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Introduction

This document contains notes taken for the class GEO 441: Computational Geophysics at
Princeton University, taken in the Spring 2025 semester. These notes are primarily based
on lectures by Professor Jeroen Tromp. This class covers finite-difference, finite-element,
and spectral methods for numerical solutions to the wave and heat equations. Since these
notes were primarily taken live, they may contains typos or errors.



Chapter 1

Continuum Mechanics and the
Equations of Motion

In this class, we will primarily focus on the wave and heat equations, which are important
in the study of geophysics, and more broadly, continuum mechanics. As such, we will begin
with an introduction to basic continuum mechanics to better understand the role of the
differential equations we study.

Continuum mechanics are primarily governed by four conservation laws:
1. Conservation of mass,
2. Conservation of linear momentum,
3. Conservation of angular momentum,
4. Conservation of energy.

The wave and heat equations arise as a result of (2) and (4), respectively, but in actual
applications it is often the case that coupled systems of conservation laws must be solved.

1.1 Conservation of Mass

We consider a “comoving volume” V. By “comoving volume”, one can imagine a bag of
some fluid mass deposited in a river, which can be deformed as it moves, but nevertheless



maintains a constant mass throughout. We also denote the surface of V by S = 9V, and
for small surface elements dS we denote the unit outward normal vector by 7[1]

We also adopt the Einstein summation convention, in which repeated indices that are not
otherwise used are implied to be summed over:

U= u'e;

If we consider a change of basis to some new basis {e], €5}, this can then be written as

- i’y
u=u'e

where v denotes the ith component of % in the new basis.

While # is invariant under change of basis, the components are of course not. The way that
they transform under change of basis is given by the change of basis matrix A, and this
relationship is expressed under Einstein summation notation by

. -
ut = ALu’

L
€; = )\2/ ei

The reverse transformation may be denoted by A. The fact that they are inverses may be
expressed by the equation

i AT =gt

i/ J
where 6;- is the Kronecker delta (in coordinates, the RHS is the identity matrix). This then
allows us to express the reverse relationships for change of basis:

, Lo
u' = Aju’
L= Ale,
€; = 4 €

Now, to formalize the notion of the mass of V', we first consider the mass density, considered
as a function p(Z,t) of both space and time (with respect to some coordinate system). For
an infinitesimal volume element dV', the mass of the volume is given by pdV. Notice that

the dimensions of mass density is

ol = -2
Pl = ng
so that the dimensions of mass are

[Pl [dV] = kg

More generally, the mass of V' is given by integrating against mass density,

M:/pdV
1%

1In this course we adopt the convention that a vector is denoted by ¥, a unit vector by ¥, and the ith
component of a vector by v; or v®. (The distinction is the distinction between covariant and contravariant
indices, but is not necessary for this course). Moreover, we denote the standard basis vectors in the z and
y directions by e; = & and ey = ¥, respectively.




In Cartesian coordinates this is
M= / plx,y,z,t)dedydz
\%

Notice that the integrand is time dependent. Moreover, we allow V' to deform over time as
well, so that this equation might be more appropriately written as

M(t)/v()p(x,%z,t)dxdydz
t

Then the conservation of mass law is expressed as the ODE

M
0= —d = g/ pdV
dt dt Jy @

If V is constant (that is, if we allow for no deformation), then Feynman’s trick give us

dM 0

av_ | Pav

at — Jy ot
However, because V' is time-dependent, this fails to hold. Instead, we first appeal to the
single-dimensional case by considering Leibniz’s rule, which handles integration with time-
dependent limits and integrand of the form

b(t)
1) = / | w0

In this case, by considering I as the area under the curve, it is clear that (at least for

continuous a,b) the value % must take into account both the values %hmbb but also the

area which is added or removed by the change in a, b.

Theorem 1.1: Leibniz’s Rule

Let f(z,t) be jointly continuous with % f(z,t) also jointly continuous in some region
given by a(t) < x < b(t), to < t < ¢1. If a,b are both continuously differentiable,
then

db da

b(®) b(t)
% ( gy dm) - /a(t) %(%” da + £(b(t), 1) (£) = f(a(t), ) 3 (1)

This can be derived using the limit formulation of the derivative by writing

a1
at Ao At

b(t+At) b(t)
/ flz,t+ At)dz — f(z,t)dx
a(t+At) a(t)

As a first order approximation for the change in area if the integration limits are constant,
Feynman'’s rule holds and we have

b(t) 1

L 8 dm et A0 — f@)ar o) = |

b(t) af

—(x,t)dx
o 5 (©r1)



At the upper limit, f is also near constant, so the change in area is approximated to first

order by
F(0(0),0) Jim, 5 B+ A0) = 0(0)] = (0,05 1)

At—0 At
The lower limit is similar with a negative sign. Combining the three approximations, we get

ar /b“) of db da

= [, et et 00030 - Fa.0 g 0

Now, we return to the case of our comoving volume. Taking inspiration from Leibniz’s rule,
the main term that we have to adjust in the 2-dimensional case is the change in boundary
area. This is approximated by considering the volume over which a surface element moves
within an infinitesimal time interval.

For a given surface element dS(t), we consider both the associated normal 7(t) and the
velocity vector ¥. Then the component of the velocity of dS(¢) in the normal direction is
given by

7-n(t) = v (t)n'(t)

Note that, as usual we also define the length of u by
L2 i
I1a]” = (u')
Now, the flux of mass through dS(¢) in the period [t,t 4+ At] is then
plaswv -

Then we can now include the correct error term to calculate %:

M
d—zi/ pde/ @dwf/ P57 dS
dt  dt Jyu v Ot S(t)

(where S is equipped with the outward-facing orientation). Lastly, we can replace the second
term with an integral over V() using the divergence theorem:

/U~ﬁdS:/V-GdV
s v

dM ap
e P4 v . (pp)| aV
&~ Jvw [ﬁt TV (p“)}

We combine the integrals:

Note that the divergence is taken against p¥, since this is the quantity which is dotted
against n.

Because the integral must be zero for all possible V, the integrand is identically zero. Thus
we express the conservation of mass law for a comoving volume (also known as the conti-
nuity equation) by

dp

— + V- (p¥) =0

5 TV (p0)



We can expand this using summation notation as
Op +0'Vip+ pVir' =0
The first two terms 9;p + vV, p is known as the material derivative
Dip=0ip+7v-Vp

where the first term is the local change in density, and the second is the advection term
(which is the directional derivative of the density in the direction of velocity). In other
words, the rate of change of local mass along a path is given by the pointwise rate of change
together with the change given by the motion of the path against the gradient. We then
rephrase the continuity equation as

Dip+pV-7=0

or equivalently
1
*Dtp = —V . 'l_j
p

This essentially says that the relative change in density along a path is the negative of the
velocity divergence. This makes sense because when divergence is positive, mass is moving
away and density decreases, while density increases with velocity divergence is negative. In
particular, if the mass is incompressible, V - ¥ = 0, so that density is constant along any
path. In this case, we don’t need to worry about conservation of mass.

1.2 Conservation of Linear Momentum

Linear momentum is given by the product of mass with velocity. In continuum mechanics
this is given by pvdV. Thus the total momentum of a volume is simply

p= / pvdV
V(t)

The statement of conservation of linear momentum is essentially that the only way to change
linear momentum is to apply (external) forces to our volume. This is basically Newton’s
second law, written as F= p. One can consider a body force f which pulls on small volume
elements dV. We can also consider forces ¢ which act only on the surface of the volume.
Thus we write
— pvdV = de+/ tds
dt Jv) V() ®)
We can differentiate the left hand side the same way as we did in the conservation mass
equation:
A wav= [ aemav+ / (b - 7S
dt Jv) V() S(t)
To conceptualize the surface-acting forces, we consider the stress tensor, which is a rank
2 tensor (or matrix) T such that T - 7 gives the traction force on dS, if the unit outward
normal of dS is 7. In indices, this is

t; = Tij’flj ds



(Note that in general T;;n; # 7;Tj;, but this is true if T is a symmetric tensor). Then the
right hand side of our equation is writen as

/ fdv+/ T 7 dS
V(t) S(t)

Once again we use the divergence theorem to convert these to volume integrals, so that our
equation is given by

/V(t) [3t(P17)+V~(pU®17)]dV:/V(t) [f+v.T] dv

Note that both integrals are vector quantities. In components, the integrand on the left can
be given by _ .

Opv' +V; - (pv’v])
(By convention, the divergence theorem is written in indices as |, S uth; dS = fv Viut dV).

Similarly, the divergence of T is given by contracting the gradient against the last index of
T, so that the integrand on the right is given in indices by

fr+ v -1
Equating the integrands again, the conservation of linear momentum law is thus given by
OH(p?) + V- (pi@0) =V -T+f
Some equivalent formulations are

O (pB) =V - (T — pi@0) + f
O (pt) +V - (pT@T—T) = f

The last formulation is the Eulerian form, which expresses the conservation law as the
pointwise time derivative of a quantity plus its flux being equated to the source term.

Expressing this with the chain rule gives
(8up)T + BT+ V - (pB)T + piV - T=V-T+ f
The first and third term are zero by conservation of mass. Thus this is equivalent to
p(O,F+TV 7)) =V -T+f
The parenthetical term is again the material derivative, this time of velocity, so this is
pDiG =V -T+f

As formulated, the coupling of the conservation of mass and momentum laws gives four
scalar equations. Even if body forces are given, this leaves as unknowns the mass density,
velocity, and stress tensor. Thus we need constitutive relationships, which express some of
these (particularly the stress tensor) in terms of the others in order to solve these. This



makes sense given that the actual results will depend on material properties, which are
specified in the stress tensor but nowhere else.

To do this, we consider stress and strain. Fix some origin point and let & denote the starting
point of some particle. Let 7(&,¢) denote the position of particle Z at time ¢. By definition
7(#,0) = &. Define §(Z,t) = 7(Z,t) — & to be the displacement vector. Suppose we consider
two initially neighboring particles &, ¥+ dZ. As time progresses, their displacement becomes
d7 = 7(Z 4 d,t) — 7(Z,t). We take the first order Taylor expansion:

dF = 7(Z,t) + dZ - VF(Z,t) — #(&,t) = d2' V7 = dZ - V7
We can express this as a tensor by
Vjrtde? = F; da’

where F ; = eri, or equivalently F = (VF)T. The tensor F is known as the deformation
gradient. Recalling that 7= Z + §, we have

F=[V(@+35)" =[Vi+ Vs
Since V7 is taken against ¥ itself, its matrix formulation is just the identity:
I=Vi=2Ri+yQ7+2® 2= ()
In summary, we can write
F=1+ (V3"

which is the identity plus the transpose of the displacement gradient. Physically, the dis-
placement gradient represents the separation or convergence of material, or equivalently the
deviation from uniform motion. Noting that

47 = F - d7
we have
a7 = [I + (vg‘)T] 47 = d7 + (V5T - dz

In general the tensor may not be symmetric; however we can always decompose a matrix
into its symmetric and antisymmetric parts as

1 1
A= (A+AT)+: (A-AT)
2 2
In particular, we can write F' as

F=I+4+e+w

where e, w are the symmetric and antisymmetric parts of (V3)7, respectively. € is called the
strain and w the vorticity. In other words, € denotes the linear deviation from uniform
displacement, or the linear deformation, and w denotes the twisting component.

Note that this implies the following:
tr(w) =0
tr(e) =tr(Vs) =V -§



So tr(e) can be seen to measure the local density or volume change.

It is shown in homework that we can calculate
L1 R
w.dxzé(Vxé’)xdx

Thus we have
dFf=F - df=(I+e+w)=dif+e - d¥+w -dZ

Which essentially says that final change in position differs by original change position by
some linear strain component € - dZ, and rotationally by w - dZ.

Based on this physical interpretation, it is clear that applying a stress force on the exterior
of a body should impart a strain on the interior. If we relate the two, this can help us reduce
the dimensionality of our PDE. One possible assumption is Hooke’s law, which postulates
that this is a linear relationship.

In other words, for each component T;; of the stress tensor, there should be coefficients
@ij, - - -, fi; such that
Tij = aijenn + bijerz + ... + fijess

(Note that there are only six degrees of freedom since € is symmetric). These coefficients
can be collected in a fourth-order tensor called the elastic tensor. This is summarized as

Tij = CijkiChi

Returning to the conservation of momentum law and substitute this relationship, we have

—

pOis=V -(c:e)+ f

or in components, _ 3 4
pdis' =V (¢Mey) + f°

A priori, we have not really reduced the dimensionality, since ¢ has 81 components. However,
conservation of angular momentum forces the stress tensor to be symmetric, and conserva-
tion of energy gives symmetricity across the first two and last two indices. This reduces the
number of independent components to 21.

We now investigate further the importance of Hooke’s law in developing the wave equation.
Consider the one-dimensional case of Hooke’s law, which can be imagined by a spring of
length L and spring constant k. If it is given an initial displacement A/, then Hooke’s law
says that the spring force is given by F = EAL.

By graphing the displacement at ¢ = 0 against the position along the spring x, the displace-
ment linearly increases from 0 to A¢. In other words,

Al
s(z) = T
so the strain is given by
A _a
Cdx” L



which is therefore constant along the spring. Then the stress is linear in &, so that

c=pe=pSt= L
R A5

Relating this back to stress forces, the force against a unit area is the stress force:

so that

or

1.3 The 1D Wave Equation

Here we develop the one-dimensional wave equation PDE as a consequence of conservation
of linear momentum. Imagine a horizontal string of length L, and suppose that the string
experiences perpendicular displacement given by §(z,t) = s(x,t)§ in the vertical direction.
The gradient of § is given by

V=1 ® y0ys

The strain is the symmetric part, which is therefore given by

1
€=§5w8(i®z)+?3®:ﬁ)

We apply Hooke’s law to linearly relate stress and strain:
T=2pue="T, (2R7+7®12)

(The factor of 2 is conventional). It is thus clear that T has to be symmetric in the 1D case
under Hooke’s law, so that

Ty = p0zs

To calculate the divergence of T, we have
V- T =0, (10s5) 4
Since the acceleration is also vertical, it is given by
p0?5 = pd}sy
Plugging this into the conservation of momentum equation, we get

pdts = 0, (1dys)

11



Note that a priori we allow the shear modulus p to vary over the string. However, if it is
constant, then we can conclude

025 = 320%s
NG
p

Let us now consider the propagation of sound waves through fluids. In a fluid, the traction
must be perpendicular to the surface, so that

where (3 is the shear wave speed.

t ~ —pndS
where p is the pressure. For an isotropic fluid, the forces are the same in all directions and
only governed by pressure, so that the stress tensor can be written as

T =—pl
In a fluid, the pressure fluctuations are thus governed by the strain
tre=V-s
This is expressed as
p=—-KkV:-§

where k is the bulk modulus or incompressibility of the fluid.

Under isotropy, the stress is completely governed by the shear modulus and bulk modulus,
which reduces from 81 to 2 parameters. Hooke’s law can be written as

T = ktr(e)I 4+ 2ud

where d is the deviatoric strain tensor, which is essentially the traceless part of the strain:
d=¢e— ;tr(e)L

Using these relations, we have

pd;§=—Vp
Or alternately,
1
075 = —~
P

1
—9p=V- (Vp>
K P
Under constant density assupmtions, we have the acoustic wave equation
dip=cp

where

is the sound wave speed.

12



1.4 Conservation of Angular Momentum

Since a small quantity of linear momentum can be calculated as pt'dV, a small quantity
of angular momentum is given by 7 x pvdV. The total angular momentum of a comoving

volume is therefore
/ 7 x prdV
V(t)

As with linear momentum, we can express the changes in angular momentum as a sum of
body torques and surface torques:

d .
= 7 x pidV = 7 x de+/ 7 x tdS
dt Jy @ V(t) S(t)

We proceed on the left side as before, differentiating and applying the divergence theorem:

d
% Fx prdV = [0 (T x p¥) + V- (pFf x 1@ 0)]dV
V(t) V(t)

On the right, we have

/ Fxde+/ Fxde:/ [Fxf+v.(FxT)}dv
V(t) S(t) V(t)

(Note that ¥ x T should be interpreted as taking the cross product against the first index
of T.) On the left hand side, there is a O;p + V - (p¥) term, which is zero by conservation
of lienar momentum. Thus the final expression of conservation of angular momentum is

pDy(FXT) =V - (FXxT)=7Fx f

For the material derivative of angular velocity, we note that D;7 = v, so that we can pull
the 7x outside:
7 x (thﬁ—V-T—f) —e:T=10

where € is the rank three alternating tensor. By conservation of linear momentum,
pDG=V -T+f
so that the entire first term vanishes. Thus we conclude that
e:T=0

In other words, this tells us that
€ijk Tk =0

for all 4, which implies that Toby = T32 and similarly Ti3 = T31,712 = T5;. Therefore
under conservation of angular momentum and linear momentum, the stress tensor has to
be symmetric. Thus the elastic tensor c¢;j;; is symmetric in 7, j, as well as k, [ since ¢ is also
symmetric. Thus we have 6 independent components in ¢, j and 6 in k, ¢, so there are 36
independent components.

13



1.5 Conservation of Energy

Our final conservation law is conservation of energy, which leads to the heat equation.

The principle of conservation of energy essentially says that energy content is changed by
work done. Considering again our comoving volume V. For any point particle with mass
pdV, the kinetic energy is %p dV||17||2, so that the total kinetic energy is given by

1
KE=1 / ol av
2 Jv

To calculate the internal or potential energy term, simply consolidate all the internal energies
into a term pU dV, where U is the potential energy per unit mass. This gives

PE = / pU dV
V(1)

Therefore the total energy is expressed as

1
E:/ p(2|17||2+U> av
V()

As with the previous conservation laws, we can relate the relate of change of the energy to
the forces applied to our volume. In this case, work is calculated by considering the forces

as
/ U~de+/ 7-tds
V(t) S(t)

However, we also need to consider internal production of heat within the volume, for instance
due to radioactivity. Similarly we need to consider heat fluxes out of the volume. These
terms are given by

/ hdV — H-ndS
V(%) S(t)

where H is the heat flux out of V. Thus we have

d 1 . q
7/ p<||17|2+U> dV:/ U~de+/ 17~(T-ﬁ)ds+/ th—/ H-7dS
dt Jy@ ' \2 40 S(t) V(t) S(#)

Applying the same strategy as before, we have
1 - -
/ pD; <|17||2+U> dvz/ @ F+h+v-(v-T-H)|av
V(t) 2 V(t)
1 — —
= pDy <2||172+U> +V. (H—ﬁ-T) =h+7-f

Recall that one formulation of conservation of linear momentum was pDy v — V - T = j?
Thus R
7- (thﬁ—V-T—f) —0

14



Removing these terms from the equation, we get
pD,U+V-H=T:Vi+h

When T is symmetric, the contraction T : V¥ leaves only the symmetric part of V' (the
general principle is that a symmetric tensor contracted with an antisymmetric tensor gives

zero). Thus we could replace V7 in the above with D, where D = 1 [(Vﬁ)T + Vﬁ}:

pD,U+V-H=T:D+h

In the case of waves propagating through elastic materials, particularly seismic waves, the
rate of heat flux and heat production are negligible. Linearizing the wave equation, we have

p@tU =T: V@té'

Applying Hooke’s law, we write
R 1
po U = (¢ : VS) : VO, § = ¢ij)iO0k510;015) = 58,5 (0:8¢ijk10kS1)

1
=50 (€ijCijki€nt)
Integrating against time, we have

1 1
pU = poUp + i CijkERL = poUo + SEiciE

1.6 The 1D Heat Equation

To develop the heat equation, consider a particle with zero initial velocity. Then conservation
of energy gives

pOU+V-H=h
In order to continue deriving this equation, we need assumptions on U. One possible as-
sumption is caloric equation of state, which says that U may be expressed as a function
U(0) solely of temperature. We define the specific heat capacity at constant volume V' to

be
dU

V=3
Fourier’s law says that heat fluxes against the temperature gradient:

H=_-KV0

(Under anisotropic conditions we may assume that there is cross-gradient heat flux; in this
case we replace K with a tensor and contraction K-). Plugging this in, we arrive at the
heat equation or diffusion equation

pev O =V - (KVO)+h

In one dimension this is
0pCp0i0 = 0, (K0,0) + h

15



Chapter 2

Strong Methods

Having introduced our model equations, we now turn to methods for numerically solving
differential equations. We first begin with strong methods, which solve for solutions to the
non-integrated form of the desired differential equation. Both of our model equations are

linaer second order PDEs:
{pa?s = 0, (1y5)

8,0 = 0, (0,0) + h

The most general form of a linear second order PDE is given by
A@fs + 2B0;0ys + c@is + D0Ois + E0ys+Fs+G=0

Taking inspiration from conic sections we consider the discriminant of the second derivatives,
given by B? — AC. When this quantity is positive the PDE is called hyperbolic; when it
is negative the PDE is elliptic; and when it is zero it is parabolic.

2.1 The Finite Difference Method

The finite difference method is essentially rooted in the Taylor series. Essentially we can
simulate the evolution of our system forward in time by simply linearizing and taking small

steps forward in time:
Af . fle+Aw) - (@)
2 (x) = A + O(Ax)

This allows us to estimate the derivative of f at a point, so long as we know the values of f
at points close to x. This is called the forward difference approximation. Of course we may
approximate from below as well (backward difference approximation):

dx Ax

+ O(Ax)

A third estimate combines the above approximations:

ﬂ(@ _ flx+ Az) — f(z — Ax)
dx 2Ax

+O0((Az)?)

16



This is called the centered-difference scheme, and it exhibits quadratic error, since approxi-
mating from both sides allows the linear term to cancel.

To calculate second derivatives, we can use the following first order approximation:

d?f  f(z+Az) —2f(2) + f(z — Az)
dz2 Az?2 +0O(Az)

The finite difference method then uses a discretization of the relevant sample space. Essen-
tially we define a finite grid of points that we will compute. Afterward, we discretize the
time steps as well and progress it forward.

Consider the 1D wave equation. Discretizing the sample space, we approximate our finite

differences as
w(wy, ty, + At) — 2u(w;, tn) + u(w;, tn, — At) 1 ., n e
Bfu(xi,tn) ~ iy in Ath n iy in _ @ [ui +1 _ 2U'i 4 ul 1]

6§u(a:i, tn)

~ =] [u?ﬂ —2u + u?_l]

In the homogeneous case, our PDE is
Qu(x,t) = 20u(x,t)
Substituting in, we have

2 2
n+1_CAt (n 9 n+ n )+2 n_ ,n—1
i T A2 Wit U T U Uy — Uy

Now, it is important that we specify the behavior of the boundary conditions. Some options
include the Dirichlet boundary conditions, which corresponds to a fixed boundary that
satisfies u(0,t) = 0 for all £. On the other hand, we can pick the Neumann boundary
conditions, which allow the boundary free movement. In other words, it expreiences no
stress, so that T'(0,t) = 0.

We also need to set initial conditions. It suffices to define u(z,0) and dyu(zx,0), which is
just initial position and velocity.

2.2 Stability Analysis

Let us analyze the stability of our approximation in the second order homogeneous case.
Since we are considering waves, we can suppose our solution is a plane wave on the space-
time grid. In other words, we assume it is of the form

U;-L _ Anelij:v

where k is the wave number k = 27/ for A the wavelength. Then substituting this into the
discretization, we have

. 1
A% =24 +1=A (™ — 247 F8%) C? = 2A(cos kAz — 1)C? = —4AC” sin” <2kAx)

17



where A
c
“=As

The average value of sin® is 1. If we substitute this in, then the whole expression becomes
g 2
A2 241 -C*)+1=0

This is a constraint that must be satisfied for the plane wave to be simulated. Solving, we
have

A=1-0%4+/(1-C?)2 -1
We need A < 1, otherwise our expression for s7 scales with A™ — oo. This occurs precisely
when 0 < ¢ < 1, so our condition (known as the Courant condition) is
Az

C<1l = At< —
c

We can simplify the second order wave equation by depressing it to a first order system:
p(x)0fu(z, t) = 0, [k(x)Opu(z, 1))

becomes

where

{T(m) = k(2)0pu(z,t)
v(x,t) = Opu(z,t)

In this case we only have first order derivatives, so we can use the forward/backward dif-
ference or centered difference approximations. For the sake of demonstration, suppose first
that we choose to use the centered difference method in space, and the forward difference
method in time. In this case we have

At T, — T,

n+l _ . n
vt pj 2Ax

Yy J

TnJrl —Tn + At - E_U;LJrl - U;'lfl
i J 2Ax

n+l _ n Ly
ul =uj + At -]

If we again take our plane wave solution, we can write

,Ugl — UOAnezijr

Tjn — TOAneiijx

Plugging this into our relation (and assuming the homogeneous case for simplicity) , we can
express this in matrix form as

1—-A ;ﬁ; sin kAac] [vo} B [O}

% sin kAzx 1-A 1o 0
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In order to have solutions for nontrivial vy, Ty, our matrix needs to have zero determinant.
The determinant is given by

_ EZAv A
mt'i sirﬁcAm prlbmij =(1-A)*+ C?sin®* kA
Az -
with A
C=as

The solutions are
A=14+iCsinkAx

In order for us to avoid blowup, we need to have |A| < 1. However, in this case we have

1A = 1+ C?sinkAz > 1

Thus we have illustrated that a scheme with a centered difference approximation in space
and forward difference in time is always unstable, reagrdless of how small a timestep we
choose.

To avoid this, we use a centered difference method in time instead of forward difference.
This is given by

I N 20t T, =T,
J J p; 2Azx

T = gl oay . g, L
j j YN

n+l _  n—1 T
it =g + 2At v;

Under this scheme, we have the equation

1— A2 QPiAQEt Asin kAx

) — (1 - A2 140242502 kA
2ALE A gin fAg 1 A2 ( )2 +4C% A% sin? kAx

Applying the same determinant logic, we have

(1— A%)?2 +4C%A?sin® kAz = 0
Making the substitution sin?® ~ % as in the second order case, we have solutions with A <1
so long as C' < 1, which is precisely the same Courant condition.

One way to remedy the unstable scheme (with forward difference in time and centered
difference in space) is to approximate v} and T}* using their spatial averages:

1 At T =T
+1 n n Jj+1 j—1
U;L 2 (Uj+1 Uj_l) pj 2Ax

1 ot — vt
Tn+1 _ ™" " Jj+1 7j—1

This is known as the Lax-Friedrich method, which is also stable if C' < 1.
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2.3 Grid Dispersion

In a homogeneous solutions, velocity and stress satisfy the plane wave relations

v = vg exp [i(kx — wt)]
T = Tyexp [i(kz — wt)]

The plane waves satisfy these equations when
K
w=kec= k;\/7
p

v} = vo exp [i(kjAr — wnAt)]

T} = v exp [i(kjAzr — wnAt)]

In discretized form, we have

Substituting into the discretized wave equation, we have

—sinwAt % sin kAz]| [ _ [0
S sinkAzr  —sinwAt | |To 0
With the vanishing determinant condition, we have the condition

sin?(wAt) = C?sin?(kAx)

This relates w to k, which we can then plug into the formula for the phase speed on the
grid:
w

1 . .
T = pAg resin [C'sin kAx]

Cgrid _

In particular, this is not in general equal to ¢ = \/%7 though as Az — 0, At — 0, ¢&id — ¢,
In other words, the propagation of the waves is dependent on the choice of Ax, At. This

phenomenon is known as grid dispersion.

2.4 Staggered Grids

In the staggered grid method, we double the resolution of the grid to consider half-length
time and space steps, so that our indices range over ...,5 — 1,7 —1/2,4,5+1/2,5+1,....

We then evaluate velocity on the grid with time values n—1/2,n+1/2, ..., and evaluate the
stress on a grid staggered in space, with indices j —1/2,j +1/2,.... Thus our new relation
becomes
nt1/2 _ n-1/2 At { n - }
v, =, +——|o; — 7.
J J piAx j+1/2 ~ Jj-1/2
1 Pir1/288 [ ni1/2 nt1)2
Tirije = i1/ Az {“j+1 Y ]
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Notice that the density, which is evaluated with velocity, is defined on the normal grid, while
the shear modulus is evluated with stress on the staggered grid.

Now performing the same stability analysis as for the grid dispersion problem, we obtain
the equation
sin? (wAt/2) = C? sin (kAx/2)

resulting in a grid wave speed of

1 . .
Cerid = ) arcsin (C'sin(kAz/2))

In other words, we make the same number of calculations but have the benefit of only
experiencing grid dispersion for half the step size.

2.5 Shallow Water Waves and Grid Anisotropy

We will next investigate another numerical artifact known as grid anisotropy, which occurs
when considering plane waves in two dimensions. As an example, we can consider shallow-
water waves, which are waves where the wavespeed is governed by the depth of a shallow

ocean basin:
c=+/gh

(Note that this implies that as a wave reaches the shore, it slows down, thus increasing its
amplitude). From here the wave equation is given by the reasonable 2D-analogue of the 1D
wave equation:
2 2 (92 2
Ofs = (925 + 02s)

We use a first-order approximation for second derivatives:

n+l n n—1
g2s — Sik 255t Sk
25 —

(At)?

+ O(AY)
with similar expressions for 92s, 853. If we substitute this into the wave equation, we have

2
Atce;
n+1 n n—1 __ J,k n n n
Sik ~ 285kt Sje = ( A (%410 = 2570 + 57 1,6)

+ Ay (sj,k+1 — 285+ Sj,kq)

To analyze this system, we can consider a plane wave given by
s7 = oxp [i(kej Az + ky kAy — wnAt)]

This satisfies the wave equation so long as
w

o
N
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Our discretized plane wave results in the equation

(1A VRS S 1,21A1/2
sin o¥ t ) =cAt Wsm ikx T +(Ay)2sm §ky Y

Solving for w, we have

w 2 1 1 1 1 1/2
1= = = arcsin [ cA in? | 2k, A in? ( =k, A
Carid Y = TAL arcsin (c t [(A:c)Q sin (2]{595 x) + By)? sin (2k‘y y)} )

Again this is in general different from ¢ and we only have equality in the limit At, Ax, Ay —
0, so that this scheme again suffers from grid dispersion.

Differentiating w with respect to k,k,, we find that the grid group speed has components
given by

grid _ 0w 2 At sin(k,Azx)
T Ok, Az sin(wAt)
g _ Ow _ CALsin(k,Ay)
Y Ok, Ay sin(wAt)

This set of equations implies that the group speed is dependent on wave direction, which is
an undesirable phenomenon known as grid anisotropy.

2.6 The Heat Equation

Recall that in a one-dimensional, homogeneous medium with no heating, the heat equation
is given by
8t9 = 05829

Applying forward difference approximations in time and centered difference in space, we
approximate this as

O(z,t + At) — 0(z,t)

00 (z,t) = A7 + O(At)
020(x,1) = 0(z + Az, t) — 2(9A($;,)i) +0(z — Az, t) +O(A)

Discretizing this on a grid, we obtain the scheme

alt
(Az)?

1 n n n n
0" =07 + (0741 — 207 +61)

If we substitute the solution
07 = A" exp(ikjAzx)

we then obtain the solution



In order to ensure |A| < 1, and again using the average bound sin® = 1/2, we need

(Az)?

At <
- 2«

While this does suggest that stable simulations exist, the timestep is quadratic in space
steps. Moreover, dimesnional analysis of the heat equation suggests that the characteristic
diffusion time is given by
L2
T ~—
@

In order to resolve spatial accuracy, we will need L > Ax, so that the number of timesteps
needed to simulate a characteristic diffusion time will very large:

T L? N2(Ar)*2a
=~ >
At aAt T a(Ax)?

N, =2N2

In other words, the time increments needed scale quadratically with the number of spatial

increments.

One way to solve this is to use a backward difference in time instead of a forward difference:

O(x,t) — 0(z,t — At)

00(x,t) = Ar - + O(At)
020(, 1) — 0(z + Ax,t) — Z(OA(:;)? +6(x — Az, t) +O(A)

This results in the equation

alAt
sl [1 +2

alt alt
(Az)?

g — ——gn, =]

(Az)2| "7 (Ax)? Jt+1 J

By considering the set of such equations over j € [2, N, — 1] (and using appropriate re-
placement approximations at the boundaries j = 1, N;), we obtain a linear system for {9? }
in terms of {9;’*1} j- In particular, the matrix for this system is tridiagonal, meaning the
nonzero terms are on the main diagonal, the diagonal directly above it, and directly below
it. This can be solved using various matrix solving libraries.

Again substituting our sample solution, we this time have the equation

B alt 5 (1 -t
A= 1—|—4W51n (2/€Aa:>}

In this case the power of —1 ensures that we always have |A| < 1, so that this scheme is
unconditionally stable. This allows us to avoid using excessively many timesteps; however
it is computationally expensive since it requires the solution to a linear system at every
timestep. This scheme is an example of an implicit scheme.
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2.7 The Crank-Nicolsen Scheme

The Crank-Nicolsen scheme is a scheme for solving the heat equation that uses a second
order accurate centered difference scheme, while averages both the current and previous
time with a first-order centered difference to calculate the spatial derivative:

20 ~ (0, — 207 + 07, + 607 —207 " + 677

This provides the equation

oAt o aAt o alt on
2(Ax)2 7t (Az)2| 7 2(Az)2 It
alAt alt 1 alAt 4
- n 1 n n
S(Ar)? i1 +[ (Aaz)Q} it A lin

Once again we have a linear system represented by a tridiagonal matrix. Substituting in
our reference solution, we then obtain
At i 2
1-— Q(O‘AT)Z sin ( kA:v)

1
2
14205855 sin® (kA

Here we find that the Crank-Nicolsen scheme is unconditionally stable, just like our previous
impilcit scheme.

2.8 The Psuedospectral Method

Having covered the finite difference method, we now cover the psuedospectral method. While
the finite difference method uses local information with high-gridpoint resolution in order
to extract information about the Taylor series, the psuedospectral method leverages the
Fourier transform to incorporate information from the entire space.

Recall that the Fourier transform of a function f : R — R is given by
fio = [ s exp(-ika) do
and moreover that f, f are dual to one another in the sense that
1 R .
f@) =5 [ ) explio)
T J -

Moreover if we differentiate f with respect to x, we note that in Fourier space this simply
amounts to multiplication:

df

e (z) = % /_0:0 f(k‘)zk: exp(ikz) dk
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In order to discretize this, we assume that our domain is some line segment with length
L, and we divide it into intervals of Ax. We then divide the wave numbers into the same
number of intervals:

r;=jAz,j=0,...,N—1
ke =¢Ak,L=0,...,N—1

Now recall that for a wave with wavelength A

2
k= —
A

The highest resolution wave we can resolve on this domain has wavelength NAz, and this
corresponds to the smallest wavenumber, so we have a wavenumber spacing of

2m
Ak =
NAz
Note that this gives the identity
2T
AkAx = —
TN
Thus our discretized Fourier transform gives
. N—-1
flAk) = Ax Z fGAz) exp(—2milj/N)
j=0
and the inverse is given by
N—
f(jAz) = f(LAK) exp(2mitj /N)
£=0
(where we have used the fact that % = xk&;)- Taking the derivative in this discretized
sense, we have
af N-1

1
o Ar) = = ZMAk:f (Ak) exp(2milj /N)

The fact that this calculation sums over all of the gridpoints implies that this approximation
is also the highest order spatial derivative that is possible to resolve on the grid. Also, the
existence of the Fast Fourier Transform (FFT) algorithm means that this can run in
Nlog N time.

2.9 Psuedospectral Grid Dispersion

We now revisit the wave equation
615’[) = %@ra
00 = pu0,v
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If we use a second order finite difference in time and a pseudospectral method in space, we
get the relations

,U'r_L+1 _ ’Uﬂ71 1 1 N—-1

J J = — ilAkG) 2milj /N
2AL P NAzx 27’ O¢ eXp( ™ j/ )

0'7»1+1 _ O,7_L—1 N-—1

1
J 7 _ ) . ~n ..
SAL = M N AL ;:0 il Akv} exp(2milj/N)

where 7,0 are calculated at each timestep using the FFT algorithm.

It is worth considering what advantages are brought by this method over the finite difference
method. In particular we investigate the issues of grid dispersion and anisotropy we observed
before. Taking the Fourier transform on both sides, we have

~n-+1 ~n—1

0, =D ) n
£ 12At £ 1 = —ilAkoy
~n+ ~n—

G, =& ) n
£ SAL b — Wil Ak

If we introduce a standing waveg
Uy = vexp(iwnAt)

i = 0jexp(iwnAt)

Substituting this standing wave into our system, we obtain the matrix relation

sin(wAt) —% Vg _ G
—WlAkAL  sin(wAt)| [5e]

The determinant condition gives us

2mBUAL

sin(wAt) = BLAkAL = NAz

_ MK
-

The highest value of ¢ we can observe is N, so the CFL condition on the timesteps is

where

C<2r

where A
T
C=0x

Immediately we observe that this condition is less strict than the C' < 1 condition we
obtained from the finite difference method.
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Also, we note that the wavespeed is given by

w 1 .
Y = AL arcsin(BkAt)

Cgrid _ = _

Importantly, the grid wavespeed is not dependent on Az as a result of this psuedospectral

method, eliminating this component of grid dispersion. Because the time scheme is still
finite difference, there is still grid dispersion from the time domain.

The group speed is given by
0w B8

ok cos(wAt)

which of course is also not dependent on Az. The phase speed should be 3, but we observe
an error factor of cos(wAt). Thus we again see that the group speed differs slightly as a
result of the time scheme.

U

In theory the psuedospectral method is extremely powerful in terms of information extracted
per point. However, it runs into issues with integrating complicated boundary conditions,
or with gridding irregular domains (such as surfaces with nontrivial topography). Lastly,
the psuedospectral method fails to parallelize well on modern GPUs in higher dimensional
cases.
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Chapter 3

Weak Methods

So far we have examined strong methods, which search for strong solutions to the relevant
PDEs. In PDE theory it is also of interest to search for weak solutions. A weak solution
involves integrating both sides of a PDE against an arbitrarily chosen test function in one
of the dimensions.

3.1 Weak Solutions
For instance, consider the wave equation
pO%s = 0, (110, 5)

Suppose briefly that the spatial domain is = € [0,1]. Let § be an arbitrarily chosen test
function. Then a strong solution to the PDE certainly satisfies

1 1
/5,0(9,528:/ 50, (10ys) dx

0 0

1 1
:/ 0 (1188) dCL‘—/ 10,50, s dx
0 0

z=1

1
—/ 1080, sdx + uss
0

=0

Similarly for the heat equation
Ot = 0, (ad,0) + h
we have

r=1

1 1 1
/ éﬁtﬂdx:—/ a@zéazt‘)da:Jr/ Oh dz + 00,0
0 0 0

z=0

Thus we see that a strong method satisfies an integrated form of the equation, for any test
function. A weak solution is said to be one which satisfies the integrated form for any test
function. In particular a strong solution is a weak solution but the converse is not generally
true.
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Consider the static heat equation
220 +h=0

We also impose the boundary conditions (1) = 6; and 6,0(0) = —H,.

A strong solution is given by

9(m)=91+(1—x)H0+/ /Oyh(z)dzdy

This can be verified by simply observing that the derivatives are given by

0,0 = —Hy — / h(z)dz
0

so that
020 = —h(z)

It is also clear that the boundary conditions are satisfied.

If we instead look at the weak formulation of this problem (referring to our previous deriva-
tion of the weak heat equation and setting 9,0 = 0), we need

- /l(azé)(aza) dz + /1 Ohdz + 0(1)0,0(1) — 6(0)9,(0) =0
0 0

If we choose test functions  such that 5(1) = 0 then we are given

1 1
7/ (9.0)(8,6) dz + / Ohdz + Hyf(0) = 0
0 0

The finite element method is a way of discretizing weak formulations of PDEs, in the sense
that the solution space is approximated with a finite dimensional subspace given some basis
vectors. Specifically, we will assume that both our solution 6 and the test functions  are
linear combinations of some finite number of basis functions with small support (called
shape functions) Ny,..., N,, each of which satisfies N;(1) = 0. We will also define a final
shape funtion N, such that N, 11(1) = 1, so that we can represent solutions that satisfy
the boundary condition on the right.

We will also discretize the spatial domain into some finite number of elements, and on each
of these elements we will locally solve the PDE with the basis functions. Then expanding 6
in terms of the basis functions, we have

0=> diN;+ 61Ny
=1

Now, for any test function which is also a linear combination
n
0= Z CiNi
i=1
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the weak form is given by
n 1 n 1
— Z Cidj / (8,;Nl)(8xNJ) dl‘ — Z ci91 / (8IN,)(8wNn+1) dl‘
i 0 i 0

+ Zn:ci /1 Nzhdx + Xn:CiHoNi(O) =0
i 0 i

The goal is to solve for the coefficients d;. Since the integrals are independent of the
coefficients d;, we can compute them ahead of time and represent this whole equation as a
matrix expression

Kd=F

where K is an n X n matrix (called the stiffness matrix or diffusivity matrix) given by

1
K, = / (0, N) (0 N;) da
0

and F'is a n x 1 vector given by

1 1
F = / Nohdz + HoN,(0) — 6, / (02N2) (s Ny dee
0 0

Inverting K then allows us to compute the coefficients d;, and hence our approximated
solution 6.

3.2 The Finite Element Method

A convenient choice of shape functions are piecewise linear functions which take the value
1 on a specific node and are zero at each other node. For instance, if we have just a single
element, with the two nodes z = 0,1, then we can pick the shape functions

lel—l‘
NQZJ’J

With more nodes, the shape functions will in general be triangular. It is also helpful to
note that even if the spacing of the nodes is not constant, each individual element is similar,
up to some constant scaling value. This motivates us to view the computations as more of
a local computation, by mapping each element back to a reference element which has
boundaries [—1,1]. For a specific element [x4,24+1], we can map it back to this reference
element via

(&) = xaM1(§) + vay1 Ma2(8)
1

Mi(§) = 5 [1+(=1)%¢]
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By choosing triangular shape functions, we ensure that for any given element, only two
shape functions are supported on the element. Thus the global stiffness matrix reduces to
a 2 x 2 local matrix k*, which is related to the global matrix by

Ky = kh
Ky = kit + k)
Ki_yi=kiy'

Then to calculate the coefficients of k%, we just need to change variables from z into ¢
(a,b€{1,2})

de (-1

. Ti+1 1
i= / (02Na) (9 Ny) d: = / (0 Na) (O Ny) £ Az

> de =

i

where Ax; = 2,41 — z;, so that

: 1 1 -1
k' =
Al‘i |:_1 1 ]
We can follow a similar remapping process for the heat source term, creating local 2 x 1
vectors f? such that

Fy = fl + Hy

—
F _ fn— 1+fn+ 01
2 1 Al‘n

where the entries are given by

) Tit1 1 1
f;:/ N,hdz = 5Aaci/ Nohdé
x —1

i

Returning to the weak form of the heat equation, we split the integral into the components
over each finite element:

/(ae 89dm-2/1+180 aedx_z/ (0.0)(0.0) 3 de

and . .
B n Tip1 n ~ d§
Ohdx = Ohdx = 0h—d
/0 ! Z /x ! Z /—1 dz
i=1 i i=1
When integrating over &, we have performed a pullback to the reference element by

0(x(€)) = 1 M1 (€) + caMa ()
0(x(§)) = di M1 () + daM>(E)
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We can also pull back the derivatives:

0,0 = clagNl(g)% + 0285N2(£)%
020 = d10¢ Ny (g)% + dgagNz(é)%

The explicit expressions for the derivatives can be substituted back into the integral form
to give

1 N n 1 d§ n ;
/0 (0:0)(0:0)dz =Y~ > dek/_lagMijadfzz > cidikly,

i=1 j,ke{1,2} i=1jke{1,2}

where k' is once again the local stiffness matrix. So we have recovered the idea that the
global stiffness matrix may be obtained by piecing together the local stiffness matrices. Of
course, this process will in practice require a kind of atlas which uniquely identifies local
nodes, based on their relative coordinates for a given element, with a global identifier. For
instance in the case of linearly spaced nodes, the ath node for element i (where a = 1,2)
can be mapped to the global position by

Y(a,i)=i+a—1

3.3 Dynamic Heat Equation

In the previous section we were only concerned with solving a static equation, where the
entire space could be discretized once, without worrying about a time derivative. In partic-
ular this allowed us to ignore the issue of ”stepping forward” in time with the finite element
method. To study this we will consider the dynamic heat equation, where the weak form is

given by
1

1 1 1
/ 30,0 da — —/ (0,0)(0 — 20) d + / Ghdz + 0,0
0 0 0

0
with the boundary conditions given as

0(1,t) = 0,
9,0(0,) = —H,

and the initial condition

0(x,0) = o(x)
Once again we can assume that the test function and solution both lie in the span of some
basis functions:

n

O(z,t) =Y di(t)Ni(x) + 01 Npy (2)
i=1

O(z,t) = ci(t)Ni(x)

i=1
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where this time the coefficients vary in time, to represent the solution’s evolution through
the function space over time. Collecting terms, we now have an extra set of time-dependent
terms, expressed as

> Mijd; +) | Kijd; = F;
j=1 j=1

or in matrix notation as '
Md+ Kd=F

(Here d denotes the vector (0ud;)j). The coefficients of our new matrix M, called the
capacity matrix, are given by

1
Mij = / NZNJ dz
0
and the diffusivity matrix is only slightly changed as

1
Ki‘:/ a(amNz)(amNj)dJJ
0

The goal now is to understand the right way to implement the time dependence of this
system. We can consider a generalized trapezoidal time scheme, which parameterizes a
trapezoidal rule for interpolation:

Mdn+1 + Kdn+1 = Fn+1
dpi1 = dy, + Atdy iy
dn+7] =(1- n)dn + 1d i1

We can implement this using a predictor-corrector scheme. This strategy defines a
predictor d by

i1 = dp + (1 —n)Atd,
Using the predictor, we can then solve for dn+1 in
(M +nAtK)dy iy = Fop — Kdpya
and then correct to calculate d,,+1 as
A1 = dny1 + nAtdy 4

The choice of i recovers many of our previously used time schemes. For instance, n = 0 is
the forward difference method, n = 1/2 is the central difference, and for n = 1 we have the
backward difference. For n > 1/2 this method is unconditionally stable.
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3.4 Meshes

In the 1D case, the only choice we have in designing our node points is the spacing between
them. However, in the 2D and 3D cases there are many more choices we can make. In
particular, elements need not be intervals; they can be quadrilaterals, tetrahedra, hexahedra,
and so on. Computational tools exist for taking in models and designing a mesh based on
the model. In any case, the important part about implementing FEM in these cases is
that each mesh element needs a map back to the typical reference element. This can be
accomplished by interpolating relative to given anchor points, where the map between the
element and reference element is known for the anchor points. For instance, a quadrilateral
needs at least four anchors (the vertices) to specify a map, but more anchors may be used
in order to better capture meshes that are not as flat locally.

This can be adapted to account for time dependence. In the classical finite element method,
the same shape functions are used to specify the local geometry and to approximate the
field. When we discuss the spectral element we will see how this can be avoided.

One choice of mesh is to pick hexahedral elements. These are specified using the Lagrange

polynomials as shape functions. These are given, after choosing n + 1 points &gy, &1, ..., &n,
by
n g B §B
@=11¢—¢
Bta 5P

Inspection shows that €7 (£3) = d4p3. For a degree 1 approximation with two anchor points
& = —1, & = +1, the polynomials are precisely the shape functions we had before:

) =509
4©) =50+

For the degree 2 polynomials with anchors §y = —1, & = 0, &, = +1, the polynomials are
given by

3() = 5e€ - 1)
Ae=1-¢
B4 = 5e(E+1)

These are the unique quadratics which satisfy the property that they are zero at each
anchor point except a single point, where they are 1. By degree arguments it is clear that
this process should yield uniquely defined polynomials for each order.

Now, given that we have chosen some set of shape functions as a basis, we will interpolate
arbitrary functions on an element by pulling back from the reference element:

N
f(f(g)) = ZfaNa(g)
a=1
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This in turn allows us to determine what the gradient operator looks like in our choice of
function space. Specifically, we have (using index notation)

VS = 830, f = #1ful0, Na)(02.6))

The derivatives 0,,&; may be calculated from the knowledge that for a given element e, the
map from the reference element is

N

N
376(5) = Zx_t;Na(f) = 85;‘ (xe)i = Zx_:la&jNa(g)
a=1

a=1

As a result, each element is associated with a Jacobian

which can be inverted to yield the required values of d,,&;. This calculation only needs to be
computed once and may be stored for each element. In the case of the Lagrange polynomials,
there is a tradeoff between the number of elements and the degree of the polynomials, both
of which can increase the strength of the approximation. Some influences of this choice
include GPU rasterization, which motivates the chocie of polynomials with degrees that
maximize the efficiency of GPU performance.

As in our study of the piecewise linear shape functions, we then need to assemble the
local calculatinos into a global calculation. For instance, on meshes which have multiple
anchor points, some anchor points may be shared between elements, and each element’s
contribution must be added to compute the global field value. This requires a map that
uniquely identifies anchors that are shared between elements, so that the appropriate valeus
may be added.

Another important aspect of meshing for large simulations (such as global-scale simulations)
is the partitioning of meshes into submeshes for the purpose of parallel processing. In this
case contiguous sets of nodes are passed to separate compute clusters with separate memory.
In order to integrate each of these submeshes, boundary information needs to be passed
between the clusters in order to progress in time. This is typically accomplished with a
message passing interface (MPI), which is a protocol for passing the boundary data
between nodes.

Because MPI needs to be applied at the end of each timestep, it can significnatly slow down
computation if the MPI time is significant relative to the compute time for one timestep.
This motivates the use of simulations where the time it takes to compute a timestep is much
longer than the MPI time.

3.5 The Spectral Element Method

The spectral element method is a variant on the finite element method, which is particularly
valuable in geophysics because it captures wave behavior especially well, for instance being
less susceptible to grid dispersion and anisotropy.
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In the spectral element method, field function spaces are approximated with the basis ele-
ments given by the Lagrange polynomials of degree n, .. The degree is typically around
n € [4,10]. On the other hand, the geometry is relatively simple so low order shape func-
tions suffice. The interpolation points for the Lagrange polynomials are chosen as Gauss-
Lobatto-Legendre points (GLL). In one dimension, these points are defined to be the
roots of the function
(1-€)P (&) =0

where P, is the Legendre polynomial of degree n. This ensures that there are precisely n+ 1
interpolation points, all lying in [—1, 1], and including +1.

For an example of why this choice is important, we consider again the weak dynamic heat

equation:
1

1 1 1
/ 00,0 dx = —/ (8,0)(8,0) dx+/ Ohdz + afd,0
0 0 0

0

Since we are working with the spectral element method, we fix some degree n, let &, ...,&n
be the GLL points of degree n, and expand the functions 6, 6 (suppose for now we just have
one element) in terms of our basis:

0(x(€) = D fati(€)
a=0
0(x(€),) =Y _ 05(t)3(€)
B=0
Now, we can pull integrals back to the reference element:

1 +1
| f@ae= [ @l
0 -1
To approximate this integral, we use GLL quadrature, which says that this integral may
be calculated by evaluating |J(£,)| at the GLL points and taking a weighted sum:

+1

F@E)TEIE = D wy [T,

~=0
The weights are given by
1
wa= [ )
-1

The ability to approximate integrals with sums is an important motivation for the use of
the spectral element method. In particular, because our functions are in terms of Lagrange
polynomials, the f, coefficients will just be the Kronecker delta, vastly simplifying the
integrals. While the advantage of the spectral element method is that GLL quadrature
makes integral computations very easy, the choice of quadrature does result in some loss of
numerical integration accuracy relative to other methods like Gaussian quadrature.

36



To see this, consider the capacitance term. Using the pullback and GLL quadrature, we
approximate this as

/ 60,0 do — / B (€)00((€), £)].1(6)] dé
0 —1

Z wy|J (&) ;éaézé(m Zawg (t) £3(&,)

dp~

wa &)16-0:6- (1)

Because this represents mutiplication of the 6,(¢) vector with a diagonal matrix, we can
maintain an explicit timescheme in time rather than needing to expensively invert a matrix
at each time point.

3.6 Spectral Element Method for the Wave Equation

We now consider the application of the spectral element method to the wave equation. The
weak form of the wave equation is given by

1

1 1
/ ps0Zsdt = — / 1(028)(0ys) dz 4+ 180y s
0 0 0

Since we are working in the spectral element method, we write our time-constant test func-
tion and the time-dependent solution in terms of the Lagrange polynomials of degree N
passing through the points &, ..., &N in the reference element:

N
= Z gocgng (f)
oz]\;O
t) =" sp(t)§ ()
B=0

Using this, we write the left hand side of the wave equation on the reference element as

/Op($)§(x)5?8(xat)d$=/ p(2(€))3(x(£)07 s(x(€),1) () d¢

-1

=D wyp(zy)J(2,) (Z 5#5(&)) > EsOeF (&)

3=0
= Z Wy p(24)J ()55, (t)

— M)
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where the (local) mass matrix M€ is diagonal and satisfies

M3, (t) = wyp(zy)J (24)

The first term on the right hand side is calculated by

/0 1(2)0,3(2) D, 5z, ) dar = / ()0, 3(2(€) By 5 (x(€), 1)

N

3 IR - Ny (e 46
=D wypla) Ty | Y5 () ) &) ) | Do se(®) () (6) (&)
~=0

a=0 B=0
— ~TKES

where

e _ al W~ () (N N/
af — Z J (fa ) (57) (Zﬁ ) (f"/)
=0 v

Putting this together, this is true for all § so we are given a system of equations

N
Zma6§,6+kaﬂsﬁzfa a=0,...,N
3=0

Now, given the relation between § and s, we need to figure out how to progress the system
in time. For the heat equation we had a relation between $ and s and used the predictor-
corrector scheme to advance in time; in this case we will require a different scheme.

One such method is the Newmark time scheme. This provides solutions for equations of
the form
Ms+ Ks=F

where M, K are not time-dependent. To do so, interpolates using both $ and § concurrently.
With ~, 8 as paramters, we define

1
Sni1 = Sn + Até, + 5 (A2 [(1 = 2B)3, + 2B8n41]

5n+1 = Sn + (1 — ’y)Atsn + "}/At.8.n+1
§n+1 = M_l(FnJrl - KSnJrl)

Choosing v = %, B = 0 results in an explicit scheme. To implement this scheme, we progress
in steps. First, we calculate a predictor for each value:

) 1 "
Snt1 = Sp + Ats, + 3 (At)2 Sn
. ) 1.
Spp1=Sn+ §Ats”
$p41=0
Now, we calculate

Aoa=M"'Ks,
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which we use to correct the predictors:
§n+l = §Z+1 + AO[ = AO{

. - 1.
Snt1 = S,11 + §At8n+1

3.7 Spectral Element Method in 3D

Now suppose we wish to implement the spectral element method in 3 dimensions. We will
need to do a bit of background so that we can adapt this method.

Rather than letting the reference element be [—1, 1], we will now let the reference element
be the cube [—1,1]3, and allow our actual elements to be arbitrary hexahedral elements.

If we write E = (u,m,¢), then can set our basis elements to be the product of Lagrange
polynomials in the orthogonal directions, so that any function is written as

N, Ng N,

=3O3N Fan i (e ) Q)

a=0pB=0~v=0

where

fapy = F(@ (a8, ¢y))

In order to take the gradient of a function on the reference element, we write

3
Fan ) = 35 3 s | () G P63 0 (0

=1 a,By

() ) (0O + (E7) (O e

As in the 1D case, this simplifies immensely when we evaluate at the GLL points.
Also as before, we express the geometry in terms of a separate set of shape functions:
FE) =) #Na(€)
B,y

To perform quadrature in three dimensions, we calculate iterated integrals:

[rorws- [ [ e

= Z WaWpWy fapyJapy
B,y

(‘330 f

We now demonstrate the application of these tools to the 3D wave equation. First, recall
that the strong form of the wave equation is



where Hooke’s law gives the relation

where

€= % {V§+ (vgﬂ

To derive the weak form, we integrate by parts after multiplying by a test function 5

/p?é)fé’de/U:ngV—/ga-ﬁdSJr/g-f?dV
v 4 S v

This is an extremely convenient form for seismology, because the typical boundary condition
for seismology is the stress-free condition o : 7 = 0. This is easily implemented here simply
by dropping the second term on the right. Isolating the boundary conditions like this also
allows phase transitions over property discontinuities to be addressed by meshing elements
to connect on the boundary. At the connection points, different properties can be assigned
to the same point based on which element is being integrated over, thus implementing the
discontinuity.

Now, we use the expansions of § and § in terms of the Lagrange polynomials:

3
- = 2, « N

S@E),t) =Y @y s7T O (g (e ()
Now using GLL quadrature, the left hand side of this equality becomes

3
/ ps - Of5dV = Z WaWaWyJapyPapy Z 5?575?5“/ (t)
v

a, B,y =1

If we select 5 such that exactly one of 377 is nonzero, then will end up with a system of

equations so that this expression looks like the matrix multiplication
MS5(t)
Mapy,apy = WaWsWyJagyPasy
where M is a diagonal matrix.

Now, for the first term on the right hand side, we calculate

1 1 1
/a;v§dvz/ / / o V5] 3E
1% —-1J-1J-1
1 1 pl AT
= P:(Vz) d3¢
NSRS
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where P is the first Piola-Kirchhoff stress given by

— — — —

P(é_,t) J(gat)a(f(gat)vt) ’ Fil(gat)

F'= %€ '
oz

The stress is essentially given with one component in the physical element and one in the
reference element as

where

3
P;IBW = Z JOﬁWU?ﬁ7(3j51)067
j=1
Now note that although the boundary traction term vanishes when considering the entire
Earth, waves must still travel through individual elements. To ensure this happens without
reflection we need to introduce a absorbing boundary condition such as the Stacey
condition:
t=0-n=p"(n-0s)h+ v (D' 0s)0t + 0202 - Os)D?)
1

2 1

where 7', 9? are orthogonal unit vectors tangent to the absorbing boundary, and v™,v!,v?
are the wave speeds of waves polarized in the normal, #', 72 directions, respectively. This
works properly for waves which impact the boundary at a right angle, but has some reflection
for waves incident to the boundary at an angle.

One optiion to avoid this is to use a perfectly matched layer, which is a boundary layer
where the waves exponentially decay and do not have reflection. However, these schemes
are unstable in time, which is a detriment for their use in long simulations.

In an attenuating medium, the stress is governed by a variant of Hooke’s law, which displays
memory of the system:

L L
o(t) = ky tr(e)(HT + 2upd(t) — Y RL(HI - Y R (1)
=1 £=1
where RY, Rf; are memory variables given by
R 5t
6tRf; = —TH + tI‘(E) ;
TI‘LO’ TI{O’
R/ &
OR), = ——F +d—-
Tho Tho

3.8 PDE Constrained Optimization

We now consider PDE constrained optimization, which is essentially an inverse method for
parameter inference using the same scenarios that we have modeled using our PDE solvers.
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Consider first the wave equation
patzs = 0x(n0zs) + f

This system has model parameters p, u, f and an observable value s. Suppose that some
receiver stations are installed at various locations within the model, which each record a
seismogram. Thus for any simulation (or observation), we are given data d(z..,t), which
records the displacement at station xy at time ¢.

If the model parameters are unknown, then we can run simulations using various models
parameters and obtain an estimate of the error produced by each choice of model parameters.
There are many ways to measure error, including cross correlation, Fourier transforms, or
the L? norm:

E(z,) /\d (2, t) — s(zp, t;m) > dt

Here m represents the collection of model parameters.

Now, we introduce an optimization parameter A, which represents the strength of the con-
straint of the given PDE. In this case the total error is given by summing the errors at each
receiver with an overall PDE term:

Z/|d (p,t) — s(xp, t;m)| dt—l—)\// [p07s — 0y (nOys) — f] da dt

Now, suppose we perturb our model parameters in some direction dm. Then the change in
our misfit is given by

x = Z/ s —d)dsdt + /\// (00705 — 0y (10y08) + 6p07 s — Oy (50, s) — 6 f] dadt

= Z /(s —d)dsdt + / [0:(ApD:d8) — pOLdsOLA — Oy (ANu0208) + 10080, A
+0:(A0p0ts) — GpdsSON — O (A0 8) + S0 80, A — § fA] da dit
= Z /(5 —d)dsdt —|—/ 65 [pOf A — 0, (p0,\)] dt dz
— // [0p0: A0y — O1uOxADrs — § fA] da dt

Two of the terms can be eliminated if we assume that A satisfies the equation
POIA = Dy (D)) = > /(s —d)é(x — x,)dt (%)

In this case, the parameter A generates a wavefield (called the adjoint wavefield) with a
source from each of the receivers. This can be calculated with the same solver as the forward
simulation solver. If this approach is taken, then two of the misfit terms drop out, and we
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are left with
ox = — // [6p0sAOys — SpuDp Ay — O fA] da dt
L
= —/ op(x)Kp(z) + dp(z) K, (x) da
0
where K, K, are kernels that are given by
T
K,(x) z/ O (x, t)Os(x, t;m) dt
0
T
K,(x) :/ O\ (@, 1)0gs(x, t;m) dt
0

This allows us to calculate gradients of p, u against x, which in turn allows us to perform
gradient descent using any gradient descent method desired.

Notice that if we chose a different form for the misfit function initially (the portion that does
not contain the A\ parameter), then the RHS of (x) would change, but the general strategy
is the same. Thus the only thing that needs to be changed is the source term in the adjoint
simulation.
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Definitions

absorbing boundary condition,

acoustic wave equation, [T2]
adjoint wavefield, [42]

bulk modulus, [12]

caloric equation of state, [T5]
capacity matrix, [33]
continuity equation, [f]
Courant condition,

deformation gradient, []
diffusivity matrix, [30]

elastic tensor,
elliptic, [16]

Fast Fourier Transform, [25]

Gauss-Lobatto-Legendre points,

generalized trapezoidal,
GLL quadrature,

grid anisotropy,

grid dispersion, [20]

heat equation, [I5]
Hooke’s law,

hyperbolic,

implicit scheme,

Lagrange polynomial,
Lax-Friedrich method,

material derivative,
message passing interface, [35]

Newmark time scheme, [38]

parabolic,

perfectly matched layer,
Piola-Kirchhoff stress,
predictor-corrector scheme,

reference element,

shape functions, [29]
shear modulus, [[2]
Stacey condition, 4]
stiffness matrix, [30]
strain, 0]

stress tensor, [7]

test function,

vorticity, [9]
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