functions. It is often helpful to use Tonelli’s theorem on |f| to satisfy the L' hypothesis for
Fubini’s theorem.

Let (X, M, p), (Y, N, v) be two measure spaces, and as before equip X x Y with the product
o-algebra M @ N, with the product measure p x v defined on M QN. Let 1 : X XY — X
and my : X XY — Y be the canonical projections. For any M ® N-measurable function
f: X XY —>Candze X,yecY, we define the sections of f by

£ Y —>C

Ty flay)

Iy X—-C
z— f(z,y)

Similarly, for a subset A € M ® N we consider the sections by

As(z) ={y: (z,y) € A} CY
Ai(y) ={z: (z,y) €A} C X

Of course in order to consider iterated integrals we will need the sections f,, fY to be
measurable as well. (Note that this is equivalent to measurability of set sections).

Proposition 2.19

1. Let f: X xY — C be M ®N measurable, and fix v € X,y € Y. Then f,, f¥
are both measurable with respect to N, M, respectively.

2. Let Ac M®WN, and fix x € X,y € Y. Then A4;(y), Az(x) are M, N measur-
able, respectively.

Proof. 1. This follows from point 2 since (f,.) " (B) = (f~1(B))z2(z) whenever B € %(C).
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2. Define the collection of sets whose sections are measurable:
X={ECXXY:E(y) e M,Ey(z) e N¥(z,y) € X xY}

Note that all measurable rectangular sets are in £, since the sections of U x V are U
or V (or @). Since the rectangles generate M ® N, we just need to show that Z is a
o-algebra.

Clearly X xY € #Z. Also taking complements passes nicely through set sections since
we are just complementing relative to the section:

(E)2(z) = (Ea(2))°

Similarly

U Ej| (v)= U(Ej)z(x) O

Definition 2.19

A monotone class on a nonempty set X is a subset ¥ C P(X) which is closed
under:

1. countable increasing unions (if F,, /' E and E,, € €, then F € %);

2. countable decreasing intersections (if B, \, F and E,, € ¥, then E € ¥).

Obviously any o-algebra must be a monotone class. Also the arbitrary intersection of
monotone classes is a monotone class, as is common with any construction of this type.

Proposition 2.20

For any E C P(X), there exists a unique smallest monotone class containing F,
denoted %(E). This is called the monotone class generated by F.

Proof. Take the intersection over all monotone classes containing F. This is nonempty since
P(X) is a monotone class. O

Lemma 2.21: Monotone Class Lemma

If o C P(X) is a algebra of sets then

Proof. Clearly we have (&) D €(&7) since o(/) is itself a monotone class.
To see that ¥ (<) is a o-algebra, consider for any E € € (<) the collection

Ip(d) ={F € €(o/): E\F,F\E,ENF € €(/)}
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Clearly @, FE € Zg(«/). Also F € 9p(«/) < FE € Pp(<). Also because relative
complements and intersections commute with increasing unions and decreasing intersections,
9 is itself a monotone class. Clearly it must contain &7 since & is an algebra, so Zg () =
% (/). This shows that €(«) contains the whole set and is closed under complements.

Finally, ¢ (&) is closed under countable unions, since

Ua A
i=1 i=1

and (&) is closed under increasing unions by definition. O

The following theorem says that the functions assigning measures of sections are them-
selves measurable.

Theorem 2.22

Let (X, M, p),(Y,N,v) be two o-finite measure spaces. If E € M ® N then z —
v(Es(x)) and y — u(F1(y)) are both measurable, and

(1 x v)(B) = /X v(By) dps = / u(Ey) dv

Y

Proof. Let us first assume that u(X),v(Y) are both finite. Define the class
¢ ={F € M®N s.t. the theorem holds}

It is clear by simple multiplication that rectangular sets are in €. Also it is true for finite
disjoint unions thereof, by additivity. Then since the algebra generating M ®N is contained
in ¢, we merely need to show that ¢ is a monotone class.

Consider some increasing sequence F, A~ E with E, € €. To show that E € ¥, define for

cach n € Noy € Y, fu(y) = p((En)1(y)). Then fu(y) 7 f(y) = p(E1(y)), which proves
that f is measurable since it is the pointwise limit of measurable functions. Then by the

monotone convergence theorem,

[ av =t [ (@)@
= lim(p x v)(Ey)
— (1% v)(E)

For the intersection we apply the same strategy, and use the assumption that u, v are finite
for approximating from the outside. In general this can be relaxed to o-finiteness by splitting
X,Y into finite measure portions and applying monotone convergence. O
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Theorem 2.23: Tonelli’s Theorem

Let (X, M, u), (Y,N,v) be two o-finite measure spaces. Let f: X x Y — [0, 00] be
measurable with respect to M ® A. Then

/Xxyfd(pxu):/x(m»—)/yfzdy)du:/y<yn—>/xfydu)du

Proof. The previous theorem shows that this holds for indicator functions of measurable
sets, and hence also for simple functions. Then taking a sequence of nonnegative simple
functions f,, * f, we observe we also have (f,), ' f. for all z, and hence by monotone
convergence

n—r oo

lim n)edv = » dv
K2 /Yf

for all z. This establishes that the iterated integrals are measurable. Also, applying mono-
tone convergence again,

/ fd(pxv)= lim fond(p xv) = lim <ac — / (fn)e dl/) du
XxY b's v

n—oo XxY n—oo

:/ (xH/fwdu)du O
X Y
Theorem 2.24: Fubini’s Theorem

Let X,Y be o-finite measure spaces as in Tonelli’s Theorem. Suppose f: X xY — C
is M ® N measurable and also is L!. Then

/Xxyfd(uxu):/x(m»—>/yfzdu)d,u:/y<yn—>/xfydu)du

Proof. Apply Tonelli’s theorem to the positive and negative parts of the real and imaginary
parts of f. The L' assumption then ensures that each of the iterated integrals will be finite
and hence well-defined. O

A result of the combination of Tonelli’s theorem and Fubini’s theorem is that for any
measurable f : X xY — C,

[ it = [ (oo [ina)a= [ (s [157an)a

and if any of them are finite, then the same equality holds for f as well.

An important technical point is that these theorems assume that f is measurable with
respect to M ® N, not to the completion of the product space. This is in general a more
restrictive condition, and the theorem does not hold in general for functions which are only
measurable with respect to M ® N. In the case that f is only measurable with respect to
M ®@ N, it may not be the case that each of the sections f,, f is measurable. However, the
set of  (resp. y) values for which this occurs is measure zero, so no issue results.
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Chapter 3

Change of Variables and the
Radon-Nikodym Derivative

In this chapter we investigate ways that measures can be related to each other, particularly
in ways remniscient of the classical change of variables formula for functions in R%.

3.1 The Change of Variables Formula

In the next section we work to reprove the change of variables formula from the Riemann
integral for the Lebesgue integral.

Definition 3.1

Let (X, M, p) be a measure space and (Y, ') a measurable space. Let p : X — Y
be measurable. Then the pushforward measure p, on Y is given by

pe(A) = (e~ (A))

Proposition 3.1

The pushforward measure is in fact a measure.

Proof. @ has finite measure since p,(@) = u(
which preserves disjoint unions, we have for {A

i (U Ai) =4 (@1 <U Ai)) =4 <U wl(Az-)> =D mle™HAD)) = D _pe(4i) O

@) = 0. Also since we factor through ¢!,
i} C N disjoint



Theorem 3.2: Change of Variables

Let (X, M, 1) be a measure space and (Y, N') a measurable space, with ¢ : X — Y
measurable. If f € L1(Y, u,), then fop € L'(X,u) and

/deuwz/)(fosodu

Proof. We begin by proving the theorem for nonnegative simple functions f = > a;x4,. In
this case we have

/ fdpe = / (Z O‘iXAi) dpy = Zaiﬂtp(Ai) = Z%M(@A(Ai))
v Y \i=1
=Yoo [ xerandn= [ S oy dn

Observe that xa, o » = x,-1(4,) so that this becomes

/Zaixmosadu:/fosﬁdu
X X

Now if f : Y — [0,00] is a general nonnegative measurable function, then we can take a
sequence of nonnegative simple functions f,, /* f pointwise. By the monotone convergence
theorem this follows then:

/demp=/Y(1imfn)duw=lim/yfndu¢=lim/anosodu

Now if f,,  f, then also f,op / fop, so we can apply the monotone convergence theorem

again:
lim/ fnogoduz/ limfnogadu:/ fopdu
b'e b'e X

This proves the statement for nonnegative functions and hence for complex valued functions
as well. O

In the above case we only required ¢ to be measurable. In the case that ¢ is injective,
then we have stronger results. Specifically, if ¢ is injective then

XA = Xp(A) O P

Therefore for A € M, we can localize the change of variables using characteristic functions:

Afowdu=/)(XAfowdu=/)((xw<A)ow)(fow)dMZLx¢(A)fdu¢=/¢(A)fdu¢

Note that while we need to assume the existence of a left inverse to write x4 = Xx,(a) © ¥,
we do not actually need to assume that the inverse is measurable.
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Consider ¢(t) = t* on [—2,2], which is not injective. As a result if we only look at
the interval [0, 2],

X[0,21(t) # X[0,4] (t%)
In general we have the inequality x4 (%) < xp(a)(@(t))-

Now let A be the Lebesgue measure on R™ and consider ¢ : R™ — R™ invertible. If f is
measurable then by our work immediately above,

/fo(pd)\:/ fdA,
A p(A)

However the measure dA, is in general difficult to work with, so we need to derive easier
expressions for it. In particular the notation dA, suggests that it might be somehow related
to derivatives in the rough sense of a formula

dA

dr, = 7 dA

The quantity % is currently undefined, but as we will show in the Radon-Nikodym theo-

rem, this quantity can be seen to exist.

3.2 LP Spaces

Recall that for a measure space (X, M, pu), we defined the L' space (with the alternate
notations L(X), L'(u), L*(X — C, 1)) to be the sef[l]

LYX) = {f X —=>C:f measurable,/ |f]dp < oo}
X

By the linearity of the integral, this is a C-vector space. However, its dimension as such
a vector space is infinite (when X is). When studying finite dimensional vector spaces,
isomorphisms with C" induce the Euclidean norm on any vector space. The topology
induced by such a norm is independent of the isomorphism chosen, and all the topologies
between spaces are therefore equivalent.

In contrast, for infinite dimensional vector spaces the choice of norm or metric is specific to
the space itself.

Definition 3.2

A norm on a C-vector space V is a function ||-|| : V' — [0, c0) which is:

1. Homogeneous: |lav|| = |a||v]|.

2. Satisfies the triangle inequality: ||u + v|| < ||lul| + ||v]|.

L Actually, L' is the space of equivalence classes of functions defined up to a set of measure zero
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3. Positive definite: ||v|| > 0 if ||v| # 0.

In the case of L', the norm is defined by

1l o, = /X fldu

It turns out that (L'(X), £l z1(x)) is a completed normed C-vector space, or a Banach
space.

Theorem 3.3

If f: (a,b) — R is bounded and Riemann integrable, then it is Lebesgue measurable

and the integrals agree:
b
/ fdz = fdAa
a la,b]

Definition 3.3

Let p € [1,00] and let f € LP. Then the equivalence class of f in LP is the set of
functions which agree except possibly on a set of measure zero:

[f1=Agel?:n({f #g}) =0}

Strictly speaking, we can distinguish L? from the collection of equivalence classes in L?,
denoted as LP. The LP-norm is inherited by L? in the natural way, and for L? is in fact a
complete normed space, or a Banach space. For convenience we will ignore this distinction.
We can extend this definition to consider spaces LP(X) for any p € [1,00). The LP space
is defined as the set (of equivalence classes) of functions such that

LP(X) = {f X —>C measurable,/ |fIPdp < oo}
X

with the norm given by

1£1, = | /le\”du

Homogeneity is essentially immediate due to the pth root. For L' the triangle inequality
follows from the inequality for C. To show positive definiteness (say for L'), we need to
show that if fX\f| dp = 0 then f = 0. In general this is not strictly true; however it can
be shown that f is nonzero only on a set of measure zero. As a result we identify those
functions which differ on a set of measure zero, and in this case any f with [ |f|dp =0 1is
in the equivalence class of the constant zero function. This can be equivalently phrased by
saying that f is equal to zero p-almost everywhere.

In order to show that [|-[|, is a norm for p # 1, we will need to establish some other
inequalities.



Proposition 3.4: Jensen’s Inequality

Let (X, M, ) be a finite measure space; that is u(X) < oo (where we can assume
wu(X) =1 by scaling). Let f € L*(X — (a,b),n) and let ¢ : (a,b) — R be convexﬂ

Then
90</deu>§/xso<>fdu

?A convex function satisfies p(tz + (1 — t)y) < tp(z) + (1 — t)p(y) for z,y € (a,b), t € [0,1].
This is the same as saying ¢ is concave up.

Definition 3.4

Let p,q € [1,00]. If % + % = 1 then p, q are called conjugate pairs.

Proposition 3.5: Holder’s Inequality

Let p € (1,00) and (X, M, ) be a measure space. Let ¢ be the conjugate pair of p,
and let f,g: X — C be measurable. Then

] /. fgdu\ <1 lleo e

Proposition 3.6: Minkowski’s Inequality

Let p € (1,00) and (X, M, i) be a measure space. If f, g : X — [0, co] be measurable.
Then

1 +gll, <171, + Nlgll,

Definition 3.5

A Banach space is a normed vector space that is complete with respect to its norm.

Definition 3.6

A Hilbert space is a Banach space J equipped with an inner product (-,-) :
H x H# — C which is sesquilinear (meaning it is conjugate linear in the first slot
and linear in the second), and such that ||-|| = (-, -).

A priori, both the norm and inner product are simply given to use. However, it is worth
trying to find out if there is a way that the inner product may be derived from a given norm.
This derivation is known as the polarization identity, However, it only is an inner product
subject to the parallelogram law.
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Definition 3.7

A norm ||-|| on a vector space V is said to satisfy the parallelogram law if for any
VeV, , , , ,
19+ olI” + [l = ll” < 2[1¥[1" + 2]l

Proposition 3.7

If a Banach space V is equipped with a norm ||-|| that satisfies the parallelogram law,
then the function (-,-) : V' x V' — C given by the polarization identity

1
ey = 7 [lke +9l” = llo = 1> + illivs = o = illiws + oIl

is an inner product on V.

In particular, any Banach space which satisfies the parallelogram law can be converted
into a Hilbert space with the inner product given by the polarization identity. In fact, a
stronger statement holds:

If a Banach space V' does not satisfy the parallelogram law, then there is no inner
product on V such that ||-|| = /(- ).

It can be shown that the parallelogram law is violated for LP, for any p € [1,00] except
p = 2. Thus L? is the only such space which is a Hilbert space (note that this holds for all
L?(X — C, u), regardless of the underlying space X). The inner product on L? is given by

(f,9) 12 ::/X?gdu

Definition 3.8

Two functions f,g € L? are said to be orthogonal if (f,g);. = 0.

Definition 3.9

A bounded operator on a Hilbert space (47, ||-||,,) is a C-linear functional A :
¢ — C with finite operator norm

[Allyp = sup {|AYllg < ¥ € 2, |9l ,p < 1} < o0

The following is an important result from functional analysis that we may use to study
L2



Theorem 3.8: Riesz Representation Theorem

Let 52 be a Hilbert space. Then for any bounded operator A : 7 — C, there exists
a unique 1, € S such that

A() = (Ya, )

In the context of L2, we can use this result to express different measures as integrals
against particular functions. In particular, let pu, A be two measures on X, and consider the
functional

2w [ /fdA

While this map is C-linear, we need to find the conditions under which this operator is
bounded. In such a case, the Riesz representation theorem tells us that we will be able to
represent integration against A as integration against p with a specific function:

/de/\:/Xngdu

for gy € L%(p).

3.3 Lebesgue Decomposition and The Radon-Nikodym
Derivative

Given a measure space (X, M, u) and a function f : X — [0,00], we can define a new
measure ¢, ¢ : M — [0, 00] by

opp(A) = /A £ dp

We can then ask the question, given a measurable space (X, M) with a fixed measure p,
is it necessarily the case that all other measures on (X, M) may be expressed using this
construction?

It turns out that the answer is no. In particular, if y(A) = 0 for some A, then for any choice
of f, ¢u,r(A) = 0 as well. Thus any measure which assigns A nonzero measure cannot be
represented in this way. However, we will show that this is in fact the only barrier to such
a representation.

Definition 3.10

Let (X, M) be a measurable space with two measures p,v. We say that v is ab-
solutely continuous with respect to p (denoted v < ) if whenever p(E) = 0,
v(E) =0.

If F: X —[0,00], then ¢, r < pu.
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Let ¢ : X — X be measurable and moreover measure-preserving. Then the pushfor-
ward measure i, : - — (¢~ (+)) is absolutely continuous with respect to .

Definition 3.11

We say that a (positive or complex) measure v is concentrated on A € M if
v=v(AN:).

Intuitively, the above says that all of the measure of a subset of X is contained in A.
Equivalently, v(E) = 0 whenever AN E = &. If v is positive then this is equivalent to
v(X \ A) =0 and if it is finite then it is equivalent to v(A) = v(X).

Definition 3.12

Two measures u, v are said to be mutually singular (denoted p L v) if there exist
disjoint sets A, B € M such that p is concentrated on A and v is concentrated on

Proposition 3.9

Ifv<pand p L Athen v L A

Proposition 3.10

Ifv<pandv L pthen v=0.

Theorem 3.11: Lebesgue Decomposition Theorem

Let (X, M, ) be a o-finite measure space with g a nonnegative measure. Let A :
M — C be a complex measure. Then there exist two unique measures A\, Ag : M —
C such that:

o A= dac + A,
./\aC<Ua
o N\ Ly

Proof. This theorem will be proved in conjunction with Theorem [3.14] O

Note that here A,. and Ag stand for the absolutely continuous and singular parts of A,
respectively.
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Let pu: M — [0, 0] be o-finite. Then there exists w : X — (0,1) with w € L(u).

Proof. Since p is o-finite we may pick {E,} € M such that X = J, E, and u(£,) < oco.

Then we can define
{0, © ¢ E,
wp () =

1
wraEy) L€ En

Then define w = Y w,. Each w, is measurable, and also bounded by 2%, so that w is
bounded by 1 (it is strictly less than 1 as long as any F,, has positive measure). Also

N S BB
/X“’d“‘;/x =D B < .

Lemma 3.13

Let g : M — [0,00) be a positive finite measure and f € L'(X — C,pu), with
F € Closed(C) such that
S [ du
n(E)

for all £ measurable with positive measure. Then f(z) € F for almost all z € X.

cF

Proof. If F = C we are done. Otherwise F¢ is the union of countably many open balls
{B:, (z)}n- We want to show that f lies outside of each ball u-almost everywhere; that is
that

p(fH(Be,(20))) = 0
Suppose there is some n such that this is not true. Then applying the assumption to
E = f~Y(B:,(2n)),

J5-1(Bun ey £ 1

cF
p(f =1 (Be, (20)))
Since B, (z,) C F°, we know that
S8,y S A0 D
u(f=1(Be, (2n))) B

But also

S, e S
p(f =1 (B, (2n)))

1
B p(f~H(Be, (2n)))

Zn

/ (f = 2n)du
=1 (Be, (zn))
1

—2,|d
p(f~1(Be,(2n))) /fl<Bs"(zn>>|f ol

<
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But on f~1(B., (2,)) we have |f — 2,,| < £, by definition, so that

1
— ~n d n
p(f~1(Be, (2n))) /fl(Bsn(zn))lf mldp<e

contradiction. Thus u(f~1(B., (2,))) = 0 for all n, and it follows that u(f~*(F¢)) =0. O

Theorem 3.14: Radon-Nikodym

Let (X, M, ) be a o-finite measure space with u a nonnegative measure. Let A :
M — C be a finite complex measure such that A < p. Then there exists a unique
function h € LY (X — C,p) such that A = ¢, . This function, known as the
Radon-Nikodym derivative of A with respect to p, is denoted

_ 4
2

/gdA=/deu
X x dp

We will first prove the theorem for those A which are finite and positive. After doing so
we will develop some results on complex measures that will allow us to prove the general
case.

h

which satisfies

Proof of Lebesgue Decomposition and Radon-Nikodym for A Finite, Positive. From Lemma
pick w : X — (0,1) with w € L*(u1). Define

/](E) = @u,w(E) = /Ede

f(X) < oo since w is L'. Also N € M has zero pu-measure if and only if it has zero fi-
measure.

Since we assume that A : M — [0, 00) is positive and finite, fi is also positive and finite, so
we can define a new positive and finite measure:

p=A+[

Note that this also implies that for simple functions s,

/sdcp:/sd)\—i—/swd,u
X X X

and by the monotone convergence theorem it follows that for f : X — C measurable,

/de<p:/Xd)\+/Xfwdu

Claim: The map which takes f € L?(p) to fX fdAX is a bounded C-linear operator.
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This map is C-linear since the integral is. To show that it is bounded, if || f]|;2(,) < 1 then

‘/dex‘ < [1stax= [ 11— [ flwans [ 1lae =715,
<12 1l gy = 1l VL) < V(X

Thus we have shown that this map is C-linear and bounded. In particular, the Riesz
representation theorem tells us that there exists a unique g € L?(¢) such that this operator
is equivalently given by

[ raveso ot = [ ot
X X
Note that strictly speaking ¢ is only unique (-almost-everywhere, since Riesz really only

gives us an equivalence class. We want to show that g may be chosen such that g > 0.

Since ¢ is positive (we can assume that the measures are not the zero measure, since the
theorem holds in that case), there exists E € M such that ¢(E) > 0. Picking f = xg, we

then have
A(E)=/ xEd/\z/ﬁdw
X E

As measures, we have 0 < X\ < ¢, so for E we know 0 < A(E) < ¢(F), or equivalently
gd

Shgwg
P(E)

Now by Lemma [3.13] g takes values in [0, 1] p-almost everywhere, so we can pick a repre-
sentative of the equivalence class which is in [0, 1] everywhere. In particular we may ignore
the distinction between g and g. This means that we have

/deA=/ngdsa=/ngdA+/ngwdu

— /X(l—g)fd/\:/xfgwdu (%)

0 1

Now define A = g=1([0,1)) and B = g~ !({1}). A, B are measurable and disjoint so we may
define two mutually singular measures by

Aac = A(AN)
As = A(BN-)

Applying (%) to f = xp, we have

0:/Xg1_;ggfdA:/deu=ﬁ(B>

This tells us that f is concentrated on B and hence \; L i = A; L p.
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If we do the same for f = yg Z?:o ¢’ for E measurable and n € N, we get

/nggjdu:/(lfg)zgjdk:/(lfg"“)d/\
B 5 E = E

OnB,g=1s01—g"t!1 =0. On A, g""* — 0 monotonically. The sequence {gw Z?:o g’} is
monotonically increasing, so it converges pointwise to some limiting function h : X — [0, oo].
Then by monotone convergence we have

/hd,u:lim/ nggjduzlim/(l—g”H)d)\:/ dA = Xac(E)
E B 5 E ENA

Thus for all E we have
onn(E) = /E hdp = Ae(E)

To see that h € L' (i), since X is finite we have

/ hdp = A (X) < o0
X

This also shows that A\, < p.

To demonstrate uniqueness for the Lebesgue decomposition theorem, we first need to show
that the decomposition of A into mutually singular components is unique. Indeed if we have
some other \,., As with ~ ~

>\ac+)\s:>\:/\ac+>\s

and S\ac <, S\S L p. It follows that

/\ac - >\ac = >\s - S\S

Since the LHS is absolutely continuous with respect to u and the RHS mutually singular,
both sides are zero. To show that the choice of & is unique p-almost everywhere, if it is true

that for all £ € M, }
- [z hdp
hd :/ hdy = =E =1
[ = [ han = s

then by Lemma it follows that h = h p-almost everywhere. O

If X\ is not complex but positive and o-finite, then the theorem holds, but the function
h is not necessarily L', but is locally L' in the sense that if X = |JX,, with u(X,) < oo,
then [, hdp < oco.

We can also further decompose the singular part of the measure A into the pure point and
singular continuous parts. The pure point part of s is that part which is nonzero on
singletons, and the singular continuous part is that which remains.
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Definition 3.13

Let A : X — [0,00) be a finite positive measure on X. Then define
App = A(Xpp N )
where X, is the set of atomic singletons
Xpp ={z € X : \{z}) > 0}

and
Ase = A — App

Intuitively, the singular part of a decomposition A = Agc + App + s is split into the unit
masses in A,, and other behavior in A,.. For instance, one can construct a measure based
on the Cantor function which is singular continuous with respect to A, essentially because
it is measure zero but uncountable.

3.4 Complex Measures

Our construction of the Radon-Nikodym derivative allows us to better understand complex
measures. In this section, we will first consider ways to construct nontrivial complex mea-
sures. Afterward, we will consider the ways that any two complex measures may be related
to each other.

First note that any finite positive measure is also a complex measure. Thus one way to
construct a complex measure is to simply consider p 4 iv for p, v finite positive measures.
Alternatively, and more helpfully, we can consider measures which are constructed by inte-
grated functions against other measures. For instance, let v be a finite measure on X, and
let f € LY(X — C,v). Then we can define a new, complex measure by

u(S) = /Sfdv

Given this construction, we can ask whether any complex measure on X arises through this
construction for appropriate f,v.

Also, we can ask for more control over these functions. If u,v are two positive measures,
then u, v < p+v. By Radon-Nikodym, we are then given f such that f = %, which we
will also write as du = fd(u + v). So given two measures, we can write them as integrated
measures with respect to a common measure.

The above construction does not directly work for complex measures, and will instead require
the development of some additional tools. First, we will define a positive measure produced
from any complex measure, called the variation of the measure. The intuitive idea is that
if du = fdv, with f € L'(v), then we will define |u| to be d|u| = |f| dv. However, we need
to show that such a v even exists, and also that the definition of || is independent of the
choice of f,v.
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Definition 3.14

Let p be a complex measure on (X, M). Then the variation of y is the nonnegative
measure |u| : M — [0, 00] defined by

|| (S) = sup Zm : {E,} partitions S

Proposition 3.15

The variation of a complex measure is indeed a measure.

\. J

Proof. Let S1,S53,... € M be a countable sequence of disjoint sets. We want to show that

bl | US| = 2lui(s))

(>) We can assume |p|(S;) < oo for all j, since otherwise we are done. Fix ¢ > 0. Then for
each S, take a partition {Ejk}k C M such that

D o l(Ep)| = |ul(S) = o
3
Then the entire collection {Ej}) is a partition of S = J; S;, and

|>Z|u ykl—ZIM\( j)—¢

Taking € — 0, we obtain one direction.

(<) Assume first that |p|(S) # oo. Consider a partition Eq, Es,... of S such that
Zlu D> |ul(S) -
Define Ej;, :== S; N Ej. Then {Ej;}; partitions S; for each j, so by definition
> In(Esw)| < ul(S5)
k
Summing over all j, we have

ZW(SJ‘) > Z\M(Ej,kﬂ

By the triangle inequality, for any fixed k& we have

[u(Ex)| = |p ZEjk SZW(EM)\



Then it follows that
DoInl(S5) = Y By k)| = Y Er)| > [pl(S) — e
J Jik k
If [u](S) = oo, then instead of writing > |u(Ej)| > |ul(S) —e, we will write > |u(E;)| > M
and take M — oo. O

In the proof above, we needed to consider the case |u|(S) = oo separately. We can show
that the variation is in fact a finite measure, but it will take a few steps to show.

Lemma 3.16

There exists C' > 0 such that for any 21, 29,...,2, € C, there exists a subset J C
{1,2,...,n} with

n
D22 C) Il
jed j=1

(Note that the sharp bound is C' = %, but here we will prove the statement for

_ 1
¢=37)

Proof. First note we can assume z; # 0 since it doesn’t affect any value in the inequality.
Each z; lies in one of the four quadrants, and the sum of |z;| over each quadrant is at least
%Z;-l:l\zﬂ for at least one of the quadrants. Since rotating the z; does not change any of
the relevant values, we can assume that quadrant is arg z € (=7, §) (note that rotating also
allows us to assume no point lies on the boundary of the quadrants). Now if z; = z; + iy;,

we have |y;| < |z;|, and also z; > 0. So letting J be the set of indices of these points, we

have
Szl = w4y <> V2a;
j

jeJ J

On the other hand, we have

sz = ij—i—iZyj Zzgcj

jeJ jed jeJ j
Since
1 n
= 1 E
jeJ j=1
we conclude. O

Proposition 3.17

The variation of any complex measure is a finite positive measure.

55



Proof. The point is to show that we may continuously split sets which have infinite variation
into a disjoint sequence of sets with measure bounded away from 0 € C, contradicting
additivity. For any set E € M with |u|(E) = co, we can pick a partition {E;}; of E such
that

- L+ |p(E)]
;W(Ei)\ >

Now applying Lemma [3.16] we can choose {E;, } such that

N

Z M(Eik)

k=1

> 1+ [u(E)|

If we let A= Uivzl w(E;,) and B = E\ A, it follows that
(A > 1+ |u(E) =1

and also
lu(B)| = |u(A)] — [w(E)| = 1

Now, suppose |u|(X) = oo. Then split X into disjoint sets A;, By as above, and suppose
without loss of generality that |u|(B) = oo (at least one must have infinite measure). We
can then split By into As, By, and so on. Then the sequence {A,} is a countable collection
of disjoint sets with measure bounded away from 0. This is impossible since

n=1 n=1
but the left hand side series does not converge. O

We can now lay out some easy properties of the variation of a measure.

Proposition 3.18

Let p be a complex measure. Then:

L [pl(S) > |u(S)].

2. If v is any positive measure satisfying v(S) > |u(S)| for all S, then v(S) >
| (S) for all S.

3. If p is positive and finite then |u| = pu.
4. If p is concentrated on A then so is |ul.
5. If v L p then |v| L |yl

6. If © < v and v is a positive measure, then |u| < v.

Proof. 1. This is clear since S is a partition of itself.
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2. Consider any partition of S into a finite number of disjoint sets Si,...,S,. Then
v(8) =D w(Si) > > |u(Si)]
i=1 i=1
Taking the supremum on the right, we conclude v > |u|.
3. Clear by additivity.

4. Since p is finite by definition, p being concentrated on A implies that u(E) = 0 for
any E C A. Then the same is true for |p|.

5. Obvious from 4.

6. The argument from 4 holds.
O

Note that in general we may separate a complex measure v : M — C into its real and
imaginary parts, both of which are necessarily also measures:

v =Re(v) + iIm(v)

These measures are real-valued measures.

Definition 3.15

A signed measure is a measure y: M — R.

Now, for signed measures we can then consider the total variation measure |v|. Using
this, we can define two new measures by

.

v (lv| £v)

N |

It is immediate that v* are both signed, but because |v| > v, they are in fact both positive
measures. Moreover, we then have

v=vt v~
which is known as the Jordan decomposition of v. Then a similar decomposition works
for complex measures by decomposing the real and imaginary parts separately, so that we
know a general complex measure can be written as

V=1V — Vs +iV3 — iUy

where each v; is positive. This also finally allows us to define integration against a complex
measure.
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Definition 3.16

Let v be a complex measure and let v = v; —vs+iv3—1ivy be its Jordan decomposition
into positive measures. If f € L'(X — C, |u|), then the integral of f with respect to
v is defined as

/deu:/deul—/deu2+i/deV3—i/deu4

\. J

While it is not in general the case that this decomposition of v into the difference be-
tween two positive measures is unique, if v = ™ — u~ for some other positive measures
w1, then it is the case that u* > v+ and p= > v~. In this way we can say that the
Jordan decomposition is the simplest such decomposition.

A stronger theorem, called the Jordan decomposition theorem, provides a uniqueness crite-
rion for this decomposition, which is related to the Hahn decomposition of a measure, which
we will see after the next theorem.

This finally allows us to conclude the proof of the Lebesgue Decomposition Theorem and
Radon-Nikodym Theorem.

Proof of |Lebesque Decomposition and Radon-Nikodym| For A = Ay — Ay + i3 — iAy, we ob-
serve that both Lebesgue decomposition and Radon-Nikodym derivatives are linear for pos-
itive measures, so that we can calculate the decompositions and derivatives for the positive
measures first and then add them. O

The following theorem gives an € — § condition that provides some rough intuition for
why the notion of absolute continuity is referred to as “continuity.”

Theorem 3.19

Let 4 : M — [0, 0] be o-finite, and let v : M — C. Then v < p if and only if for all
€ > 0 there exists § > 0 such that if A € M and pu(A4) < § then |v(A4)| < e.

Proof. (<= ) If u(A) = 0 then for any € > 0, [v(A)| < e. Thus v(A) = 0.

( = ) Suppose that v < p but there exists € > 0 and a sequence {A;} C M such that
pu(A;) < 27%and |[v(A;)| > e. Note that in general |v|(-) > |v(-)], so we also have |v|(4;) > e.
Then for any n we have

L <[j A1> < iN(Az) § i27i _ 2fn+1

It follows then that {J;°, A;}, is a decreasing sequence of sets, with at least having finite
measure. Thus we can see that by approximation from the outside,

(04) (1)

n=1i=n i=n
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Also

V] (ﬁ G Ai> :nli_{go|1/| (G Ai> >e>0
n=11i=n i=n

Therefore |v| € p and thus v £ u, contradicting the assumption. O

Proposition 3.20

Let p be a complex measure. Then p < |u| and

d
d|M\ € L}(X — C, |u))

takes values in S! a.e.

Proof. Tt is clear that p < |p| since for any set E with |u|(F) = 0, E is a valid partition of
itself and hence it must be the case that u(E) = 0.

To see that h = dﬁﬂl takes values in S*, define A, = {z : |h(z)| < r}. We want to bound

|u|(Ay). If {E;}7-, is a partition of A, then we have

S =Y [ hdm\ < SIul(E) = rlul(A,)
=1 i =1

i=1
Taking the supremum over all partitions of A, we conclude |u|(A;) < 7|u|(A,). The only
way this can happen when r < 1isif |u|(A4,) = 0, co, but || is a finite measure so |u|(A4,) =0
when r < 1. Thus |h| > 1 a.e.

In the other direction, for any set £ C X with |u|(E) > 0,

'IMIEE)/ “" o <

since we previously showed [u(E)| < |p|(E). Thus the average value of h on any positive
measure set is contained in D, so by Lemma h € D a.e. as well. So we have shown
that |h| = 1 a.e., and without loss of generallty we can define h so that |h| = 1 everywhere
on X. O

Proposition 3.21

If i is a complex measure and A is a positive o-finite with p < A, then

dIuI ‘

(Note we previously verified |u| < \.)

Proof. Let g € LY(X — C,\) be such that du = gd\. Using Proposition we also
have h € L'(X — C, ) such that du = hd|p|. Thus d|p| = hgd\. Both |ul, )\ are positive
measures, so we must also have hg > 0 a.e. Since |h| = 1 it follows that hg = |g| a.e. O
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Definition 3.17

If A, B C X, then the symmetric difference is defined as

AAB = (A\ B)U(B\ A)

Theorem 3.22: Hahn Decomposition Theorem

Let 4 : M — R be a measure. Then there exist two sets AT € M such that
ATUA~ = X and the Jordan decomposition of y = p — pu~ satisfies u* = p(A*N-)
(such a partition is called a Hahn decomposition of X). Moreover, if BY, B~ are
two other such sets then it is the case that u(ATABT) = u(A~AB~) =0.

. J

dp]
everywhere. Since p is real, we can choose the derivative so that its range is =1. Then we

will set

Proof. We know that p < |u|, and that 22 € LY(X, |u|), and also ‘%‘ = 1 almost

_ dp

—o e
Am =gt e

From here, if F is any measurable set then we have
" 1
wH(E) = 5 (Ipl(E) + p(E))
2/, ()
== 14— )d|p
2 Jp U gy ) A
1 1
—5 [ 2wy [ odu
EnA+ ENA-

du
[ e

= u(ENAY)

and similarly for A~. The symmetric difference must have measure zero because we can
write

ATABt=A"AB  =(ATNB)U(A"nB")

u is nonnegative on A" and nonpositive on B~ so u(A* N B~) = 0 and similarly u(A~ N
BT) =0. O

Corollary 3.23

If p: M — R and A, 2 : M — [0,00) are positive finite measures such that
= A1 — A2, then ™ < Ay and u= < Xo.
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Proof. Let AT, A~ be a Hahn decomposition of X with respect to M. Clearly we have
< Ay; it follows that

W (E) = p(ENA) < M(ENA) < M (E)

Similalry p= < Ag. O
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Chapter 4

Lebesgue Differentiation

This chapter considers the specific setting (X, M, u) = (R™, Z(R™), ). We then consider
how we can understand differentiation through parameters of an integral, including results
such as the fundamental theorem of calculus. For instance, if f is continuous then the cor-
respondence between the Riemann and Lebesgue integrals allows us to use the fundamental
theorem of calculus to write

1 z+e T 1 [rte
lim [/ sar- [ fdA} —lm s [ A= @)
e—0+ € a a e—0t € T

Otherwise, we can more generally write this integral as

r+e
NSV EEEE)
with A([z,z + €]) = e. This leads us to ask the question of which Borel measures on R™ it

is true that (B.(x))
. H(De (T
1 PP\ b))
=50+ A(B.(2))
exists.

Definition 4.1

If p: B(R") — C is a measure then the symmetric derivative of p at z with
respect to A is defined as

I M(Be (m»
(Dap)(w) = Bim —rps=

if the limit exists. The Hardy-Littlewood maximal function is defined as

e 1l (Be(2))
(Map)(z) = U NB.)

In the case that u = ¢ for some f, we use the shorthand My f = My ¢, .
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Definition 4.2

A function f : R® — R is said to be lower semicontinuous if for all a it is the case
that

fH(a,q])

is open.

To see that Myu is measurable, we can show that it is lower semicontinous. Then we
observe that the proof we used for showing that continuous functions are measurable in fact
only needed lower semicontinuity. Thus M) u is measurable.

MyX = 1, since the inside of the limit is always 1. In contrast Myd,, = oo at zg,
and decays polynomially away from xzg:

~llz — 2ol ™", @ # o

(M, ) () = {

00, B = Ty

0, =x#uxg
00, T = I

(Ddz, ) (2) = {

For continuous functions f : R™ — C,

(Dagaf)(@) = f(2)

On the other hand, we would expect the maximal function to be equal to |f|, (it
would be if it was defined as the limsup,_,y+), but in general it is possible for the
average to be greater on some radius away from zero. So all that we can say in
general is that

(M p)(x) = |f ()|

For fixed ¢, the function

L=l x 9
f@):{ A, ) <

1, llz|| > €
satisfies
(Mxf)(0) =1
but
f(0)=0

63



Lemma 4.1: Vitali Covering Lemma

Let {z;}, C R" {r;}"; C (0,00). Then there exists a collection of indices S C
{1,..., N} such that:

1. The collection of balls {B; = B,,(z;)}ics are pairwise disjoint.

2. UX, Bi C U,cg 3B; where 3B; = Bs,., ().

3.\ (Uf:1 Bi) <3 M(BY).

Proof. The idea is to choose the balls using a greedy algorithm, and to show that it works.
First we assume without loss of generality that the r; are decreasing, so that r; < r; if i > j.
Add 1 to S. Then add the next smallest index j such that B; is pairwise disjoint from the
elements of S, and continue until all indices have been exhausted (this process stops since
N is finite).

To see that this works, pick ¢ € {1,..., N} \ S. Then there exists j € S with j < ¢ and
B; N B; # @. Then by assumption r; > r;, so ||x; — ;|| < 2r;, and in particular 3B; D B;
by a geometric argument. The measure result is clear based on the scaling of . O

Now the Vitali covering lemma will allow us to provide bounds on the maximal function
(which in turn bounds the symmetric derivative).

Definition 4.3

Let 4 : X — C be a measure. Then the total variation of x on X is ||u]| == |u|(X).

Theorem 4.2

Let p: Z(R") — C and a > 0. Then

Az € B : (My)(@) > o)) < 37120

Proof. Write E, = {Mxu(z) > a}. Since My is lower semicontinuous, E, € Open(R"™).
Then by regularity of A,
MEqs) = sup  MK)
KeCompact(R™)
Now for any K C E, compact, for all x € K we have (Mxp)(z) > a by definition of E,.
Thus by the definition of Mypu there exists € > 0 such that

By sy ) < )

The collection {B, = B._(x)}.ck is an open cover for K so we can select a finite subcover
By, ..., B,. We then apply the Vitali covering lemma to pick a subcollection S C {1,..., N}.
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This gives us

N n n n
ACK) < A (U Bi> <3S AB) < 2 Sl (B @) = >l (U Bl-) < u
i=1

€S €S €S

Taking the supremum over all K proves the result. O

If f € L' then

A({z €R": (Myf)(z) > a}) < 3@

Proof. Follows since [[¢x ¢l = || f] - O

Definition 4.4

Let f € LY(R™ — C,\). Then x € R" is said to be a Lebesgue point if

1 N
Jim s /B L JFf@ia=o

This is a stricter requirement than

o -
DAf = Jim 1o /Bem fd = f(z)

which is certainly the case if x is a Lebesgue point. Now, the following important theorem
is an extension of Lebesgue’s criterion for Riemann integrable functions to L' functions.

Theorem 4.4: Lebesgue Differentation Theorem

If f € L*(\) then A-almost-all points in R™ are Lebesgue points for f.

Proof. The point is to use a continuous approximation of f since every point is a Lebesgue
point for a continuous function. Define the r-radius average of f to be

(A)@) = 117

S /B W) f@ )

and
(Af)(z) = limsup(A, f)(z)

r—0t
We want to show that Af = 0 A-a.e. Fix ¢ > 0 and pick g € C.(R") such that ||f — g||;. <€
(note that we only need g to be continuous and L', but by density of C.(R™) C C(R™)NL())
this is possible).

(Ar)(2) < (Arg) (@) + (Ar(f = 9))(2) < (Arg)(z) +

1
s /B 17w g
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Since g is continuous, A,g — 0 so Ag = 0 everywhere. Thus taking the limsup on both
sides, we have

Af < MA(f—9)+1f -4l

Now we show that the sets {M\(f —g) > a} and {|f — g| > a} can both be made to be
arbitrarily small for a > 0 by choosing g closer to f. Indeed, by Chebyshev’s inequality we
have

1 1
NI =gl >ah < 3 [ 17 = gldh= 217 =gl
o Jrn (0%
On the other hand, we also showed the bound

UM~ 9) > a}) < 217 — gl

SO

n

3"+1

+1
If =gl < €

AUAS > 20}) S A(MR(F — 9) > al) + A({lf — ] > a}) <

Taking € — 0 shows that A ({Af > 2a}) = 0 for any o > 0, and hence A ({Af > 0}) = 0.
Thus Af = 0 A-a.e. and the result follows. O

The significance of the differentiation theorem is that it provides a method to calculate
the Radon-Nikodym derivative with respect to A:

Corollary 4.5

Let p: B(R™) — C satisfy u < A\. Then

du
= _D
a A

A-a.e.

Proof. p < X, so j—ﬁ exists and is L'. By the Lebesgue differentiation theorem, A-almost-all
points in R™ are Lebesgue points. Let £ € R™ be such a point. Then

du . 1 du
@) = lim S /BE(I) ay = (Da)() =
(B (2))

Theorem 4.6: Fundamental Theorem of Calculus I

Let f € LY(R — C,\). If x € R is a Lebesgue point of f, then

(o) r0r)@ =1
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Proof. We write the difference quotient (note all the integrals are finite since f € L!):

Joran- o
9

. 1
< lim -
e—=0t €

lim

e—0t

xz+e
f@)| < / fdA - ef(2)

xte Tte
< lim 1 / F@) - F@)dA(y) <2 lim / F) — F(@) dA(y)

e—0+ € e—0+ 2 J,_ .
1

=2 lim e ) Sl ) =0

since x is a Lebesgue point. O

Note that this proof required us to use the fact that half intervals take up half the
measure of the balls around x. This idea allows us to generalize this notion to use sets other
than balls centered at x.

Definition 4.5

Let {E,} be a sequence of sets and z € R™ (we do not assume x € E,). We
say that {F,} shrinks nicely to z if there exists @ > 0 and a sequence of balls
{B,, = By, (z)} centered at x such that r,, — 0, E,, C B, and m(E,) > am(B,,).

In other words, the E,, shrink toward z in such a way that the density of E,, around z
is bounded below, allowing us to replicate the above proof.

Corollary 4.7

Let {E,} shrink nicely toward x a Lebesgue point of f € L'(R — C, \). Then

. 1
0= i 5y 1

To prove the other half of the fundaemntal theorem of calculus, we need to place more
restrictions on f. Recall that the Riemann integral version of this theorem assumes that
f is differentiable and that f’ is continous. In this case, we can significantly reduce the
assumptions we make.

Theorem 4.8: Fundamental Theorem of Calculus II

Let f : [a,b] — C be absolutely continuous. Then f is differentiable M-a.e., f' €
L([a,b] — C), and

f=t@+ [ 1

We do not provide the proof here. One can show this by first proving that the con-
clusion is equivalent to the hypothesis of absolute continuity if f is monotonic (which is
demonstrated by showing that both are equivalent to the condition that f takes measure
zero sets to measure zero sets). This is then extended to arbitrary functions by using the
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total variation function (which measures the variation of f over [a,z]) to decompose f into
two monotonic functions.

4.1 Change of Variables in R"

Now that we have developed tools to calculate derivatives of measures more explicitly, we will
return to the question of the change of variables formula so that it can be more practically
useful for computation. Here we consider the case where (X, M, u) is a measure space,
(Y,N) a measurable space, and ¢ : X — Y, f: Y — C. Previously we found that

/XfosodMZ/dew

where pi, : N'— C is defined by p,(A) = p(p~(A)). Also we saw that if ¢ was injective
then it was moreover true that

[ rovdn=[ ran,
A e (A4)

measurable. If we write n = ¢~

/ gdu:/gondun—l
n(B) B

If we additionally know that p1,-1 < v, with v : N' — [0, o] o-finite, then

d[L -1
/Bgondun—1=/Bgon R

Now, in the case p,v = A on X,Y = R", then we find (in agreement with multivariable
analysis) that

1 1

Assume ¢ is bijective and ¢~ , g = [ o, then for

B =n"1(A) it is true that

dA,—
dX
To show this, we need to prove some scaling properties of A under linear transformations. We
have had the tools to prove this locally, which we will produce now, but the Radon-Nikodym
derivative allows us to connect this with the global change of variables formula.

= |det(D7fl)|

Proposition 4.9

Let T : R™ — R™ be an invertible linear transformation. Then there exists a (unique)
positive constant c¢r such that
)\(T) = CT)\

Proof. By linearity and translation invariance, we observe that
AM(S + ) =MNMS + Mz) = A(MS)

so A(M-) is a translation invariant Borel measure and hence equal to A, up to a constant. [
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Corollary 4.10

If T is orthogonal then ¢ = 1. Hence A is invariant under orthogonal transforma-
tions.

Proof. The unit ball is fixed under 7" and has finite measure. O

Proposition 4.11

Let M be an n x n matrix. Then

A(M-) = |det(M)|A

Proof. The proof is clearly true if M is not invertible since both sides are zero.
If M is invertible then A(M-) is translation invariant by linearity, so the measure
_ MM
A(M[0, 1]7)
is a normalized, translation invariant Borel measure on R™ and hence equal to A. Now it
just remains to show |det(M)| = A(M]0,1]™). This is clear for diagonalizable M and in the

general case it is proved using singular value decomposition since orthogonal transformations
preserve measure. O

Lemma 4.12

Let £ C R™ have measure zero. Let ¢ : E — R™ be such that

lim sup () — w(y)ll <o
y—w lz =yl
yeE

for each x € E. Then A(¢(E)) = 0.

Proof. The point is to use the hypothesis to bound the behavior of ¢ on small balls. Specif-
ically, fix m,p € N and define

Enp = {2 € B |o(@) — oyl <mllz—yl.y € By (2) N E}

Then by assumption, £ = J,, Em .p» S0 it suffices to show E,, , has measure zero. For
e > 0, we can cover Emyp by a countable collection of balls {B; = By,(x;)} such that
i € Fop, 15 5, and ), A(B;) < € (note this is done by covering E,,, with a small
measure open set, decomposing the open set into almost disjoint small cubes, and covering
those cubes which intersect F,, , with a ball of the appropriate radius).

Now by the construction of the B;, ¢(B;) C By, (¢(x;)), so it follows that
E)) <Y N@(B) € A By, (l:) ZA ) <m'e

Taking ¢ — 0, we conclude. O
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Lemma 4.13

Let f:R™ D B;(0) — R™ be continuous, and let € € (0,1) be such that

If(2) -zl <e

on S"~1 = 9B;(0). Then
f(B1(0)) 2 B1-<(0)

The conclusion of this lemma is somewhat geometrically intuitive.

Proof. Suppose not. Then pick a point a € By_. such that a ¢ f(B1(0)). By assumption
lf(@)|| >1—¢forx € S" ! soalsoa¢ f(S*!). In other words, a ¢ f(B1(0)), so the
map G : B1(0) — B1(0) defined by

- fl)
@) = =@

is continuous. In particular, by Brouwer’s fixed point theorem, it has at least one fixed
point. But if z is this fixed point, we must have x € S"~! since ||G(z)|| = 1. Thus it follows
that (z,z) =1, so

(r,a = f(z)) = (z,a)+ (2,2 — f(2)) = (z,2) < |zll[lal+[zlllz - f(2)[|-1 < e +e-1 <0

In particular, (z, G(x)) < 0 so z is in fact not a fixed point of G, contradiction. O

Theorem 4.14

Let ¢ : V. — R™ be continuous with V' C R™ open. If ¢ is differentiable at z € V

then
AMp(Be(2)))

— |det(D
ch0r  A(Be) [det(Dp)el

Proof. Assume by applying translation operators before and after that z = p(z) = 0. Set
M = Dg(0). We split the proof into two cases.

Case 1: If M is invertible, then we can assume that M = I,, by taking ® = M ~! o ¢, since
we already showed that constant linear transformations respect scaling:

Alp(Be)(0)) = MM (B:)(0)) = [det(M)|A(P(B:)(0))
Thus we assume that M = I, and aim to show that limit is 1.

Indeed, by the definition of differentiation, for each € > 0 we can pick § > 0 such that when
]| € (0,6),
le(x) = Inz — O]
]
Then for any r € (0,6) (small enough that B,.(0) C V), the conditions of Lemma are
satisfied. Also it is clear from the above that ¢(B,.(0)) € B,(14¢)(0). So
-

Br1-6)(0) € ¢(B(0)) € Br(14)(0)

<e = |lp(a) — =l <ell
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which gives

Taking ¢ — 0 gives the result.

Case 2: if M is not invertible, then im M has measure zero. In particular for any € > 0
there is 7 > 0 such that

Mz €R™ 1 d(z, MB,(0)) <} < e

(This follows from regularity and approximation by open sets). By the definition of differ-
entiability, there is § > 0 such that when ||z| € (0, ),

lo(z) — Mz| <nl|
Then for r < §, we know that

©(B-(0)) C{z e R" : d(z, MB,(0)) < rn} =r{z € R" : d(z, M B1(0)) < n}

Thus
Ap(B(0))) < rhe
> (o(B,(0)) .
Ap(Br(0 ) Ve €
lim sup < limsup <
r—o0t A(Br(0)) ro+ TRe(B1(0)) T A(B1(0))
Taking € — 0, we conclude. O

Theorem 4.15

Let V C R”™ be open. Let ¢ : V' — R™ be continuously differentiable and injective

such that ¢! is also continuously differentiable. Then A, < A and
dA,
—+ = D
2 = |det(Dp)

so that for f € L()\), A € B(R"),

/ fd)\:/ fop|det(Dy)| dA
»(A) A

Proof. Since ¢ is differentiable everywhere, Lemma tells us that ¢ takes measure zero
sets to measure zero sets. Thus A\, < A. Then it follows that the Radon-Nikodym derivative
is given by the symmetric derivative, which we just showed is

dA, L Ae(Br(x))
I rg%l+ ANB(@) |det(Deg)(z)| O
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Chapter 5

Probability Theory

Now we discuss one of the chief applications of measure theory, which is probability. Mea-
sures allow us a way of defining the notation of ”probability” which is by definition com-
patible with the boolean operations AND (disjoint unions) and NOT (complements). Note
that in order to ensure compatibility with complements we need to assume that the entire
space has finite measure. Thus probability theory emerges as the study specifically of finite
measure spaces.

5.1 Preliminaries

Definition 5.1

A probability space is a measure space (€2, M, P) such that P(Q) = 1.

Note that we can assume from the outset that the measure of the entire space is 1, since
otherwise we simply normalize the measure. Note also that the convention is to use € to
denote the underlying set, and P as the measure. The measurable sets take the interpretation
of observable events, or events where we can calculate a probability.

Definition 5.2

A measurable function f : @ — C for a probability space (2, M,P) is called a
random variable.

Definition 5.3

Let (Q, M, P) be a probability space. Then the expectation of a random variable
X is

HM:LXW




Definition 5.4

Let (2, M,P) be a probability space, X a random variable, and A € %(C). Then
the probability of X € A, denoted P(X € A), is given by the pushforward measure:

P(X € A) = P(X}(4)) = Px(4)

In the case that X is a real valued random variable, we have a natural ordering on R:

Definition 5.5

Let X : © — R be a random variable. Then the cumulative distribution function
of X is given by
cdf(X)(t) = Px[(—o00,1]]

Moreover if Px < A then the probability density function of X is given by

dP
pdf(X) = —=

Clearly if the pdf exists then
cdf(X)(t) = / pdf(X)dA

Definition 5.6

Let X : 2 — C be a random variable. Then the variance of X is defined as
Var(X) = E[(X — E[X])?]
The standard deviation is defined as
0 = /Var(X)
If X,Y :Q — C are two random variables, their covariance is defined as

Cov(X,Y) = E[(X — E[X])(Y — E[Y])] = E[XY] — E[X]E[Y]

Definition 5.7

Let P be a probability measure on R. Then the nth moment of P is defined as

M, (P) = / z" dP
R
The nth moment of a random variable X2 — C is

M, (X) = E[X"]




The moment generating function of X is defined as
Mx (t) = Elexp(tX)]

The characteristic function of X is defined as
ox (t) = Elexp(itX))

The cumulant generating function of X is defined as
Kx(t) == log(Ma(t))

The nth cumulant is defined as

KQ(t) =07 _ log(Elexp(tX))

The point of the moment generating function is that
M (0) = EIX") = M (X)

recovers the nth moment of X.

One way to construct random variables with prescribed pdfs is to set X to be the identity
on the probability space (R, Z(R), f d\), where f is the prescribed pdf.

Example 5.1

A random variable X is said to be standard normal, written X ~ A (0,1), if X is
the identity on the probability space (2, M,P) = (R, Z(R), f d\) with

@) = Z=ew (_;m)

Example 5.2

A random variable X is standard Cauchy, written X ~ Cauchy(0,1), if X is the
identity on the probability space (R, Z(R), f d\) with

1 1
mx2+1

flz) =

Note that no moments of X are finite.




X is uniform on [a, b], written X ~ U(a,b), if it has pdf

1
b—a

f(@) = Xfa.n)(2)

5.2 Independence

So far we have only worked with one random variable at a time, but one of the most
important aspects of probability theory is its ability to analyze linked random variables.
Here we will develop the notion of independent random variables.

Intuitively independence means that the outcome of one variable does not affect the other.
In other words, the likelihood of the two variables assuming some given values is just given
by finding the likelihood that each assumes its given value individually, and multiplying the
results.

Definition 5.8

Let (©2, M, P) be a measure space and {E, }aca € M be a collection of events. This
collection is said to be independent if for any subcollection of indices S C A, we

have
P (ﬂ Ea> = H P(E,)

a€S a€eS

A collection {X, : @ — C}yeca of random variables is independent if for any choice
of Borel sets { By }aca C B(C), the collection {X;1(Ba)}aca is independent.

There is a more convenient way to characterize independence in terms of distributions.
For instance, consider two random variables X,Y : 2 — C. Since they are defined together
on the same domain, we can package them into a new function (X,Y) : Q — C2, which is a
vector-valued random variable.

Definition 5.9

Let X,Y : Q2 — C be random variables. Then the joint probability distribution
of XY is defined as
Pxy)=Po(X,Y)™"

The definition is similar for any finite collection of variables.

Proposition 5.1

Let {X, : @ — C}aca be a collection of random variables. Then this collection is




independent if and only if for any finite subcollection X,,,..., Xq,,

]P)(onl 1'“7X(¥n) = H ]P)X"i
=1

where the right side is the product measure on C".

Proposition 5.2

If {X,} is a collection of independent random variables, then for any subcollection
Xays-3 Xa, s

E[qu e 'Xan] = E[Xou} e 'E[Xan]

Proof. Fubini’s. O

Proposition 5.3

If X,Y are independent then Cov(X,Y") = 0.

Proof. E[XY] =E[X]E[Y] so Cov(X,Y) =0. O

Proposition 5.4

If Xq,...,XNy : Q@ — R™ are vector-valued independent random variables, and
fi : R™ — R are Borel measurable, then the variables Y; = f;(X;) : @ — R are
also independent.

One of the useful aspects of phrasing probability theory in terms of measure theory is
that probability theoretic notions such as expectation, variance, and measure can be easily
connected with ideas such as function spaces.

Proposition 5.5

If X,Y are independent and both L', then XY is also L' and

E[XY] = E[X]E[Y]

If X,Y are nonnegative random variables then being L! is the same as having finite first
moment. Note that it is crucial that we assume independence.

Proof. We use Tonelli’s theorem to establish that XY € L', then Fubini’s to show the
equality. O
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Proposition 5.6

If X,Y are both L2, then X +Y is also L? and

Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y)

Proof. In this case the triangle inequality on L? demonstrates that f + g € L?. Now, we
have
Var(X +Y) =E[(X +Y)?] — (E[X +Y])? = E[X? 4+ 2XY +Y?] — (E[X] + E[Y])?
= E[X?] + 2E[XY] + E[Y?] - E[X]* - 2E[X]E[Y] — E[Y]?
= (E[X?] - E[X]*) + (E[Y?] - E[Y]*) + 2(E[XY] - E[X]E[Y])
= Var(X) + Var(Y) + 2Cov(X,Y) O

In particular if X, Y are independent then the covariance term disappears, so we see that
variances of independent variables add.

5.3 Asymptotic Analysis
Next we investigate how sequences of independent random variables display emergent order
properties. This is phrased through the limit theorems.

The first goal we have is the central limit theorem, which characterizes the distribution of
running average of independent variables. Essentially what it says is that if {X,, : Q@ — R}
is a collection of independent and identically distributed (IID) random variables, with

EX,]=p  Var(X,)= o>

Then we define
1N
An = N nE:1 Xn

Then by linearity of expectation and independence,

E[AN] =

1 al 1 & o2
Var(An) = ﬁVar (ZX”> =3 ZUQ =¥ Nzeo
n=1 n=1

Since the variance disappears in the limit, we would expect that Ay tends to the constant
value . However, there are stronger ways that we can quantify exactly how Ay tends to
the mean. In other words, we want to classify P4, given the distribution v = Px,,. To
universalize our analysis it is helpful to standardize Ay as

AN

Iy = o

7



so that
E[ZN] =0 Var[ZN] =1

Then it turns out that the distribution of Zx converges to the standard normal distribution,
regardless of the input distribution (though we have not yet specified what it means for a
sequence of distributions to converge).

N —oco

]PZN — N(O, 1)
The first mode of convergence that we will study is called convergence in probability.

Definition 5.10

Let {Yn}nen be a sequence of random variables. Then we say that Y,, converges

to Y in probability, denoted Y, N Y, if for any € > 0,

N—oc0

P(|Y, - Y| >¢) =50

Proposition 5.7

IfY, Y and f is a continuous function, then f(Y,) — f(Y).

Proof. Let ¢ > 0 and let 6 > 0 be such that |Y,, = Y| <d§ = |f(Y,) — f(Y)| <e. Thus

{f(¥n) = f(V)| 2 e} C{[Yn = Y| > 6}

N—oc0

P(f(Yn) - f(Y)[ 2 &) <P([Yn —Y]|>6) — 0

O

Theorem 5.8: Markov’s Inequality

Let X : @ — R be a random variable and ¢ : R — [0, 00) nondecreasing such that
poX € L'. Then for any a € R,

For any a € R we will split this integral:

/xeRSD(x) dPx (z) = /Ka o(z) dPX(:E)—F/Zza o(x) dPx ()




Theorem 5.9: Chebyshev’s Inequality

Let X : Q — R be an L' random variable. Then for any & > 0,

Var(X)

P(X —E[X]| 2 ¢) < —

Proof. We take Y = (X — E[X])? and ¢ = id, with a = 2. Then by Markov’s inequality,
P(|X — E[X]| > ¢) < E[(X — E[X])?] = Var(X) O

Theorem 5.10: Weak Law of Large Numbers

Let {X,, : © — R} be a collection of IID L? random variables with mean p and
N
1
=y 2%

Then A, N .

Proof. By Chebyshev’s inequality,

N—o0

P(|Ay — | > ) < =220 0

o
g2 N2

There are ways to weaken the assumptions of the theorem by dropping the L? assump-
tion, or the identically distributed assumption.

Theorem 5.11

Let {X,, : © — R} be a collection of independent L? random variables with E[X;] =
pj, Var(X;) = a3. If

1 N N
2 N—oo
220 0
j=1
then

N

1 P

=% — ) E2 0
j=1

In particular this assumption is satisfied when the X,, are identically distributed.

Proof. The sum

L
= NZ(XJ _
j=1



has zero expectation linearity and by additivity of variances,

X
Var(Sy) = N2 Zo’?
j=1
By Chebyshev’s inequality,
1 ol 2 N—oo
]P)(|SN|>E)§€2NQZJJ- =570 O

Let (Q, M,P) be a probability space, {X, : @ — R} a sequence of IID random
variables such that
lim zP(|X,| > z) =0

Tr—00

and write P
Ay - E[Xx-n,n(X)] — 0

Definition 5.11

Let {Y,,} be a sequence of random variables and Y~ another random variable. We say
that Y,, converges to Y almost surely, written Y;,, =5 Y if

P ( lim Y, (z) = Y(x)) =1

n—r oo

This is the same as a sequence of measurable functions converging pointwise almost
everywhere.

Proposition 5.13

If Yy %5 Y then Yy —— Y.

Proof. Suppose Yy <% Y. It suffices to show that for any ¢ > 0 we have

N—oc0

P(|Yy —Y|>e) — 0

Fix ¢ > 0 and define
Api=J {IYm -Y[ >}

m>n

Then {A,} defines a decreasing sequence of sets, so by approximation from the outside
(which is always valid on a probability space),

lim P(4,) =P <Ol An>
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By monotonicity,

P(A,) =P | | {Ym-Y|=e}| 2PV - Y| >¢)

m>n

So in the limit,

i — > <
lim P(|Y, ~Y[>¢) <P (ﬂ An>

n=1

We just need to show the right hand side is zero. Indeed, pick w € {lim,_,~ Y, = Y'}. Then
we have N such that for any n > N,

[V, (w) =Y (w)] <e

Then by definition, w ¢ A,,. So

By C
ﬂAng{lim Yn:Y}
n—oo
n=1
The right hand side has measure zero by assumption, so we are done. O

Lemma 5.14: Borel-Cantelli

Let {E,}, € M be a sequence such that
> P(E,) < o0
neN

Then

Pl UE:|=0

neNk>n

Informally, the Borel-Cantelli lemma says that if a collection of events has finite total
probability then with probability one only finitely many of them occur.

Proof. Set Fy = UnZN E,,. Then
FvN (YU En= ) Ev
neNk>n NeN
so by approximation from the outside and subadditivity,
PN 7) = g < 3 pes)
NeN n>N

Since the series converges by assumption, the limit of the tails is zero and we are done. [
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Lemma 5.15: Second Borel-Cantelli

Let {E,}, € M be an independent sequence such that
> P(E,) =0
neN

Then

P ﬂUEk =1

neNk>n

Proof. We use the complement:

1-P ﬂUEk =P ﬂUEk

neNk>n neNk>n

=P ) E:

neNk>n

= lim P | () Ef

n— 00
k>n

Since the Ej are independent, we can take a finite subset and turn the intersection into a
product. Taking the limit to infinity and applying approximation from the outside, we have

N
Jm P 5 nlzr;olenmP(ﬂEk)
k>n k=n
N
= lim lim (1-P(Ey))

n—o00 N—o0
k=n

= lim H (1 —P(ER))

k>n
= nl;ngo exp }; log (1 —P(E%))

< lim exp |— ZP(Ek)

n—o00
k>n

— 0o

=0 O
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Lemma 5.16: Kolmogorov’s Inequality

Let {X,,}» be a sequence of independent random variables such that E[X,,] = 0. Let
S, =X1+...+X,. Then for any € > 0,n € N,

P <( i Sk|) > E) < Var(QSn)
ke{l,...,n} 3

Proof. Fix ¢ > 0 and define

Ay = {|Sk| > e, |SJ| < EVj < k‘}

In other words, Ay is the set of w € Q where k is the first time that the random walk
(Sn(w))n leaves (—¢,¢).

Then

SO

E[S2] > Y E[Sixa] = > Elxa,(Sk — (Sn — Sk))]
k=1 k=1
= ZE[XAMS%] + 2E[XAkSk(STL - Sk)] + E[XAk (Sn - Sk‘)Q]

The third term is nonnegative. The second term is zero, because xa, Sk is independent of
Sp — Sk, and E[S,, — Sx] = 0. Thus

Var(S,) = E[S?] > ZE[XAkS,%] > P <(I]£l<aXSk|) > 5) O

k=1
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Theorem 5.17: Strong Law of Large Numbers (Kolmogorov)

Let (€2, M,P) be a probability space and {X,, : @ — C} a collection of independent
L? random variables such that

>, Var(X,,)
D g <
n

3
—

Then defining

1 N
Ay =5 2 Xn
n=1
we have
1 & 1 &
A, — = EX, == X,-E[X,]%50
N;[ ] N; [Xn] 2%

Proof. Define

1 N
BN:AN—NZ]E[X

Fix € > 0 and k£ € N. Then by monotonicity and Kolmogorov’s inequality,

ng2k—1,2k] nell,2k] ~——~
=[525-1 Xn|

IP< max |Bn|25>§]P’ max  n|B,| >e2"7' [ < (e287)7 ) Var(X,)

Summing over all k, we have

oo e8] 2k
1
ZP <n61222_%}1(’2an| 2 5) S (52k—1)2 Z Var(X
o oo oo
4 8 1
=2 VarlXn) TﬂfﬁZ; <0

k=log, n

So by the first Borel-Cantelli lemma,

P (limsup{ max |B,| > 5}) =0
k ne[2k—1,2k]

The limsup of these sets is the set such that infinitely many of the running averages are
outside of (—¢,¢). Taking e — 0, we obtain the complement of the set on which By — 0,
SO

By 250 O

The law of large numbers (in both weak and strong forms) describes the zeroth-order
asymptotic behavior of the running averages. The first-order behavior is calculated by the
central limit theorem and the normal distribution.
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We first note that by the law of large numbers, we can write Ay in terms of fluctuations
about the mean by some variable which has variance tending to 0 as N — oco. If we remove
a square-root scaling factor in N analogous to standard deviation, we write this as

g
Ay =p+—=7
N =M \/N N

where we want to argue that Zy is asymptotically independent of N. In fact, we will see
that

Z, "8 N(0,1)

o~ 1 1
Pz, N=s Nors exp <2x2> d\

The mode of convergence is the in which this occurs is the weakest which we have studied
so far.

Definition 5.12

Let {Y,}, be a sequence of random variables and Y another random variable. We

say Y, converges in distribution to Y, written Y,, BN Y, if for any bounded
continuous function f: R — R,

N — oo

E[f(Yn)] — E[f (V)]

[ ram > [ ran

where p, is the distribution of Y,, and p is the distribution of Y. This is also known
as vague convergence or weak* convergence.

or equivalently

The intuition for convergence in distribution is that the shape of the distribution is
converging. Note this in general is not dependent on the sample space, and there is no
relation to the joint distributions of any of the Y,, or Y.

Proposition 5.18

Y, 25V then Y, -% Y.

Proof. Let f be continuous and bounded. Then f(Y},) N fY). Let |f| < M and € > 0

be arbitrary. Then

lim E[[f(Y,) = f(Y)[] = lim [ |f(Yn) = f(Y)[dP

=nml/ |ﬂxn—ﬂywm+/’ F(Ya) — F(Y)] dP
OO (V)= F(Y)|>e} {1F(Yn)—F(Y)|<e}

< lim RMP([f(Ys) = f(Y)[2¢) +¢e]=¢
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(Since f(Y) N FY), limy, oo P(|f (V) — f(Y)]| > €) = 0.) Taking ¢ — 0, we conclude

N—oc0

that E[f(Y,)] =5° E[f(Y)], so Y, - Y. O

It follows then that ¥, 5V — Y, -5 Y — Y, -5 V.

The next theorems characterize convergence in distribution in a manner that will make it
easier to prove the central limit theorem.

Theorem 5.19

The image of L'(R) under the Fourier transform F is dense in Co(R).

Proof. The proof of this is well outside the scope of this course and is omitted. O

Theorem 5.20: Levy’s Continuity Theorem

If _ _
E[ethn} N ]E[eth]

converges pointwise in ¢ if and only if Y, Ay,

Proof. If f : R — R is any continuous bounded function, we can take a sequence of functions
fr € F(L*(R)) tending to f. Since each f; is the image of the Fourier transform of some
L' function gy, we can write

fuly) = /¢ ) )

Then applying Fubini’s theorem,

We then apply the dominated convergence theorem since the integrand is bounded by |gx| €
L', and conclude that

Jim E[f(Ya)] = E[fx (V)]

Now, we take the limit in k£ on both sides.

TODO: show we can switch the limit

Each fi is in Cy(R), so they are all bounded. Moreover since they converge to f, they
are uniformly bounded by some constant, which is in L' since we are in a probability space.
Then by dominated converence,

Jim B[y, (Ya)] = E[f (V)]
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and the same holds for Y. Thus
lim E[f(¥,)] = lim lim E[fy(Y,)] = lim lim E[f(¥,)] = lim E[f(Y)] = E[f(V)]

n— oo n—o00 k—oo k—o00 n—ro0

The converse is obvious by taking the bounded continuous function y s exp(e™¥). O

If {Y,,},, and Y are real random variables then Y, ~4, Y if and only if the cumulative
distribution functions converge pointwise in ¢ everywhere the cdf for Y is continuous:

P(Y, <t) = PY <t)

Theorem 5.22: Central Limit Theorem (IID)

Let {X,, : @ — R}, be an IID sequence of L? random variables with mean p and
standard deviation o, and define

I — Ay — 1
0/\/N

Then .,
N — N(O, 1)

Proof. We will use Levy’s continuity theorem, so that it suffices to show that
. 1
©(Zn)(t) = Elexp(itZy)] = pz(t) = exp (—2t2)

pointwise in ¢, where Z ~ N(0,1). We will then write

X, -
Y, = a
o
so that
E[Y,] =0
Var(y,) =1

N
%Zn:an_l“ _ Zg:1Xn_NM _ Zﬁleyn
/v N oV'N VN

This allows us to separate the exponential and apply independence:

N
exp (iﬁN‘é Z Yn>

n=1

[T oo (1133

Zy =

Elexp(itZy)] =E

N
=K lH exp (itN_%Yn)

n=1
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We evaluate the expectation by Taylor expanding the exponential:

12
E oxp (it 4Y, ) | = E {1 FAtNT2Y, — S Y7 40 (N)]
—1-t 40 (N*%>
- 2N

Thus we have
N t? 3
E [exp (itZn)] = exp (nzl log (1 “onv t o (N‘?)))
Applying the Taylor expansion of log(1 — x), we obtain

(- frvol6) won( 1000

n=1

Note that the O(1/v/N) term contains dependence on ¢t and the moments of Y,,; however
pointwise in ¢ this term vanishes as N — oo. O

The importance of this is that because we did not make any assumptions on the dis-
tribution of Y;,, we can use analysis of the Gaussian in order to study arbitrary random
variables. One way that we will do this is to study tail bounds of the averages:

Wt}

g
PllAy —p| >t =P ||—=2Zn|>t| =P ||ZN]| > —
Ay =l > ) =P || Tz| > ] =P 12wl > 2

However, because there is N dependence on the right side, we cannot easily apply the central
limit theorem on the distribution of Zy to make arguments about this value (since we don’t
know anything about the asypmtotic convergence of Zy — Z). One way to address this is
to ask questions about small deviations from the mean:

P {|AN_M| > \/tﬁ] =P |:ZN| > ;]

In this case the central limit theorem tells us that

*(3)~ g (~3)

In order to return to the original question we need to study patterns of large deviation.

Another question that we can investigate is the higher-order asymptotic behavior of Ay .
Such an expansion is called an Edgeworth expansion.
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5.4 Large Deviations

In this section we are motivated by considering asymptotic analysis on probability measures.
If {Pn}n is a sequence of probability measures and X is a random variable which is not
dependent on N. If the measures Py have a density which is also a Laplace transform, then

/X ) APy (w /X )Znte N d)(w)

This is a setup which can be analyzed with existing techniques.

Theorem 5.23: Laplace Asymptotic

Let f : R" - R, g : R” — C. Assume f has continuous Hessian Hf : R” — M, «,(R)
at some point xg € R"™, where

e ¢ is continuous and nonvanishing at z,

o (Vf)(xo) =0,
e (Hf)(xo) is positive definite,

e There exists 1, > 0 such that
/ e @ g () d\(z) < oo
zER™

Then it follows that

1o Jaemn € g(@) @) _ 9(zo)
n—00 n- T e—nf(zo) \/det (HY) 5170))

J

The goal of large deviations principles is to understand how this analysis can be adapted
for distributions where the densities are not Laplace transforms, or where a density does
not exist.

The setting that we study this is on a fixed measurable space (Q,2(Q)), where  is a
complete separable metric space, and a family of probability measures {PE}EG((),OO)-

Definition 5.13

A rate function is a map Z : 2 — [0, o] which is lower semicontinuous such that
for any ¢ € (0,00), Z71(]0,4]) € Compact(2).

Then the large deviation principles tell us under which rate functions we have an expo-
nential decay relation
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Definition 5.14

A sequence of probability measures {P. }.c(0,) obeys a large deviation principle
with rate function I : Q — [0, 0] if:

e For all F C Q closed,

limsupelog (P.(F)) < — inf Z(w)

e—0+ weFr
e For all U C ) open,

liminf elog (P.(U)) > — inf Z(w)

e—0t wel

Proposition 5.24

Let {P.}c~0 be a family of probability measures obeying a large deviation principle
with rate function I. If A € #(Q) is such that

inf [ = inf [ = inf I
O ) = ) S = Aell ()

then
lim elog(P.[4]) = — inf I(w)

e—0t w€eA

Lemma 5.25: Varadhan’s Lemma

Let {P.}.~0 satisfy an LDP with rate function I. Then for any bounded continuous
random variable X : Q — R,

i to (5 o (1)) = s - 109

e—0t weN

Schilder’s theorem tells us that Brownian motion {B;}rso obeys a large deviation prin-
ciple. The Feynman-Kac formula then tells us that

exp(-T(-A+V))(z,y) =E

T
5(Bo — 2)0(Br — y) exp (—/0 Vo B; dt)

where A is the Laplacian operator on L?(R) and the exponential of the operator is defined
in the typical way. This gives a nice connection between PDEs and probability.

5.5 Kolmogorov Extension Theorem

Consider some fixed probability space (Q, M,P) and sequence of random variables {X,, :
Q — R},. Then for any tuple of distinct indices aq,...,ay,, the pushforward measure
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defines a new probability measure on R" by

]PJ(XQI,...,Xan) = ]P) o (qua' . 7Xan)71

In the reverse direction, we consider how we can build a probability space given a collection
of prescribed joint distributions, such that the joint distributions indeed are the distributions
of random variables on the space.

Note that the joint distribution naturally satisfies the properties

]P(X7y)[A X B] = IED(Y,X)[B X A]
P(X,y) [A X R] = Px[A]
so certainly our prescribed distributions must satisfy this as well.
To formalize this idea, we let A be an arbitrary index set. For any set of distinct tuples (an
injective map « : {1,...,n} — A), we are prescribed a probability measure p, : Z(R") —

[0,1]. Then we want to produce a probability space (€2, M,P) and a collection of random
variables {Xg : Q@ — R} ge4 such that for any o : {1,...,n} — A injective,

pa=Px, .. .Xu)

sy

The Kolmogorov consistency conditions tell us when this assembly is possible. Essentially
we need the joint distributions to be compatible with each other under permutations and
marginalization.

Definition 5.15

Let A be an index set. Let {uq o be a collection of Borel measures on R™, where
a:{l,...,n} — A is injective and n ranges over all finite n < |A|. We say that
{lta }o satisfies the Kolmogorov consistency conditions if for any = € S,, and
Bi,...,B, € B(R),

Pa(B1 X - X Bp) = ,UaOW(BTr(l) Roeoo Bﬂ("))
and whenever k < n, the restriction «|; of « to the first k indices satisfies

/J,Q(Bl X X Bk X Rn_k) :Na|k(B1 X e X Bk)

Theorem 5.26: Kolmogorov’s Extension Theorem

If {110 }o satisfes the Kolmogorov consistency conditions, then there exists a unique
probability space (2, M,P) such that for any a,

po =Po (Xay,..., Xa, )t

and Q = (RU {c0})?. Moreover P is Radon.

Proof. If |A| = n is finite, then we can simply take the product measure space (R", Z(R")),
with X, the projection onto the ith coordinate and P = p,,,,, , Where amax is the unique
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map from {1,...,n}. For arbitrary A we require more caution since we have yet to make
sense of the infinite product of a measure.

We first set Q@ = R4 = {f : A — R} to be the space of A-indexed real tuples. We take the
o-algebra to be the A-indexed product algebra

RacaB(R) = o ({wgl(EB) . Es € B(R),a € A})

Note that this equivalent to the o-algebra

o ({ H E,:E, € Z(R) and E, # R for only finitely many a})

acA

For any finite subcollection of indices S C A, we define

Fs :_a<{HEa:Ea€<@(R) and F, # R only foraES})

acA

We then let
o = U Fs
5CA
|S]<o0
Now, we define a premeasure p : & — [0,1]. For any F € 7, by definition there is a finite
index set S C A such that E € Fg. We suppose that a : {1,...,]|S|} = A enumerates S.
Let mg : Q — R be the projection map. Then we define

P(E) = pa (15 (E))

We claim without proof that o7 is an algebra, and also that this definition of p is well-defined
as a result of the Kolmogorov consistency conditions.

Then by the Caratheodory extension theorem, there exists a unique probability measure
Lo, on o(/) = B(Q) (which is defined by the product topology on @ = R*). We take P to
be p,,. By construction the marginal distributions agree with those prescribed. We extend
this measure to (RU {oo})? by setting (RU{co0})™ \ R" to have measure zero for any n. [

Note that the above proof does not make it clear that j,, is regular. A proof by Folland
using the Kakutani-Markov-Riesz theorem more directly develops this fact.

We can use the Kolmogorov extension theorem to define stochastic processes such the simple
random walk. First, we define g : Z(R) = [0,1] to be some probability measure, for
instance the Bernoulli measure pg = %(6,1 +61). Then we take A = N and for any
a:{1,...,n} — N injective, we specify p, = uf. The result of applying the Kolmogorov
extension theorem to this initial data is Q = RV, X,, = 7,, and {X,},, are IID RVs, each
with distribution pg. Then the sum

N
Sy =Y X,
n=1
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is called a simple random walk with measure pug.

To define Brownian motion, we take A = [0,00) and for any « : {1,...,n} — A with
(t1,.- . tn) = (a1q,...,an), we specify the density for p,

dfia 1 < 1 . )
—(xeR")=———exp|—={x, K "),
o R = o e O 2 e

where the covariance matrix K is positive definite and defined by K; ; = min({¢;,¢;}). The
result of the Kolmogorov extension theorem on this data is a stochastic process (By)i>0.
(B¢) has the property that for any finite sequence of times 0 <t} < ... <y, (Bt,...,B,)
is a random vector in R™ which by construction has the above distribution. From this we
conclude that:

1. By = 0 almost surely.

2. {Bt, — By;_, }}—5 an independent sequence with By, — By, , ~ N(0,/T; = ;1)
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Definitions

absolutely continuous, [47] Hilbert space,
algebra,

independent,
Banach space, [44]

Borel joint probability distribution, [75]
measure, 33| Jordan decomposition,
o-algebra,
sets, Kolmogorov consistency conditions, @

bounded operator,
LP space, [44]

characteristic function, L' space,
complete, large deviation principle,
concentrated, Lebesgue
conjugate pairs, [5] integral,
convergence almost surely, measurable,
convergence in distribution, measure, 3]
convergence in probability, premeasure, [31]
counting measure, [14] Lebesgue point,
covariance, [73] locally compact, [34]
cumulant, [74] lower semicontinuous, [63]
cumulant generating function, [74]
cumulative distribution function, p-inner regular,
p-outer regular,
Dirac delta measure, @ measurable
) function, [f]

Edgeworth expansion, o-measurable,
elementary family, [29] set,
expectation, @ space,
extended real line, [0] measure

- complex, [T3]
Fo, locally finite, [34]
Gs, nonnegative, [I3]

measure space, [I[3]

Hahn decomposition, measure zero, [
Hardy-Littlewood maximal function, [62] moment, [73]
Hausdorff space, 33| moment generating function, [74]
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monotone class,

generated,
mutually singular,

norm, [43]

operator norm, [46]
orthogonal, [46]
outer measure, [23]

parallelogram law, [46]
polarization identity, [£6]
premeasure, [27]

probability, [73]

probability density function,
probability space,

product o-algebra,

product space,

pure point, [52]

pushforward measure,

Radon-Nikodym derivative, [50]
random variable,

rate function,

rectangular subset,

regular,

o-algebra, [0]

generated, [7]
o-compact, [33]
o-finite, 28]
second countable, [33]
section, [37]
shrinks nicely, [67]
signed measure,
simple function,
simple random walk, [03]
singular continuous,
standard Cauchy,
standard deviation,
standard normal, [74]
symmetric derivative, [62]
symmetric difference,

topology, [0]

total variation, [64]

translation,
invariant, 22]

uniform, [75]
vague convergence, [89]
variance, [73|

variation, [54]

weak* convergence,
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